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ABSTRACT OF THE DISSERTATION 
Perturbation Theory of Nuclear Irntter and Finite Nuclei 

This dissertation investigates several related topics in 
the theory and application of perturbation methods to nuclear matter 
and finite nuclei. 

(1) Theoretical discussions include the concise rederiva- 
tion of many basic equations describing the properties of many- 
fermion systems. The techniques thus developed are then employed;, 
with a "change of parameter" procedure, to derive an appro:d.ma.oe 
expansion for the energy of the "normal" state. In this expansion, 
the momentum density occurs in place of the Fermi functions and the 
"self-energy" terms are absent. Also discussed is a new method for 
including the "core volume energy" in the K-mntrix approximiation . A. 
later discussion includes a study of other nuclear matner nheories, 
and discloses a previously unreported second order difference 
between an expansion of the equations of the Puff theory and the 
Brueckner- Golds tone expansion. 

(2) A simplified version of the Brue elder -Gamrael X-matrix 
approximation is then presented, and employed to show that the vari- 
ation of many -body properties with choice of phenomenological poten- 
tials is quite large; the saturation values for the ground state 
energy vary from - 8.3 MeV at an equilibrium spacing of 1.28 Ferm.is 
for the Breit potential to -22.3 at O .9 Fermi for one Gammel- 
Thaler potential, a result that implies that comparison of results 
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\rlth extrapolated experimental values is not at present an accurate 
test of a nuclear matter theory. The simplified approximation is 
also used to obtain estimates of the attractive contributions of 
many perturbation diagrams^ leading to the conclusion that calcula- 
tions vith hard core potentials must be carried to the equivalent of 
the third Born approximation (on the attractive part of the poten- 
tial) and that the self-consistent energy denominators must be com- 
puted -ivith at least ’’first iteration” reaction matrices for quantita- 
tive (i 2 MeV) results. 

( 3 ) Ihe approximation for finite nuclei is also e:ctended 
vith a serai -independent verification of previous calculations^ an 
evaluation of a new rearrangement energy approximation (which gives 

a more accurate energy spectrum but only slightly better average pro- 
perties than previous calculations and the calculation of the pro- 
2 OS 

perties of Pb . The latter yielded a mean energy of -6.86 XeY and 
mean rras proton radius of 4.63 Fermis^ compared to experimental 
values of -j.8j MeV and (5-43 ± O.Oj) Fermis. These results are 
slightly better than the results for the smaller nuclei^ indicating 
that some of the errors in the theory arise from inadequacies in the 
treatment of the nuclear surface. 

(4) In addition to the theoretical discussion of other 
nuclear matter approximations, this dissertation features quantita- 
tive analyses of the Moszkowski-Scott separation method and the 
Mohling and Puff approximations. In a computationally i'easible form 
for hard core local potentials, the Puff and Mohling approximations 
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are the sarce^ and are shown to give mean energy and equilibriinri 
spacing which are more negative and smiOller respectively than 

m.ore accurate K-matrix results. The Bethe reference spectrum .method 
is briefly discussed^ and a supplementary calculation presented. 

( 5 ) Finally^ an approximation is developed vrhich is com- 
putationally simpler than previous approxim^ations for hard core 
potentials. For the potential employed in the calculation by 
Brueckner and Caramel^ the mean energy vrLth the new approximation is 
-l4.0 I^V at 1.04 Fermis^ compared to their -15*2 MeV at 1.02 Fermis. 
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lOTRODUCTION 

The calculation of the ground state properties of large 

nuclei by using only the nucleon -nucleon potential has been the 

subject of intensive investigation for several years. Because of 

the complexity of the problem;, it is customary to concentrate first 

on "infinite nuclear matter" in which only nuclear forces act and in 

which the numbers of neutrons and protons are equal. If the theory 

yields results for this idealized medium which are consistent with 

the properties deduced by extrapolating the experimental data on 

large nuclei^ then the extension to finite nuclei is attempted. 

In recent years ^ the Brueckner-Goldstone linked- cluster 
1 2 

expansion^ ^ which is a basic perturbation-theoretic equation for 

the energy of the zero -temperature irany-fermion system;, has been 

applied with success to the calculation of nuclear properties. This 

application involves a partial summation of the Brueckner-Goldstone 

1 3 

series^ effected by the Bruecloier K-matrix approximation. The 

3 

most accurate calculation performed to date^ by Brueckner and Gammel^ 
yielded a mean binding energy of 15-2 MeV at an "equilibrium 
spacing" of 1.02 Fermis, in excellent agreement with the extrapola- 
tions then accepted^ 15«5 MeV and 1.02 Fermis. An extension of 
the theory to finite nuclei was developed by Brueckner^ Gammel and 

VJeitzner^^ and the properties of the closed-shell nuclei 0^^^ 

OQ 6 

and Zr'^ were computed by Brueckner;, Lockett and Rotenberg. The 

latter results were in "semi-quantitative" agreement with experiment;. 
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the mean binding energies being about 3 too small and the nns 

radii of the nuclear distributions being as much as 20^ too small. 
Inadequacies in the treatment of the density dependence of the inter- 
actions in the nuclear surface and in the treatment of the "rear- 
rangement energy" were evaluated as the principal sources of error. 

Several problems remained to be investigated. During the 
past few years many different nucleon -nucleon potentials have been 
proposed^ all of which give almost "equally good" agreement with the 
experimental data on nucleon-nucleon scattering: Do these poten- 

tials also yield equivalent many -body results? Another question^ 
which has important consequences for the feasibility of various 
simpler approximations than the K-matrix approximation^ involved the 
latter *s convergence properties: At what order can the various per- 

turbation sub-series be truncated without appreciable error when 
using realistic potentials? Going next to the application of the 
approximation to finite nuclei^ an important task is the improvement 
of the treatment of the "rearrangement energy" in the hopes of 
obtaining substantially better agreement with experiment. These 
problems are essentially extensions of the original work of Brueckner 
and his collaborators. Recently there have also been several other 
efforts to develop approximate theories of nuclear matter. Unfor- 
tunately^ they frequently eri 5 )loyed nucleon -nucleon potentials dif- 
fering from those used by Brueckner and Gammel, and quantitative 
cori 5 )arisons between the theories were therefore difficult. Further- 
more^ although most of them are simpler computationally than the full 



K-iDatrix approxiroation, they are still very difficult (often con- 
ceptually as well as computationally) for the full nucleon-nucleon 
potential^ and an "easy" nuclear matter approximation which preserves 
the principal features of the problem is definitely needed. 

This dissertation addresses all of these problems. The 
following paragraphs outline the general method of attack and the 
principal results. 

Chapter II begins (Section A) with brief statements of the 

1 2 

Brueckner-Goldstone linked-cluster expansion ^ (BG expansion) and 

3 

of the Brueckner K-matrix approximation for the energy of a raany- 
fermion system. Comprehensive background material is relegated to 
Appendices A and B respectively^ and the reader who is unfamiliar 
with this material is advised to begin with these Appendices. In 
particular^ he should understand the interpretation of the basic 

o 

equation of this theory, the BG expansion, as given schematically by 
(a. 73) Q-nd. explicitly through third order by (A. 92). It is also 
desirable to read carefully the derivation of the K-matrix approxi- 
mation (Section A of Appendix B) and to obtain at least a general 
concept of the K-matrix equations as they appear in coordinate space 
(Section B). With the BG expansion as a basis. Section B of Chapter 
II presents derivations and explicit perturbation series for many- 
ferraion system properties. Though none of the equations are new, 
some of the derivations are, and taken together they form a brief 
and simple summary of many-fermion relations and a basis for further 
investigation of the BG expansion. The possible use of the true 
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raomentuin density instead of the unperturbed distribution (the Fermi 
step function) in the BG expansion and in the K-matrix approximation 
is then investigated^ using a "change of parameter" method due to 
Sawada. The result is a simpler^ approximate perturbation series 
for the Interaction energy^ whose accuracy for nuclear matter is 
estimated to be of the order of 2 MeV. The new approximation is 
exact to fourth order. Most of the material in Section B will appear 
in a paper to be submitted for publication by K. Sawada^ L. Bruch 
and the author- 

In Chapter the concept of "infinite nuclear matter" is 

discussed^ and the two parameters which characterize it^ the binding 
energy per particle (-E. ) and the equilibrium spacing (r are 
treated in some detail^ with the conclusion that present evidence 
supports the following values: = (-15-5 ± 2.0) MeV and 

r^(nuclear matter) = (l.07 ± O.O 3 ) Fermis. Nucleon-nucleon poten- 
tials and the justification for their use in the computation of 
nuclear properties are then very briefly reviewed. 

Chapter IV presents a revised K-matrix approximation sug- 
gested by Professor Brueckner. This approximation is a simplifica- 
tion of the treatment by Brueckner and Gamrael^ and is characterized 
by the neglect of the explicit dependence of the single-particle 
energies on the total momentum and by a single -particle excitation 
spectrum which is characterized by only one parameter^ the relative 
momentum (as opposed to the Brueckner-Garamel spectrum'^ with its 
dependence on the particle momentum and on an energy parameter). The 
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new approximtion yields a niiniimiin mean energy density of -I 6.9 

MeV at a density corresponding to r^ = 1.00 Fermi using the 

slightly modified Gammel-Thaler potential with which Brueckner and 

Gammel obtained -15*2 MeV at 1.02 Fermis. Several different 

phenomenological nucleon -nucleon potentials which purportedly give 

almost "equally good" two-body scattering predictions were used in 

the calculation to see whether their many-body predictions were the 

same. They were notf: the equilibrium energy and spacings varied 

from - 8.3 MeV at 1.28 Fermis for the Breit potential"^ to -22.3 

4 

MeV at 0.90 Fermi for one of the Gammel-Thaler potentials. 

Three possible sources of these differences were analyzed^ with the 
conclusion that about one -third of the differences can be attributed 
to the Pauli exclusion principle together with differences in two- 
body scattering properties and that the remaining two-thirds is 
attributable to self -energy effects. The large variation in nuclear 
properties noted above iiT 5 )lies that no really good test will exist 
for nuclear matter approximations until a nude on -nude on potential 
can be accurately and unambiguously described either theoretically or 
experimentally. Because the neglected terms in the K-matrix approxi- 
mation cannot be calcdated exactly (though most approximate calcda- 
tions indicate they are small) ^ the only tests available at present 
are relative comparisons between different approximations effected by 
using the same potential in all of them. The convergence rates of 
high order terras in the BG expansion are investigated quantitatively 
(after separate treatment of the infinite core repdsion), leading to 
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the conclusion that nuclear inatter calculations with realistic hard 



core potentials must he carried to at least the equivalent of the 
third Born approximation and that the self-consistent energy denomi- 
nators must be computed with at least "first iteration" K-matrices 
for quantitative (± 2 MeV) results. This study is more thorough 
and complete for hard core potentials than any reported to date^ and 
includes estimates of the attractive contributions of many high order 
diagrams (or groups of diagrams)^ obtained by modifying the computa- 
tional procedure in various ways. The "core volume energy/' which 
had previously been considered negligible^ is examined following a 
suggestion by Be the ^ Brandow and Petschek^ (BBP) . Their "reference 
spectrum" for particle energies (which includes the core volume 
effect) is used to check the effect of this core terra on the binding 
energy (a calculation not performed by BBP), and to investigate the 
sensitivity of the calculations to the parameters of this reference 
spectrum. The binding energy was found to be of the order of 6 MeV 
less attractive with the BBP spectrum at normal density^ but for 
reasons discussed in the text (including the sensitivity of the cal- 
culation to the BBP reference spectrum parameters)^ it is estimated 
that the net effect of the core volume terra in a completely consis- 
tent calculation would be of the order of 2 MeV (repulsion). A pro- 
cedure for including the core volume term approximately in the K- 
matrix approximations of Brueckner and Gamrael or of this dissertation 
is derived and presented in detail. An approximate treatment of the 
three-body cluster term suggested by Rajaraman^^ is also investigated, 
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but without conclusive results. Some of the results mentioned above 



were reported in ’’Infinite Nuclear letter Calculations and Phenomeno- 
logical Potentials/' Phys. Rev. 128 ^ 2267 (1962) (with K. A. Brueck- 
ner), which is included as Appendix G of this dissertation. This 
paper is referred to as BM^ and contains some material which is not 
repeated in the text. 

Chapter V reports the serai-independent verification of the 
Brueckner^ Lockett ^ Rotenberg^ (BLR) calculation of the properties 



of Ca 



40 



the evaluation of a revised approximation for the 



rearrangement energy^ and the extension of the Brueckner-Gamrael- 

5 208 

Weitzner^ theory to the calculation of the properties of Pb 
Most of the results have been reported in ’’Properties of Finite 
Nuclei/’ Phys. Rev. (to be published) (with A.M. Lockett)^ which is 
included with this dissertation as Appendix H. The revised rearrange- 
ment energy treatment referred to above is derived in more detail 

than in any of the papers^ and is evaluated by computing the proper- 

40 

ties of Ca and comparing with the BLR results. The effect of the 
better approximation was to reduce the overall spread of eigenvalues 
from - 70.1 through -4.9 MeV to -48.7 through -5*5 MeV. The 
effect on the binding energy per nucleon and the rms radii was much 
smaller^ however, being to cause changes of -.43 MeV and + 0.11 
Fermi (about 3^) respectively. All of the properties affected were 
in better agreement with experiment . A slightly better approximation 
is developed for future calculations. However, it is concluded that 
the rearrangement energy is not the principal source of difficulty 




g 



with the finite nucleus calculations. In order to ascertain the 
in 5 )ortance of the errors in the treatment of the interactions in the 
nuclear surface (where the density changes rapidly), the properties 
of Pb (which has proportionally fewer nucleons in the surface 

region) were computed. The approximation yielded -6.86 MeV mean 
energy per nucleon (in fairly good agreement with the experimental 
- 7*87 MeV) and 4.63 Fermis rms proton radius (about 15^ smaller 
than the electron-scattering value, (5-42 ± O.O’j) Fermis). For 
equivalent parameters, the BLR calculations for the smaller nuclei 
has yielded much poorer energies (by more than 3 MeV) and approxi- 
mately 20^ variance dn rms radii. The considerable improvement in 
energy and the slight improvement in mean radius indicate that the 
surface treatment is responsible for part of the remaining dis- 
crepancy (recall, however, that much of the iir 5 )roveraent in rms 
radius is due to the better rearrangement approximation). The fact 
that the nucleon-nucleon potential employed gave saturation at 
r^ = 1.02 Fermi r^ = 1.07 as suggested by the arguments of 

Chapter III indicates that the phenomenological potential input is 

possibly responsible for much of the error. This is made more 

7 

plausible by the fact that recent nucleon -nucleon potentials have 
larger cores than the BGT potential used in these calculations. 

In Chapter VI several other approximations which have 
recently been employed for nuclear matter calculations are investi- 
gated quantitatively and are compared with the calculations of 
Brueckner and Gammel (BG) and with BM. The approximations investi- 
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gated are those of Moszkowski and Scotty Bethe^ Brandow and Pet- 

schek^^ Puff and Mohling.^^^^^ The Moszkowski -Scott (MS) 

separation method is very good for central potentials^ hut as pointed 

17 

out by Scott and Moszkowski^ it is only semi -quantitative for 
nucleons interacting via tensor forces. Our quantitative comparison 
of the contributions from “various angular momentum states (based on 
a more accurate calculation of the individual contributions) shows 

l3 

that the MS calculation underestimated the S- state attraction by 
about 5 MeV and differed in the P-state from the BM approximation by 
2.3 MeV (repulsion). The D and higher states are within O .5 MeV 
of the BM calculation. Thus the MS method is very good for states 
of high angular momentum, but is not sufficiently quantitative for 

18 

S and P states* Improvements suggested by Kohler and by BBP 

may improve the treatment considerably, but the slow convergence of 

the Born approximation noted previously probably puts an upper limit 

on the accuracy at about 2 MeV. The BBP reference spectrum method 

is briefly reviewed, and their treatment of the core analyzed. The 

Puff and Mohling approximations were evaluated in a computationally 

19 

feasible form described by Bell. This approximation is the lowest 
order Mohling approximation, but it is simpler than the Puff approxi- 
mation (which involves additionally a self-consistent momentum 
density, and for a local interaction with hard core is more difficult 
to handle than the BM approximation). The approximation employed 
yields an equilibrium which is 10^ more negative than the BM 

value at a spacing which is 10^ smaller. It appears that the full 




f, ■"! 



I 



Puff approximation would give closer agreement, but as noted, only 
with considerably more difficulty. This section also points out a 
^second order difference between an expansion of the Puff final equa- 
tions for and the BG expansion which has not previously been 

noted. The Mohling equations, on the other hand, are formally in 
agreement with the BG expansion, but the second and higher order 
corrections would be very difficult to evaluate. Furthermore, these 
corrections would have to be evaluated very accurately because of a 
high degree of cancellation involved. Wh.ny of the results indicated 
above are reported in BM. It should be mentioned that this is the 
only reported employment of the Mohling Puff approximation which has 
used a "realistic" hard core potential acting in states other than 
the S-state. The evaluations of the Mo szkowski- Scott and Mohling- 
Puff approximations are thus the most quantitative reported to date. 

Chapter VII presents a new nuclear matter approximation 
which is siiT^ler than any of those previously discussed. In this 
approximation the free kinetic energies are used in the energy 
denominators of the reaction matrices, which are confuted with the 
, "average excitation energy" A (introduced in Chapters II and IV) 
equal to zero, even for particle energies. Thus the Green’s func- 
tions, which are the most difficult and time-consuming part of the 
BG and BM calculations, are independent of the nucleon -nucleon poten- 
tial (which previously appeared through self-consistent denominators) 
and can be calculated once and tabulated for all future nuclear mat- 
ter calculations, A second order calculation of the true momentum 
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distribution is also used^ in place of the Fermi step-function, as a 
weight function when calculating the potential energy. This density 
can be calculated with a separable potential or can be obtained 
indirectly by expanding the self-consistent denominators in the 
second iteration of the basic calculation. Both procedures have been 
employed in this dissertation. The latter yielded -15* 0 MeV at 
1.04 Fermis, in excellent (though fortuitous) agreement with BG's 
-15-2 MeV at 1.02 Fermis. For the former procedure, the Yamaguchi 
S- state potential without hard core was used, yielding very poor 
results (-32 MeV at normal density, the saturation properties not 
being determined). It is expected that a hard shell separable 
potential will give a density which will yield results con^arable to 
the ones obtained using the expansion of the denominators: the hard 

shell has the effect of reducing the density by a very large amount 
below the Fermi sea. Some possible uses of this approximation are 
discussed and it is emphasized that although it greatly siirplifies 
the computational problem (once the Green’s functions and momentum 
density have been computed and tabulated), it maintains most of the 
features of the full calculation. Further, the approximation is 
simple enough to be easily included in graduate level courses. 
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II. 



PERTURBATION THEORY OF THE ZERO -TEMPERATURE MANY-FERMION 

NORMAL SYSTEM 

The theory of the many-fermion systera has been the object 
of intense study for raany years. This dissertation is limited to a 
small portion of the overall field, the study of the perturbation 
theory of the nuclear zero-temperature "normal" state — that state 
in which there is no binding which would lead to a phenomenon such 
as superconductivity. The basic theory for the perturbation treat- 
ment has been developed, and is presented briefly in this chapter as 
the basic tool on which the remainder of this investigation depends. 
This basic tool is the Brueckner-Goldstone linked-cluster expansion 
(BG expansion), the perturbation theoretic expression for the ground 
state energy of the systera described above. The Brueckner K-raatrix 
approximation to this energy is also briefly presented. With the 
BG expansion as a basis, the properties of a many-fermion systera are 
then analyzed and several general relations are developed. These 
have previously been derived within the framework of Green’s function 
theory, but the equations developed here are expressed as explicit 
perturbation series in contrast to some of the original derivations. 
Following this, a new approximation for many-fermion systems is 
presented. This approximation is derived by using a "change of 
parameter" procedure which is described in the text. 
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A. THE BRUECKNER-GOLDSTONE LINKED- CLUSTER EXPANSION AND THE 
BRUECKNER K-MATRIX APPROXIMATION 

The heart of the perturbation theory of the normal state 
of many-ferraion systems is the Brueckner-Goldstone linked-cluster 



discussed in considerable detail in Appendix A as well as in texts 



unanswered questions related to the applicability of this expansion 
to the atomic nucleus^ it will be assumed (in the absence of a 
rigorous proof to the contrary) that the theory can be used to obtain 
a description of the properties of the "normal” state of large (and 
for simplicity^ infinite) nuclei^ and that this "normal" state is 
very close to the actual ground state -- much closer than the prob- 
able errors in our calculations. 




20 

on the rnany-hody problem (e.g.^ Thouless ). Although there are many 



The Schroedinger equation for the system is 



(H^ + Hj.)Y =£'!' = (E^ + AE)Y 



( 2 . 1 ) 



with 




( 2 . 2 ) 



satisfying 




( 2 . 3 ) 



and 
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= “ 2 V, 

kj6;inn 



* * 
a ^ a, a a 



I 2 vo^rr^r, k IT] H 



satisfying 



(2A) 



Hj. Y = AE Y . 



(2.5) 



The expectation value in the unperturbed ground state of the number 
operator is just 



\ ^ \ ^ 1^1 ^ Pi 



= 0 |k| > p. 



(2.6) 



The BG expansion for the interaction energy, Z\E(n,G), (Appendix A -- 
Eq. (A. 73)) is just 



lira V /-x TT 1 

~ O' - 0 c o’ E -H +inO' “I 

o o 



H,. . .H 



H, 



I E -H +i 20 ' I E -H +io' 
o o o o 



— iL. $ ) 
laio 

(2.7) 



where E means summation over all connected graphs leading from § 
c ^ 

to i.e., over all linked graphs with no external lines. In 

terms of the two-body interaction, the BG expansion is given by 



E = E Sj^nj^ + AE(n,e) 



^ ®k\ 2 j^^\x;(kjj) 



( 2 . 8 ) 



(l-n )(l-n )n, n . 
' m' ' n K i 



lim 1 2 

Ck' -* 0 5- k^;(mn) , . v ''mn:(k£) 

k^,mn '' (e, +e„-e -e + lO’) ' 

' k X m n ' 



+ O(v^) 
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(See (A. 92 ) in Appendix A). 



In Appendix A rules are given for expressing the terms of 
any order in the BG expansion (2.7) in terms of all possible con- 
nected graphs (’’linked clusters”) of that order. With two exceptions 

20 2 

these rules are the same as those used by most authors. These 

exceptions are: (l) indicate explicitly the creation and annihila- 

tion operators associated with each v-interaction^ reduce them to 
expectation values of the number operator using the customary pre- 
scription 






Vk* = 



(2-9) 



and use the identities (for the expectation values) 
n 

\ = \ 

and 

(1 - n^f = (1 - B^) ( 2 . 10 ) 

to simplify the resulting expansion; and^ ( 2 ) provide for the possi- 
bility of a non-spherical unperturbed Fermi sea by defining a state 
of momentum k as a ’’particle” if and a ’’hole” if ^ 

where e is the unperturbed energy and e is the Fermi energy. 

If the unperturbed Hamiltonian is just the sum of kinetic energies or 
if the potential term in the unperturbed Hamiltonian is spherically 
symmetric, then the above definition can be reduced to the often-used 






« 

t 




I 



i7 



definition of a "particle" as a state whose roomentuin is greater than 
the "Ferrai momentum" and a "hole" as a state whose momentum is less 
than or equal to the "Fermi momentum." It is^ of course^ possible 
for the Fermi energy (or momentum) to depend on the spin (or isotopic 
spin) of the particles (e.g.^ as in a system with different neutron 
and proton densities). 

A partial summation of the BG expansion is possible. This 
is effected by the Brueckner K-matrix approximation, which is 
treated in detail in Appendix B. In this approximation, the energy 
is given by 



E = 



^(V2\K 



= E 






O(K^) 



( 2 . 11 ) 



The K-roatrix is, in turn, determined by the integral equation 
K(E, 6 e) = v_. . ^ + E v_. . 



(1-n )(1-Qn) 

- ... K(E,6E) , , 

ij;kt ij;k.e z (jo (E)-oo (E) 6E 'mn;k.e 



ra 



( 2 . 12 ) 



In this approximation, the energies of particles within the Fermi 
sea are computed "on the energy shell" with 6E = 0, and with the 
"single -particle potential" given by 






(2-13) 



with 



E = 









(2.14) 
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and 



The intermediate state energies 
energy shell, " with 

6E = A 



(2.15) 

ua^(S), etc., are computed "off the 

(2.16) 



where A is a mean excitation energy, usually taken to be 

cu " ^ _Q • Thus the single -particle potential is given by 
Pjp P 



V (Z) = S K(E,A) . / . N n. 



(2.17) 



and 



U) (Z) = e + V (2) 
m^ ^ ra m^ ^ 



(2.18) 



The details of the transformation of these equations to coordinate 
space are given by Brueckner and Gammel'^ (hereafter referred to as 
BG) and in Appendix B. Typical diagrams summed by this approximation 
are indicated in Fig. 1. Diagrams 3(c) (hole-hole scattering) and 
3(d) (the so-called "three -body cluster diagram") are the only third- 
order diagrams not summed by the Brueckner approximation. Other 
low-order diagrams not summed include the "rearrangement diagrams" 
indicated in Fig. 2. Further discussion of these neglected terms 
can be found in Chapter IV. 
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Fig. 1. Low-order diagrams of the EG expansion. The 
diagrams are to he interpreted as including all possible 
exchanges (as explicitly indicated for diagrams l(a) and 
2(a)) and all possible positioning of various elements (e.g.^ 
3(b) can be drawn in four different ways^ with the self -energy 
insert on the lines m^ I, and n). The light horizontal 
lines in diagrams 4(d) through (f) indicate positions at 
which the energy denominators are investigated in the text. 



Fig. 2. Low-order "rearrangement energy" diagrams calcu- 

21 

lated "by Brueckner and Goldman (diagrams (a) and (b)) and 

22 

by Brueckner^ Gammel and Kubis (diagrams (a) and (c)) . 
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B. MANY -FERMION SYSTEM PROPERTIES 



2 ^ 

Following Sawada^ Bruch and Mas ter son (SBM), fundamental 

formulae for the true momentum density and the single -particle energy 
are developed from the Brueckner-Goldstone expansion. Explicit per- 
turbation series are exhibited. In this and following sections 
several zero -temperature forms of the equations of the Landau theory 
are derived more concisely than by previous derivations using Green’s 
function theory (e.g.^ Klein and Prange and Nozieres and Luttin- 
ger^^). Many of the relations so developed are then used in the 
development of a new approximation in Section F of this Chapter. 

1. True Momentum Density 

The expectation value of the number operator^ n^ = ^p*^p^ 

is the Fermi step-function when evaluated between the "unperturbed 

states^ When evaluated between the states of the interacting 

system^ it yields the raomentiom density^ p . From 

P 

E = [Y, (S + v)Y]/(y,Y) , (2.19) 

we then show that )/('!', Y) is 

^ E = ^ [[Y(e^e2...),(Z ej^n^+v)Y(e^e2.-.)]/(Y,Y)} . (2.20) 

p P ^ 

The only dependence of the wave functions which is indicated above is 

their implicit dependence on the single -particle energies as^ e.g.^ 

given by (A. 72). To prove that (2.20) is (Y,n Y)/(Y;Y)^ we must 

P 

show that the functional derivative on the wave functions vanishes. 



If we write that derivative as 




e =e 



t ““ ^ 

p p 

( 2 . 21 ) 



and, if , is regarded as a variational parameter, then the expec- 
tation value is stationary at the true wave function (where , = e^), 
and the above derivative vanishes for e , = e . Thus (2.20) reduces 



P' P' 

to (Y,h Y)/(Y,Y) = ( since v has no explicit dependence on the 



We reinark here that the momentum indices are vector indices ^ and 
refer to both angle and magnitude of the momenta. 

In (2.22) and throughout this discussion, the functional 
derivative is defined as operating on every which occurs in the 

expression which follows it, including those which occur under a 

summation (i.e., the single term in each sum for which the summation 
variable equals in the example above). 

From the BG equation for E, (2.8), we obtain 



P 



P 



e, ), and one obtains the well-known formula: 
k 




( 2 . 22 ) 





We have used a change of summation indices to combine terms with 
identical structure arising from (2.8), thus cancelling the factors 
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in that equation. For example, 



^ 1 V 

2 P ^ f mn;(pX) 2 p kp;mn 

p m n' 



n^(l-n^)d-n^) 



2 ^mn;(kp) 



(e, +e -e -e ) 
^ k p m n ' 



(2.24) 



n (l-n )(l-n ) 

p p^;mn , .2 im;(p;i) 

^ p i m n' 



Similar changes of summation indices to combine terms are employed 

throughout this dissertation without further comment. 

The term not multiplied by n^ in (2.23) is the ’’tail” of 

the density distribution; extending beyond the Fermi sphere. It is 

readily verified that this equation for p can be truncated at any 

25a 

order in v and will still satisfy the identity 



E p = E n = W 



(2.25) 



Eq. ( 2 . 23 ) can be inverted to yield an equation for n in 

P 



terms of p 

P 



n = p -|1 + 2 V 






p t (e +e^-e^-en)2 ^mn;(pt) 



+ . . . <" 



mn 
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2. Single -Particle Energy 

The ’’single -particle “ energy may be obtained from the per- 
turbation expression for the total energy in a fashion analogous to 
that employed for the density. The energy of an added particle of 
momentum £ is the difference 

ou = E (n ’.e) - E(n.e) (2.27) 

p p p 



where 






1 for ^ 



■F 



, 0 k p ^ 

■!, for e, > e, 

C - , k k-p 

1 k = p r 



Similarly^ the energy of an additional hole is 



( 2 . 28 ) 



tu = E(n.G) - E (n " ,g) ^ 
p p p 



(2.29) 



with 



1 k ^ £ 



k ^ 



n 



LO h = P -* 

0 |k| > kp . 



(2.30) 



It is apparent from the above expressions that the single-particle 
energy can be written as 

to = ±(E -E) = E{n,e) = e + AE(n,e) ( 2 . 31 ) 

^ ^ P ^ P 



=0 + Ac 1 

P P 



Ae = 1 — Z\E(n. e ) . 
p On 

P 
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] 

'!! 

i 



The definition of 6/6n is similar to that of 6/6e . It is shovm 

P P 

in Appendix A that E(n^e) is proportional to the total number^ N; 
'therefore^ cju^ is of order unity compared to N because 6/6n^ 
removes one summation of E(n^e). Rigorously^ ( 2 . 3 I) should contain 
terms with the higher derivatives 6 ^ ^ ^ etc. How”ever^ 

each such derivative will remove one or more other summations and 
will thus introduce a factor of l/W or smaller. Such terms may be 
discarded in the normal system (for which we take the limit Q ^ ^ ^ 
with the ratio W/Q remaining constant, Q being the volume). From 
( 2 . 8 ) we obtain the following expansion of ( 2 . 31 ). 



/ \ v’ lira 

u)(e) = e + hv./„,,n, + „ h v. 

P P P ^ ^ 0 £mn P^;™n 



n.(l-n )(l-n ) 
i m^^ n 

e +e.-e -e +iG' 
p t m n 



V 



mn;(pi) 



(2.32) 



O' 






The imaginary terms from the Brueckner-Goldstone expansion^ (2.7); 
are related to the lifetimes of the hole and particle states. In 
the subsequent discussions we shall not exhibit the imaginary terms 
explicitly. We should remember^ however^ that ou has no 
imaginary part. The original BG series for the ground state energy 
(of the normal system) contains no poleS;, and since ( 2 . 32 ) for 
p = kp, is just the upper or lower limit of one summation in the 
equation for the ground state energy^ it must also be real. 



If we define an "effective interaction" matrix U(k^ 2 ) 



such that 



AE(n,e)=|s , 



(2.33) 



then (2.31) "becomes 



uu 

P 



+ E U(p,£)n 



" vi jI- 



( 2 . 3 ^^) 



which is a restricted form of the Landau equation, with all the quan- 
tities in (2.33) completely specified by the BG expansion (which is 
an equation for U(k,t)). For example, to second order in v. 



U(k,i) = V, . 



k£;(k£) ni, n ^k£;mn 



(l-n )(l-n ) 
' m'^ n 



e, +e -e -e 
k ra n 



V 



mn ; ( kj 0 ) ^ 



(2.35) 



and (2.32) is obviously obtained when this equation is substituted 
into ( 2 . 3 ^)« The third terra in the equation for od^ is the so- 

21 27 28 29 

called "rearrangement energy." ^ ^ It represents the differ- 

ence in the energy to remove a particle to infinity "quicldiy" (with 
no change in the states of the rest of the system) and the energy 
required to remove the particle adiabatically (the rest of the 
system "rearranging" itself to the ground state of the N -1 particle 

system as the removed particle goes to infinity). As noted by 
27 

Brueckner^ it is this term which is the obvious culprit in the 

failure of reaction-matrix calculations to satisfy the Bethe- 

8 "^0 

Hugenholtz-van Hove theorem that the single -particle energy at 
the Fermi surface should equal the mean system energy: most reaction 




fi 



matrix calculations use only the first two terms of (2.3^) for the 

single-particle energy. one identifies U(k^>6) with Brueckner’s 

K-raatrix^ then (2-34) is identical to the equation derived 

by Brueckner and Goldman in their analysis of the rearrangement 
21 

energy. 



C. DISCONTIMJITY IN MOMENTUM DENSITY AT THE FERMI SURFACE 



The possibility that a Fermi surface might exist for zero 

temperature interacting fermions was pointed out by Migdal^ 

noticed that under some circumstances it could be so that the mean 

occupation number of different single-particle momentum states in 

32 

the true ground state is discontinuous. Luttinger'^ has examined the 
conditions for its existence and rederived the equation for the dis- 
continuity. A calculation for the electron gas has been reported by 

26 

Daniel and Vosko. We present here still another derivation^ which 
is based on the assumption that a valid perturbation expansion for 
the system energy exists. 

From expression (2.23) the momentum density^ p ^ it 

' is evident that p can be separated into two parts ^ one multiplied 

P 

by n^ and the other having no explicit dependence on n^; 
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E(n,e) 



= n 
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6e 



AE(n, € ) 



(2.36) 



Henceforth d'/^e will indicate differentiation of those terms not 
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multiplied by . Thus the leading terms of the last two elements 

on the rjght hand side of (2.36) are 



.1 ^ 

P 



AE(n^e) J = -n T, 
■6n V TDLom- 



n (l-n )(l-n ) 

V . 2li 2l V 



P P 



P^^nrn P^>™^ (e +g _e _e )2 rnn;(p^) 
^ p i in 



(2.37) 



n, n^(l-n ) 

E V ^ ^ » V 

kin (e +e -e -e f 

^ k i p 



+ . • 



and 



c, n n (l-n ) 

AE(n,e) = -E V — ^ — V (2.38) 

^"p kin ki;pn ^2 pn;(ki) 



'k i p n^ 



Ae 

P 



(n,e) 



By using the definition of the single -particle energy change 
from (2.31)^ we can write (2.36) as 



p = n (1 + Ae ) + -r^ — AE(n^e) 
'^p p ' 6 e p"^ 6 e ' •’ / 

P P 



6 6 ’ 

= TT~ + TT~ • 

p oe P p oe 

P P 



(2.39) 



It can be seen that operates not only on the explicit in 

w (e ) but also on the single term in each sum for which the index of 
P P 

summation equals p. Because these latter operations yield terms of 
order (i/n) (because of the removal of one sura)^ -they may be neg- 
lected and the functional derivative may be replaced by the partial 
derivative^ 5 /de . The density is then given by 



> 



i 



(2. ho) 



= n ^ “ (e^) + AE(n,e) . 

P P p p i)Sp 

UsTjally 6/6e^(uj^) is denoted as . Its physical mean- 
ing can be seen in the following way. For e > e ^ we have from 

P t 

the definition of to and from (2.22) 

P 

Z = T — tu = - — (e - e) 
p 6e p 6e ' p ' 

P P 



= (i' ,n t ) - (Y,h i') , 

P P P ' p ' ’ 



( 2 . 41 ) 



where is the state with one extra particle of momentum ■ hf 

•X- 

we introduce the creation and annihilation operators, a and a 

P P 

(rip = a^*ap) , and the complete set of unperturbed states, 
obtain 



Jp X X p^ 



( 2 . 42 ) 



A similar equation is obtained for e ^ e . Thus Z is the 

p F p 

difference between the total probabilities of finding in and ¥ 

unperturbed states which contain a particle in state £ . If the 
state ;£ has a finite lifetime, ¥^ must be replaced by an appro- 
priate wave packet, and only the real part of Z^ can be interpreted 
in this manner. Because (ju, contains no imaginary part (see below 

kp 

(2.32)), the above formulation is exact at the Fermi sirrface. 

From (2.39) it is apparent that the discontinuity across 

= e is given by 
P -f 
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Using the formalism developed in this section^ we are now 

able to cast (2.40) into a different form. If we solve (2.32) for 

e as a function of , we can write Ae of ( 2.31 ) in terras of 
P P P 

0)^ and obtain a new function which is numerically equal to 
Ae^ . ’’self-consistent” potential^ since from (2.3I): 



uo = € + V((JU ) . 

P P P 



(2.44) 



To obtain an e:xpression for ^ we operate on the above expression 
with d/Se ^ obtaining 



UJ = 1 + UU • v(u) ) 



(2.45) 



This can be solved for d/de (uu ): 

P P 



UJ = 



de p 

p i 



V(u) ) 
dw p 
P 



(2.46) 



From (2.39) we then obtain 



n 



Pv^ = 



^ V(u) ) 
duJ P 



+ — AE(n,e) 

P 



(2.47) 



The first terra on the right in (2.47) corresponds to the density 
obtained by Puff and Martin^^ (see also Falk and Wilets^^^ Eq. (2l)). 
The smooth part in (2.47)^ which is neglected in their approximation^ 
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can be seen from (2.23) to be of order v 

D. EFFECTIVE I^iaSS EQJATION 

We shall now derive the effective mass equation which was 

34 

first obtained semi -phenomenologically by Landau and later from 
perturbation theory by Luttinger and Wozieres.^^ 

By taking derivatives of (Eqs. (2.31) and (2.32)) with 
respect to p^ , we get: 
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(2.48) 
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We next change all the momentum variables under the summations by an 
amount Ap^^ and observe that in a Galilean invariant system 



V = V 

p+Ap^,X+Ap^;m+Ap^,n+Ap^ pt;mn 
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and due to conservation of total momentum 



^2 



-^A 

p+Ap^ in+APj. n+Ap^ 
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p i m n y 



( 2 . 49 ) 



The result is 
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The second term on the right can be identified with 
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( 2 . 51 ) 



Since n^ is a step-function^ dn^/dji^ is zero except at the Fermi 
surface^ where its magnitude is ~^yj^ ' Thus^ 



“ ■ - - “ f ‘('-V sijr 



dp^ P m 
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( 2 . 52 ) 
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This equation is identical to that obtained by Landau^ except now, by 
virtue of the BG expansion for AE(n, e)^ \re have an explicit expres- 
'sion for every terra in it. 



If ve take uj 
P 



IeI 



2 / * 

= p /2m and operate with 



l/p li p d/dp on (ju , we obtain 
xyz ^ ^ P 



S cos(p,X)6(^-k ) 

1 ™ ^ 6n.on 

^ -2 p 



m 



AE(n, e ) 



P=k. 



3 JdD^ cos(£,^)(-) AE(n,e) 

-2 p 



ra 



( 2 ^)- 






(2.53) 



.3^ 



2 ■ 
The quantity (-)6 E(n^e)/6n.6n = f, was interpreted by Landau' 

t p t j p 

as (minus) the forward scattering amplitude of two particles^ i and 
^ in the system. We reach the same identification by following the 
procedure by which we derived Eq. (2. 31) for . 



E. BETHE-HUGENHOLTZ-VM HOVE SEPARATION ENERGY THEOREM 



With our formalism we can easily derive the Bethe- 
Huge nholtz- Van Hove theorem which states that the energy of a 

particle on the Fermi surface is the negative of the energy required 
to remove the particle adiabatically to infinity (the separation 
energy) and equals the average energy of all the particles in the 
system. Alternately^ the separation energy is the negative of the 
energy the system acquires when one particle is added at constant 
volume whereas the average energy is the energy acquired when a 
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single particle is added at constant density. A somewhat more 
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involved derivation has also been given by Brueckner. 

The proof begins with the observation that the total energy 
E is a function of two parameters^ N and p ^ where the density p 
is related to the total number of particles^ and to the volume^ Q, 
by the following equation (neglicting spin which gives a constant): 

" i = n g \ 

Further^ since E is proportional to N ^ it may "be witten as 
E = Kf(p) where f(p) denotes the (unknown) functior*al dependence 
on the density. From the definition of the average energy, it is 
easily seen that E^^ = e/N. For a free system, the pressure, ?, 
must be zero, and therefore at zero temperature 

P~|^(E/N)^ = 0 (2.55) 

(since the average energy, e/F, is a function of density alone). 

¥e can then expand the derivative of E = Nf(p) to obtain 



If (E)^-f(p) , 



( 2 . 56 ) 



to show that the separation energy equals the negative of the 
average energy^ viz. : 



V - L. ('v') - 5 _ ^ ^ /'I'l - ^ 

~ SN ~ Pi- 'v/o “ -ST 






So 



¥ 



(2.57) 



We can now apply the techniques of previous sections to 



obtain another equality involving e/W. Expanding (2.55) .r 



we obtain 
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^ It Wn ^ k It (E)n = - ^ T It (e)o = 0 • 



K 



2 dp ^ N dp ^ W dp 



(2.58) 



Thus 



^ i ^ fE) 

N Q dp ^.'Q 



(2.59) 



Using (2.5^)^ we can rewrite ( 2 . 59 ) as 



1 = 1 i_ rEi = ^ 

N n 2 dp^ ^ 2 V '- dp^ 6ri 

Pp npp ^ Ic 



dii 6 

S { 5-^ ■; E + 



de, 



dPp 6 e^ 



E J 



(2.60) 



The kinetic energy^ is unchanged by an inf initesirr^l increase^ 

i[ ^ in the magnitude of the Fermi momentm^ but will increase 

by unity for k = p + T] if p increases by T|. Therefore^ 

r r 

de^/dPp = 0 and dn^/dPj, = 6(k-Pp) . Using 

2 - ■ 5 f dk , (2.61) 

and identifying 6/6n^(E) with o)^ ( 2 . 24 ), we obtain 



E 

W 




dk 6(k-pp) 




From (2.57) and (2.62), 



(2.62) 



E 

K 





(2.63) 



which proves the theorem. It should be noted that this derivation is 
strictly valid only if the single -particle energy, e^, is con- 
tinuous at the Fermi sxrrface, since otherwise its derivative with 
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respect to does not vanish. 



F. THE ”CHMGE OF PARAMETER” PROCEDURE- -USE OF THE TRUE MOMENTUM 
DENSITY IN THE BRUEGKNER-GOLDSTONE EXPANSION 



The Brueckner-Goldstone expansion for the interaction 
energy^ AE(n^e) ^ is a function of the unperturbed distribution of 
particles in moraentuin space^ n^ ^ and the free kinetic energies^ 

. Because of the intimate relation between o)^ and as given 

in (2.22) and (2.31)^ it is interesting to investigate the possi- 
bility of using the true distribution instead of the "mathe- 

matical” n^ in this expansion. This substitution will force us to 
change free-kinetic energies^ ^ to some other energies^ w^. 

In the following we give an explicit derivation of the energy w^. 

Firsts we note the invariance of the interaction energy 
AE(n^e) under the following infinitesimal displacements of n^ and 



^k * 



AE! 



,V^k 6^ 



(2.64) 



'This can he expanded in a Taylor series about AE(n^,e^) to yield 



AE(nj^,e^) + O(^) 



(2.65) 



We know from (2.22) and (2.3I) that 6AE(n^ e )/6ej^ = An^ and 
6AE(n, e)/6n^ = Ae^ . Therefore, the above relation shows that if we 
change n^^ by ^ small quantity) and simultaneously 



change by Ag^ 



the BG expansion remains unchanged up to 



2 

order (X^) . 

The above invariance indicates that if ve make the replace - 
, ment of n^ by (given by (2.22)) by adding up infinitesimal 



changes^ the kinetic energy in the denominators should be 



keep the numerical values of Z\E(n^e) and AE(p^w) equal. The 



To determine exactly the modified free -energy^ we proceed as 

follows: For a given function of n‘s and e's^ f(n^e)^ we assume 

we know the dependence on n and e (for instance^ for AE(n^e) 

we have the explicit series (2.8)). Then we try to find the quanti- 
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ties p and w which satisfy 
K. IC 



and require the following relation to be true for arbitrary X : 



reduced by a quantity which is roughly equal to Ae in order to 



change in the kinetic energy e will not be exactly Ae ; of 

X X 



course^ because the above identity holds only for infinitesimal X . 

X 



f(n,e) = f(p,w) . 



( 2 . 66 ) 



To find w let us first introduce intermediate quantities 



Pl^(X) and which satisfy 






( 2 . 67 ) 




( 2 . 68 ) 



In other words 




(p(X),w(\)) = 0 



( 2 . 69 ) 



^3 



or^ using the chain rule^ 

^ ^ dp^(\) 6f p(X),w(\)^ 
dA 6pj^(A) 



dw (A) 6fp(A),w(A), 

, . 0 

dA 6 Wj^(A) 



(2.70) 



Integration gives (taking (2.67) tor Into account) 






6f TpCA ' );w(A ' ) J 

Spj,(^') 



6f 



Z' 



(^p(A ' ),w(A ' ) j 
6w^(A') 



dA' 



( 2 . 71) 



Now, let us give p, (A) at A = 1 the value p ' and try 

K. K 

to find • A form of Pj^(^) which satisfies both Pj^(O) = 

and P^(l) = P^ written as 



pyo = + UpjJ - nj.) 



( 2 . 72 ) 



with this definition of p. (A) , (2.7l) becomes 

K. 

6f rp(A ' ),w(A ' )y 



\ - (pk - 



6Pk(^’) 



0 6f (^p(A’),w(A') 



(2.73) 



6w^(A ') 



This is the desired formula for ^j^(^) terms of p^(A); if 

w^( 1) := w^^ is fovmd for given p^ , 



f(n,e) = f(p',w') . 



(2.7i^) 



j 



Wow, we can apply (2.73) 2 .nd (2.7^) to AE( n ,e) . We 
identify with the true density, , and w^^ with the desired 

.energy, w^^ , and use (2.22) and (2. 31 ) to obtain the following set 
of equations: 



AE(n,e) = AE(p,w) 



Pk(^) = \ 



w^U) 



6AE 

6AE(n,e) . PPi,(^') 

*^^k '"o 6AE (^p(A. ' );>w(l ' )^ 

6w^(l') 



(2.75) 



6AE Q){X'),wiX') j 



“k • 



= e, - Ae, 



j" 



5p^(k') 



saB^pCi'), "(X')3 






6w ( >, ’ ) 

The equation for w, is obtained from that of w, (\) after a minor 

k k' 

rearrangement of terms by setting A. = 1. In the last term of the 
equation^ 6AE(p^w)/6p^ and 6AE(p;w)/6w^ have the same struc- 
ture as Ae^ = 6AE(n^e)/6n^ and An^^ = 6AE(n^e)/6e^ respectively; 
the only differences are that n and c are replaced by p and w. 

Strictly speaking^ even if we luiov/ p^^ we should solve 
the complicated integral equation (2.75) to find w^(l). However^ if 
we utilize AE(p^w)^ we find the following situation. Since the 
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last term of w , Eq. (2.75X is the difference between quantities 

K 

with the same structure^ it is not unreasonable to suppose it to be 
small (it turns out to be second order in v as we show in Appendix 
leading to a fourth order error in AE)* Then * 

From the analysis of Brueckner (Eq. (2.1l) et seq . and Appendix B) 
we know that a large class of the terms in the BG expansion can be 
summed if the energy is determined by a K-matrix defined by the 
integral equation 

( 1 -n )(l-n ) 

ij;ki - ""lyM nrn hj;mn ^ ''mn;kt . ( 2 . 76 ) 

k 1 m n 



The interaction energy is then approximated by 



(2.77) 



The self -consistent single-particle energies in the denominator are 

a consequence of the ’’self -energy" terms in the BG expansion and are 

approximately 0 + Ae, . Hence ^ w + (self -energy correction) will 

very nearly equal the "free" e, . Thus AJS(n;e) can be approxi- 

K. 

mated by replacing n^ with the true and simultaneously omit- 

ting the single -particle self -energy correction. I.e.^ E(p^e) with 
no single -particle self-energy processes is roughly equal to E(n^e)g^ 
(the BG meaning that the term is to be evaluated with the full BG 
expansion including the self-energy terms). Brueckner^^ has sug- 



gested the possibility of such a substitution; Eq. (2.75) indicates 
exactly what the situation is. In Appendix C it is shovm that the 



41 



error in the energy resiilting from thit> substitution is fourth order 
in t (or equivalently_, in K) . Brueckner and Masterson'^ (BM) have 
found that the fourth order scattering terms are of the order of 
half a MeV for nuclear matter^ and that higher order terms are suc- 
cessively smaller by a factor of about ten (see Table IV of BM). 
Therefore^ reasonably small errors would result from this substitution. 

One should remark at this point that such a simplification 
can only occur in the evaluation of the interaction energy^ AE(n^e); 
it cannot apply to E(n^e) itself. The total energy is approxi- 
mated by 



® ^ 



[AE(p,w)] 



no self -energy 
processes 



(2.78) 



Of course^ one could apply (2.73) (2.7^) to E(n^e)^ but the 

physical insight in E(p^w) is not as clear as in AE(p^w)^ and the 

defining equation of w ^ Eq. (2.73)j> behaves differently. Balian^ 
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Bloch and DeDominicis-^ ' have examined a many-body perturbation theory 
in which n p throughout. Suhl and Werthamer^® have also 
reported an analogous effect to that represented by Eq. ( 2 . 78 ) 
occurring in the renormalization of the momentum space distribution 
function in their ’’second random phase approximation.” We shall not 
pursue either of these alternate approaches^ however. 

By virtue of the close relationships between the parameters 
of the theory^ it is possible to obtain alternate expressions for 



AE(n,e) - AE(p',w') . 



(2.79) 
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For instance^ if we concentrate only on the single -particle self- 
energy con: 3 pensation after the transformation^ it seems better to ta^e 



wJX) = - e^) 



w’ = e. 



^ 6AE(p’,w’) 






(2.80) 



Then 



P,(X) 



= n. 



- K -=k) X 



6E 



6E 






yp(X')MX') J 






6Pj^(X’) 



(2.81) 



Rearranging terms^ the latter equation becomes 



, , 6AE(dSw') 

Pk = \ ^ ^ 



6w,’ 
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‘Ok ° 



6AE 



^p(\ ' );w(X ') J 
6w^(\ ') 

6AE fp(X').w(X')J 



6Pv(^') 



6AE(c ',w') 



6w' 

k 



6AE( p ' ,w' ) 



( 2 . 82 ) 



The integral in (2.82) can be expected to be small for the same rea- 
sons that the integral in (2.75) is small. Unfortunately, (2.82) 
does not correspond to the real density and it loses physical meaning. 
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III. 



INFINITE NUCLEAE l^IER AM) PHENOMENOLOGICAL POTEILTIALS 
A. NUCLEAR PARAMETERS 



There are two experimentally observed phenomena in nuclear 
physics which any theory must explain. One of these is the constancy 
of the binding energy per nucleon (about -8 MeV) throughout most of 
the periodic table. Further information on the binding energy of 
nuclei can be deduced from the success of the Bethe-Weizsacker semi- 
empirical mass formula, A general form of the formula (as given by 
Falk and Wilets^^) is: 



2 2 

Binding energy = j C + C 1 A + C ™ + C ^ 

L V sy ^2 J L surf surf sy ^2 J 



A 



l/o 

+ Coiilorab Energy + 0(A + Pairing and Shell Corrections (3-l) 



Because one set of constants can be chosen to fit almost the full 
range of nuclei^ it is reasonable to speculate about the properties 
of a large system of nucleons in which the charge and surface effects 
are missing: ’’infinite nuclear matter.” The mass formula indicates 

that the energy per particle of an ’’infinite” system in which the 
number of neutrons and protons were equal and in which the coulomb 
forces were absent would be given by a single constant^ C^ = E^^ . 
Unfortunately^ this semi-empirical binding energy for an infinite 
system has not been unambiguously determined. T\<ro recent values are 
those of Green^^ (-I 5.83 MeV) and of Cameron^^ (-17-04 MeV). Green 



^3 



i 



I 



fits a formula -without explicit A ' terrns^ wherea^ Ca;;]eron ’ ^ 

formula has such a term. Green also fits Cameron's formula (by least 

squares) to a formula without k‘ ^ terms and obtains -l6.3^ MeV. 

A more recent semi-empirical mass formula has been reported by Ayres 

Hornyak^, Chan and Fann^^^ resembling the Bethe-Weizsacker form^ula but 

having coefficients which vary slightly with A. The extrapolation of 

the volume coefficient to an infinitely large nucleus is ambiguous^ 

but two logical extrapolations are -14.75 MeV and -I 3 . 8 I MeV. The 

authors warn against taking such extrapolations too seriously. 

The second phenomenon which a quantitative theory must 

explain is the ample experimental evidence that the nucleon densities 

of intermediate and heavy nuclei are nearly uniform and are also 

nearly independent of nuclear size. A recent general discussion of 
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the experimental evidence on nuclear size is given by Preston^ 

Chapter 3- most accurate determinations of nuclear size and den- 
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sity seem to be those from electron-nucleus scattering. The pro- 
cedure used in these experiments is to assume a density distribution, 
which for hea-vy nuclei is usually 



P 



P 



1+exp 




(3.2) 



and then to vary the parameters so that the scattering properties 
predicted from the above distribution match those. experimentally 
observed. Thus the half -density radius, c , is determined (with an 
accuracy of x2^) . In terms of the half -density radius, another 
radial parameter, r^, is defined such that 
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The experimental values of are plotted in Fig. 3* For inter- 

mediate and heavy nuclei its variation is very slight^ and it can he 
represented as 

= (l.OT ± 0.02)F . ( 3 .^) 

The parameter is also determined^ and in terras of these parame- 

ters one can calculate from (3*2) another characteristic of the 
distribution^ its surface thickness^, t^ defined as the distance in 
which the density decreases from to 10^ of its central value. 

The rms radius^ can also be calculated; and from this the 

radius of the ’’equivalent uniform nucleus” is determined: 

R = ( 5 / 3 )^^^ a ( 3 . 5 ) 



A final radial parameter; r^; is then defined in terras of R and 

A: 



R 



= r 

o 




( 3 . 6 ) 



The variation of r with mass number is indicated in Fig. 3« Its 
variation is much greater than that of r^; but for heavy nuclei it; 
toO; is nearly constant : 



= ( 1.19 ± 0.01) F (heavy nuclei) . (3-7) 



In terms of r^ the density of the uniform model is obviously 

( 3 N-1 

p = ( — ^ ) 

3 ° 



(3.8) 
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Fig. 3- Extrapolation of r and r, for infinite 

o 

nuclear matter (A -* “) . 
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can be re^atca 



The asymptotic value (as A ^o) of the parameter r^ 
to the Fermi momentuin appearing in the BG expansion through the total 
density. From (2.25) ve have (inserting the internal variables spin 
and isotopic spin) : 

W=:EZEn = 4. — — „ • hn k^dJc . (S-9) 

s T p P (2n)P 0 

The sums over spin; S; and isotopic spin; T; each give a factor 
two. VJe have assumed a spherically symri]etric unperturbed Fermi sur- 
face so that 



O nPV 

In- I ^dlc . 

P P (2n)-^ t 



( 3 . 10 ) 



Dividing both sides of (3-10) by Q leads to 

3 



P = 



W 

Q 



2P. 



2 



' -1 1 > 
•o • 11 ; 



ThuS; (3-8) combines with the above relation to yield the following 
equation for the Fermi momentum in terms of the parameter r^ (in 
units where h = 1) : 



( 2l )l/3 1 _ 

Pp ^ 8 ^ r 

o 



1. S24 
r 

o 



(3.12) 



Unfortunately the determination of the asymptotic va_ue of 
r requires extrapolation from A r- ; 210 to A - ^ 1 The procedure 
for doing this makes use of che fact that the surface thickness, t; 
(which is xnown to about llO^i;) is observed to be nearly constant for 



all nuclei : 
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.tf, 
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t = (^.40 ± o.^O) 



if ve assuiTie t to reimin constant as the oystei^j oecoi. r.- 
infinitely large ^ then and should approach each ouher in 

the limit of infinitely large mass number; A. Most of the nuclear 
matter calculations to date have been compared with the mlue 1.07 F 
taken from (3-2) (and corrected to 1.02 F as we show later) on the 
basis that this is more nearly constant than r^; and; indeed; its 
variation over much of the range of A is less than the ±2^ error 
assignment. However; as we indicate in Fig. 3; believe that a 
better extrapolation for this value is 



= (1.12 X 0.02) F (= r^) (A = co) . ( 3 .II) 

Clearly this extrapolation is not rigorouS; and much more accurate 

determinations of nuclear size are necessary before we can put any 

reliance on such a quantity. However; the above value is certainly 

plausible. Furthermore; the calculations for finiue nuclei described 

in Chapter V of this dissertation; which are based on a calculation 

which yields r^ = 1.07 F (when coulomb effects are accounted for); 

have yielded radii which are 12^ to 15/o too small. It seems quite 

probable that a portion of this error is due to an underestimate of 

the parameter r in the infinite calculation. This latter possi- 
o 

bility is not; in itself; sufficient justification for saying that 
r^ is greater than 1.07 F; but it does lend support to the other 
argu::.ents . 



There are two additional factors which must be taken into 
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account when extrapolating the results for finiue nuclei to infinite 

nuclear matter. These are the repulsive effects o± the syrm.'.etry 

energy (C (N-Z)^A) and the coulomb repulsion (^ince the electron 

sy 

scattering experiments measure only the charge distribution). Falk 
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and Wilets have estimated that the repulsive effects would cause an 

increase of r of about 0 . 05 ^ F for the finite nucleus compared 
o ^^5 

3 

to the infinite nucleus. Brueclmer and Gammel obtained a shift of 
0.05 F for the coulomb effect alone ^ and consider the symmetry effect 
to be negligible in large nuclei. 

The net conclusion from the above considerations is that it 
is evidently valid to consider an idealized "infinite nuclear matter" 
in which the number of neutrons and protons are equal and in wriich 
the only interaction is the specifically nuclear interaction. Our 
theory should then hope to predict a binding energy per particle 
somewhere in the range 



= (-15.5 ± 2 . 0 ) MeV (3.15) 

and an "equilibrium spacing" in the neighborhood of 

r^ = (1.07 ± 0.03) F . (3.16) 

The estimated uncertainties in the above quantities are a direct con- 
sequence of the difficulty in extrapolating to infinity from the 



properties of finite nuclei. 



B. PHEN0I4EII0L0GIC/i POTEI«?IALS 



Although it appears that \re are justifiea in consiaering 
the hypothetical infinite nuclear matter^ we iray well question 
whether we are justified in using an ordinary two-body potential in a 
non-relativistic Schroedinger equation to describe the nuclear 
problem. 

One question^ for instance^ is that of relativistic effects. 
These are not expected to be more than a few percent. The maxiiffom 
relative raomentuiri of two nucleons in the Fermi sea corresponds to a 
lab energy for a scattering experiment of less than 200 MeV. Since 
the nucleonic rest mass is about 938 MeV^ we expect the relativistic 
effect to be small so far as it affects the mean binding energy. 
However^ excitation energies which are much greater than the Fermi 
momentum may well be influenced by relativistic effects. 

A second question is the probable existence of specifically 
many-body forces. That they should exist can be deduced easily from 
the picture of inter-nucleon forces arising from the exchange of pi- 
mesons. It is probable that the resultant force on a nucleon in the 
presence of two others is not exactly that resulting from super- 
position of the forces between it and each of the other two separately. 
. uch specifically many-body forces have not been experimentally 
observed or quantitatively predicted theoretically to our Icnowledge^ 
and we do not believe that their effect is appreciable in the nuclear 
case. One cxrguirjent for their insignificance is the fact that the two- 
body correlation distance in nuclear matter appears to oe less than 



the mean separation disxance so that three-body (and higher) 
encounters are relatively insignificant. 

We conclude that ve can treat the nuclear i;jany-oody 
problem with a two-body^ non-relativistic potential. Vfnat^ theH; 
should this potential bev We shall not go into the details or the 
determination of the inter-nucleon potential^ but shall indicate 
briefly the current progress in its determination. The long-range 
part of the potential (due to exchange of a single pion) is now known 
theoretically and apparently confirmed experimentally (principally 
through the work of Breit and his co-workers^). However^ the short- 
range part of the potential is imperfectly known^ and there are a 
large variety of phenomenological potentials (various static poten- 
tials with Yukawa shapes^ velocity dependent potentials^ and poten- 
tials which are separable in momentum space) which give very nearly 
equally good fit to the two-body scattering data. The existence of 
such a large ntmiber of different potentials is a consequence of the 
fact that the scattering matrix has not yet been fully determined 
from experiment; hopefully^ as the experimental evidence inp roves 
further it will lead to an unambiguous potential. Reviews of nucleon- 

nucleon potential determinations can be found in Chapter 5 of Pres- 
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ton and in the references cited in footnotes 4 and 44. The poten- 
tial which currently appears to give the oest fit to the phase -shifts 
deduced from nucleon-nucleon scattering is that of Breit and his co- 

workers,^ but there are still several arbitrary features about even 

4 

this x^otential. The potentials of Ganrnel and Thaler^ whicn predate 
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the Breit potential^ have mny fewer parameters and yet most of the 
apparently essential components (central^ tensor and spin-orbit 
forces in odd and even states); they also give quite good fit to the 
phase-shift analyses. Both the Gammel-Thaler and the Breit poten- 
tials are characteri:^ed by infinite repulsive cores (r^ = 0*3^ 0.4 
or 0.5 F for the GT potentials^ and ~ O .5 F in the Breit potential). 
The Breit potential is of the form 



V, 
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LL’ 



(r) = 









Vj,(r)Sj^2 






" V ‘^2 ■ 

The operator - (L-S) has the value -L(L+1) for uncoupled 

( 2 ) 

states, J = L, and is zero otherwise. V is the one-pion 
exchange potential 
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( 2 ) 
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X 






( 3 - 16 ^) 



where is the pion mass, and where x = |u^r (in units where 

c = h = 1 ). The delta-function term can be neglected in actual com- 
putations. The other potentials in (3-15) have the form 



V = S a e'^yx^ . ( 3 . 17 ) 

n ^ ' 

2 

The values of a and of the coupling constant in (3*l6), f , are 
n 

given in BM. All potentials have a hard core, specified by x^=0.35* 



Because weighted means of neutral and pion masses are used in some 




{ 



states and for other states the neutraj. pion mass io ased^ the core 



differs between these two groups of states, 
given in BM. The usual tensor operator is S 
potentials are simpler in form. They have no 
ponentS; and are of the form 



Complete details are 

The Gammel-Thaler 

(2) 

^ and V com- 



V 



e 



-[j,r 



hr . 



(3.1©) 



The parameters of each component of these potentials are thus a 
strength parameter ^ and a range parameter^ p. Full details can 

be found in reference and the details on the potentials we have 
employed are in BM. 

45 

On the theoretical side^ Chew and Frautschi have defined 
a relativistic generalized potential >athin the framework of S-matrix 
theory and have shown that it plays a role in dynamics analogous to 
that of the ordinary non-relativistic potential in a Schroedinger 
equation. Below the threshold for inelastic processes (the region 
in which we are interested) ^ the generalized potential is real and 
its energy dependence is expected to be weak for the nucleon-nucleon 
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combination. Charap^ Fubini and Tausner have shown that at least 
to moderate energies ^ S-matrix theory leads to an unambiguous defini- 
tion of a static potential which can be calcifiated in terms of the 
exchange of one^ two^ etc.^ pions. 

The above argument apparently rules against the velocity- 
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uependent potentials of Levinger^ Peierls and collaborators. How- 
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ever^ Bell and Baker have shown that it is possible to transform 
canonically from a local hard core potential to a velocity -dependent 
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potential or vice versa^ and that the tv/o will oe indistinguishable 
from the viewpoint of two-body scattering though they will involve 
, different many -body properties whose importance is not yet knovrn. It 
would not be too difficult to check the importance of the rnany-body 
effects of the above transformtion by using both a velocity- 
dependent potential and its canonically related hard-core static 
potential in the same many-body calculation^ and we suggest this 
calculation as one which should be done. One preliminary calcula- 
tion^*^ with velocity-dependent potentials seems to indicate that they 
do not predict the many-body saturation properties as well as similar 
hard-core potentials*. A major advantage of a velocity-dependent non- 
singular potential is that it can be treated by ordinary perturbation 
theory whereas the static potential with hard core requires special 
treatment. 

Another class of potential which has received considerable 

attention is the non-local potential of the separable type. This 

potential has the advantage that the interaction can be completely 

separated into partial waves (e.g.^ the spin and isotopic spin states 

can be separated), and also the momentujn space representation of the 

interaction is particularly simple. Mitra^^ has shown that a 

separable potential is also ’’compatible’* with dispersion relations^ 

and has undertaken several investigations in the low-energy region 
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with such potentials. However^ there is no reason to believe 

that the ’’unique” description of the nucleon-nucleon interaction 
should be a non-local potential^ although it appears that at least a 



4 

portion of it my be . Gammel and Thaler had concluded that tne 

proton-proton scattering data require that the singlet-even nucleon- 

nucleon interaction be non-local^ a result which comes from the energy 

dependence of the and phase shifts^ and Giltinan and 
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Thaler have recently reported a non-local potential with hard core 
which apparently has the proper energy dependence. V/hether their 
potential fits this dependence better than^ for exanple^ the Breit 
potential we do not know; Breit does not report requiring a non- 
local interaction. 

The question of "uniqueness” for the nucleon -nucleon poten- 
tial is a non-trivial one because the detailed structure of the 
potential (particularly the strength of the tensor force) has a con- 
siderable influence on the many-body problem even though the predic- 
tions for the two-body problem may be indistinguishable. The vari- 
ation between several apparently equivalent two-body potentials in 
their effects on the nuclear matter problem is examined quantita- 
tively in the next Chapter and in BM. 
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IV. 



MJCLEAE MATTER CALCULATI0E3 IN THE K-MTRIX /^EPROnMiATION 

This Chapter discusses an approximation to the K-matrix 
eq.uations which is considerably simpler computationally than the 
Brueckner -Caramel'^ approximation (see Appendix B) . This approximation 
has been used to study the nuclear properties predicted by the theory 
for several different phenomenological potentials and to corrpiare 
several recent nuclear matter approximations with the K-matrix 
approximation (see Chapter VT and BM (Appendix G of this disserua- 
tion)). This Chapter begins with a description of the approximation, 
following that;, the results are discussed. Included in this dis- • 
cussion are the properties predicted for several different phenomeno- 
logical potentials and an analysis of the causes of the differences 
in these predicted properties. Also included is a report of several 
calc'ulations which shed further light on the convergence properties 
of the BG expansion^ and on the previously neglected core volume 
energy. The Cnapter ends with a discussion of various sources of 
error in the approximations and suggests calculations which would 
yield further insight into the effect of several of them. 

A. SIMPLIFICATION OF THE K-MATRIX APPROXIMiATION 

o 

Brueckner and Gamrael'^ (BG) solved the KT^atrix equations 
( 2 . 11 ) and following with only the two further approximations dis- 
cussed in BG (and in Appendix B) as being necessary to remove the 
dependence of the energy denominators in the K-matrix equation (2.12) 
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and of the Pauli exclusion principle operator (which restricts one 
iTiOmentuin integrals to intermediate states outside the Fermi sea) on 
^the angle between the total and relative momenta. The approximation^ 
consisted of using appropriate angular averages of the terms involved. 
The BG results are summarized in Table I. 

In this section^ further simplifications of the K-matrix 
equations are discussed^ leading to the approximation used by BM. 

The principal additional assumption is that the single -particle 
energy differences in the denominator of the K-matrix equations are 
independent of the total momentum^ P. The approximation is accurate 
if the single -particle energies have a quadratic dependence on the 
momenta or if the relative momentum is large compared to the total 
momentum. Even though these conditions are not always rnet^ the 
dependence on the total momentum has been found to be slight^'^ ^ and 
the approximation is good. As a further approximation^ in the case 
of two holes with relative m^omentum the energy denominators of 

the K-matrix (2.12) are modified as follows: 

i:(P,k) - (k.l) 

with k and k* being the initial and intermediate relative momenta. 
Tlie particle energy^ o;^-k-(I;) ^ is defined in terms of the most 
probable (or average) energy^ 2 ^ of the holes with which two 
particles of momentum k'^ interact. Thus the particle energies are 
uniqu<ily aefined in terms of the mom.entum k"^ alone (instead of 
being a function of an energy parameter. 



2 , ( 2 . 18 ) in addition to 
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Potential 


GCT 


1 

BGT 


Binding energy (-E ) (in MeV) 


18.5 


15-2 


Equilibrium spacing^ r^ (in F) 


0.95 


1.02 


Effective Mass at Fermi surface 


0.T2M 


0.73M 



Table I. Predicted nuclear properties reported by Brueckner and 
Garamel'^ for the Gammel -Chris tian-Thaler potential of Table II and for 
a slightly modified Gamrael -Thaler potential. (Table I of BM) . These 
potentials are referred to respectively as the GCT and the BGT 
potentials . 



State 


- V 

c 

(MeV) 


1 0 


- 

(MeV) 


Nrp 

(F'b 


tri]plet even 


6395 


2.936 


^5 


0 . 73^21 


singlet even 


905.6 


1.7 




. . . 


triplet odd 


150 


1.5 


-57.5 


1.12 


singlet odd 


-113 


1.0 







Table II. Parameters of the Gammel-Christian-Thaler potential. 
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the momentum). For particles of relative momentum k' outside the 
Fermi sea, the energy denominator is 

2 (2)] - A ^ Pp 

or 

2 [w - w , (S)] - A k' > p . (4.2) 

Pp k F 

The "mean excitation energy" h was set equal to uu - uj 

Pjp P=0 

Another way to view the above approximation is to recognize 
that it is equivalent to the assumption that the potential energy of 
two particles of relative momentum k is independent of the angle 
between their individual momenta and independent of their total 
momentum. Therefore^ their momenta can be taken to be equal and the 
angle between them to be l 80 ^^ and it is apparent that their poten- 
tial energy is just twice the potential energy of a single particle 
of momentum k. Similarly their kinetic energy is just twice the 
kinetic energy of a single particle of momentum k^, and therefore 

^ (k = I (J2k-P^0 = "“p + = ^k^/2M + V(k)J . (4.3) 

■^k H 

Consistent with the accuracy of this approximation^, the 
total ir.omentum which enters into the treatment of the exclusion 

principle (see (B.33)) is replaced by its average value P ^ (as a 
function of the relative momentum^ k). This can be calculated in a 
straightfoi^ward manner^ and is obtained from 




fjt 
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-I ' 




p_ 

4 



3 r. 2 n 



/ _ Ik Ik. \ 

" 2 i; " 6 

( 1+1 |-) 

2 Pt^ 



(4.4) 



For k > P is assumed to be zero. 

It is apparent that the resulting computational siiuplifi- 
cation is considerable. In the first place^ this approximation 
yields a single excitation spectrum which depends only in an average 
way on the particular unexcited states from which the excited 
particles come. Further^, the angular integrations which occur in the 
computation of the single particle energy ( 2 . 13 ) or (2.17) can now 
be done explicitly^ whereas in BG it was necessary to do one of them 
numerically. 

The equations to be solved are quoted below^ with a note 
on the method of solution used by BM. They are listed in the order 
of solution; the full system is solved self -consistently by iterating 
the series of equations until the new agrees with the previous 

energy to within desired limits. See Table V of BM for a sample 
iteration sequence. Three iterations generally sufficed to obtain 
agreement to within 0.1 MeV if the initial energy spectrum was 
approximated by the kinetic energies alone. The meshes used are 
described in detail in BM. The transformation to coordinate space of 
equations (2.1l) through (2.l8) is treated in detail in BG and in 
Appendix B. The equations below are obtained from the transformed 
equations of BG in a direct manner. 



p 




The equations to be solved are: 



l) Green's function 
an intermediate value of k”;, 



3^ solved by nuiacrical integration to 
with a Fade approximant'^'^ used for the 



remaining integral: 



G^(r,r') 



^ lOp^ k'-^dk” j^^(k'-r)j_^(k"r')f(P.k") 

2n^ "0 2[ujj^ - 




J j_j(k"r)j_^(k"r')dk" 
IQp 

F 



(^•5) 



for on-energy shell propagation (holes), and with the denominator 
defined hy (4.2) for off -energy shell propagation. The Pauli step- 
function, f(P,k"), is given by 



f(P,k") = 0 



.2 1 —2 
k-^+ ^ P“ 



2 P 



2 

F 



= 1 



- i P ^ Pp 



(4.6) 
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otherwise 



with p given by (4.4), Note that for the integral from lOp to 

F 

infinity it is assumed that 
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k" ^ lOp, 



k"^/M 



(4.7) 



The energies used in (4.5) are those calculated on the previous 
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iteration (and on the first iteration are just the Kinetic energies). 

2) Plane wave basis functions and Greenes functions ."modi- 
fied to vanish at the hard-core radius, r : 

c 





(4.8) 


r^)G^(r^,r')/G^{r^,r^) . 


(^9) 



3 ) Radial wave functions^ solved by iteration with 
s (kr)6 as the first guess: 

A/ JOJC 









(4.10) 



Js 

The (^’) appropriate phenomenological two-body 

potentials defined in Chapter III. 

b) K-raatrices^ computed by numerical integration: 



1;lc = -- " 



J+1 

V 



Js .g=J-l 






J+1 



+ 4n r r dr s,(kr) S V , ^(r)U, , , (4.11) 

^-= 1-1 



ris^ 



The statistical weights^ C 



are given by (B.48) in Appendix B. 



5) Single -particle potentiaj.^ also computea by numerical 



Integration : 



Pp-P 



Pp+P 



= ^ k ' (^k ' 

2 

n 0 



V(p) = — j ^ k'^dJc' . + 



k' 2 j 
n 



2^ 2 2 

, , \-k- X 

lpp-pl 



2 2 I, ,2 

p -p -4k' 

X (1 + -^^ ) 

4pk' 



(4.12) 



For p ^ p the first integral vanishes. 

r 



6) Mean energy per particle (see (2.11)): 

2 

3 Pp 3 r>PT? 2 

V ' 5 "aM * 4 » • ('*•13) 

2pp 0 

J s 

Graphs of s (kr) and U.., (k^r) are included in Appendix F. 

JC 

Figures of the other quantities may he found in BM, 



The equation for the single -particle potential^ (h.l2)^ is 
not e.rplic.itly derived in BM. It can he obtained from (2.13) (for 
holes) or (2.17) (for excitations) as follows. The sum over states 
in the Fermi sea is converted into an integral^ viz .: 




(2rr)3 




(4.14) 



To convert this into an integral over the relative momentum 



i - I (e - Ex) 



(^•15) 
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where p is the momentuia of the particle vrhose potential energy is 
being computed^ one uses the fact that dJc = - l/8 dp^ so that 

"D^ 1 2 f“ / \ 

o) = ^ - I dp k dk d(cos G)iC , 

I’ J ' '"k;k ^ 

|P^| ~ “ Pp 

In order to determine the limits of integration^ one must consider 
three different cases. For p < if |p + 2k| < p^ it is 

apparent from Fig. 4(a) that the limits on the cos 6 integration 
are 1 to -1^ and the integration over cos 9 gives a factor -2. 
The k limits are obviously 0 to (p - p)/2. If |p + 2k j > p 
(i.e.^ k lies betvreen (p - p)/2 and its maximum value ^ 

I* 

(Pp p)/2); the upper limit of the cos 0 integral becomes 

-(Pp - P - (2k) )/4kp (see Fig. 4(b)). For p > p^,, there is 
only one possibility, Fig. 4(c), with cos 0 going from 1 to 
-(pf - - 4k^)/4kp. The k limits are (p - p„)/2 to 

r r 

(p “ Pjp)/2- Putting these limits into (4.l6) and doing the cos 0 
integration leads to (4.12). Sq. (2.8) of BM differs from (4.12) by 
a constant factor^ 3/2: the 

O A/S 

fied accordingly. 
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Fig. h. The three possible situations for the angular 
integration leading to Eq. (4.13) fo^ V(p); 

(a) p ^ Pj, , |£ + 2kj ^ pp ; 

(t) P ^ Pp . |£ + ^1 > Pp ; 

(c) p > Pp . 
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3. RESULTS 



1. Variation of Predicted Nuclear Properties v±zh Choice of 
Phenomenological Potential 

Table I of BM lists the parameters of several Gammel- 
Thaler potentials and Table II the parameters of the Breit poten- 
tial.^ A full discussion of these potentials is included in Section 
IV of that paper. In Fig. 5 Q^nd Table III of BM the variation of 
the y^. r^ curves predicted by the simplified K-matrix approxi- 

mation for each of these potentials is clearly indicated. For uhe 
several Gammel-Thaler potentials vith 0.4 F cores^ the minimum 
varies from -l4.1 MeV at 1.08 F to -22.3 at O. 9 O F. lu should 
be noted that the potential which yielded the least binding had uhe 
strongest tensor force (and the weakest triplet -central force) of the 
various potentials and that the downward shift of the curves for the 
various GT potentials corresponds to steadily increasing triplet- 
central forces and weaker tensor forces (these being the two 
parameters which Gamrael and Thaler could not uniquely determine). 

The Breit potential^, one of the most recent and most carefully deter- 
mined potentials^ yielded - 8.3 MeV at 1.28 F. This is to be compared 
with the BG resiolt for the O .5 F core GOT potential^ -I 8.5 MeV at 
0.95 F. Since the Breit potential has a very strong tensor foi’ce 
and correspondingly weak triplet- central force^ and the GOT potential 
has an exuremely strong central force and a tensor force which is 
proxDortionately much weaker ^ this very small value for the binding 



ft 



Fig. 5' V£. as computed with the t-matrix 

(defined with kinetic energies in propogators but obeying 
Pauli principle) compared to the same quantity as computed 
with the K-matrix (defined with self-consistent energies in 
the propogators - i.e.^ accounting for the "self -energy" 
terms in the BG expansion) . 
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are 



energy with the Breit potential, and the large value of r^, 
quite consistent with the general trend observed for the GT poten- 
tials . 

This pronounced variation of the many-body properties of 
these several potentials is a direct consequence of (l) the Pauli 
exclusion principle, (2) the self-energy effects, and ( 3 ) differences 
in free-particle scattering properties. In the absence of either of 
the first two effects, we would expect that all the potentials, 
insofar as they identically duplicated the two-body scattering 
results, should give equivalent results in the inany-body calculation. 
Of course, there is some variance in the way these potentials fit 
the two-body data; however, the several GT potentials were indis- 
tinguishable in the sense that the two-body data was "equally well 
fitted" by all of them. The Breit potential is believed to give a 
better fit to the two-body data than the GT potentials, but it is by 
no means uni qiie . ^ 

In order to obtain a measure of the relative importance of 
the Pauli principle and the self-energy effects on the differences 
between these potentials, we have indicated in Fig. 5 the first 
iteration results for several potentials, as well as the final, self- 
consistent results. The first iteration is performed with the kinetic 
energies in the denominators of the K-matrix equations (i.e., the 
reaction matrix is just the t-matrix, Eq. (B.l) of Appendix B). The 
various potentials should (if they are truly equivalent from the two- 



uody scattering sta.ndpoint) yield identical free-particle scattering 



matrices. The slight variation between the various t-matrix curves 
in Fig. 5 is therefore partially due to different exclusion principle 
.effects between the various potentials, and partially due to minor 
differences in their two-body scattering properties. The relative 
importance of these differences is not known. 

The differences between the t-matrix lines and the K-matrix 
lines in Fig. 5 a^re due almost completely to self-energy processes -- 
i.e.^ averaged interactions between any two particles and the rest of 
the system. There is a small (essentially negligible) variation 
caused by the fact that A varies betv/een iterations because it is 
defined in terms of the energy spectrum from the previous iteration. 

The res-ults shown in Fig. 5 indicate that about one third 
of the difference in the saturation properties of the various poten- 
tials is due to the exclusion principle and to the differences in the 
free-particle scattering properties^ and that the remaining two- 
thirds of the differences can be attributed to self-energy effects. 

There is another manifestation of the effect of the self- 
energy terms: the importance of the single -particle potential 

energy^ defined by {h.l2)^ in these calculations. In Figures 6(a) 
and 6(b) of BM this single -particle potential is given as a function 
of the phenomenological potentials and as a function of p . The 

^ r 

important thing to note about the variation is that energy differ- 
ences calculated from the various curves will differ (as well as the 
energies themselves). This is important because only differences in 
energy appear in the K-matrix denominators. Fig. 7 of BM indicates 



the results of a computation in which V(k) was not allowed to vary 
with the Fermi momentum. The saturation is not properly predicted 
at all. 

2. Convergence Properties as a Measure of Higher Order Tex^ms 

A considerable amount of data was obtained relative to the 
convergence of the perturbation calculation^ and much of it is 
directly interpretable in terms of high order diagrams. 

Fig. 6 of this dissertation and Table IV of BM indicate 
the contributions from various orders of the ’’Born approximation” 
(see BM for a full discussion of how the Born approximation was com- 
puted). The terra "Born approximation” is used here to refer to the 
effects of successive orders of that part of the potential which is 
outside the core since the core is treated (almost) exactly by the 
Brueckner approximation and does not enter into the iteration 
sequence. This comment is applicable to all the perturbation 
sequences discussed in this dissertation: the core has been treated 

independently of the rest of the potential^ and the perturbation 
sequences are a function of the remainder of the potential. It is 
quite apparent from the data obtained on the Born approximation that 
the modified Born sequence converges rapidly for nuclear matter^ but 
not so rapidly that it can be truncated without appreciable error 
before third order. This is primarily a consequence of the strong 
tensor forces which have no effect in first order. 



The contribution of the self -energy diagrams could also be 
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obtained directly. To see how this is possible, let us look at the 
expression for the four possible variants of the first diagram in 
Fig. 7(a): 



ran ^ k ^ m 



(t.l7) 



Lj ^’^jk;( ( jm)“'^jn; ( jn) . 



The four terms in the square brackets come from the four possible 
lines on which the bubble self -energy insert can be placed. Now look 
at the following term extracted from the K-matrix expression for the 
energy 

lamn cu +u; -oj ''i™i;(kf) (4.l8) 

k .2 m n 



with 



uu, = e, + V, = e, + 1 K, , /, ,xn. . 
k k k k jj kl;(kt) X 

-1 2 

If we expand the denominator as (l + x) = 1 - x + x 
obtain the following term (among others): 



(4.19) 
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(4.20) 
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Fig* 6. Diagrams contributing to successive Born approxi- 
mations* Energy below each diagram is a representative contri- 
bution for that diagram to the mean energy per particle: (a) with 

free kinetic energy propogator; (b) with self-consistent propo- 
gator* The contributions indicated do not include the core re- 
pulsion. 



Fig. 7* Leading self -energy diagrams contributing to the 
self-consistent propogator: 

(a) 1/^ - 1/e - (V - V')/e^ ; 

(b) l/u) - l/e - (V - V')/e^ + (V - V')7e^ • 

See Table III for typical contributions to the mean energy per 
particle . 



Fig. 8. Lowest order diagrams in successive major iterations 
which were not included in previous iteration. Representative 
contributions to the mean energy per particle are indicated 
below each diagram; the figures represent the contribution of 
all new diagrams involved in the given iteration. Core 



repulsion is not included. 
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(b) -21 MeV 
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This is identical to (4.17). In order to calculate the self-energy 
terms represented in Fig. 7? then, one simply expands the self- 
consistent denominator in a power series, and truncates the series at 
various orders. Using just the first term of the series. 



1 



e, +e ^ -e -e 
k .2 m n 
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e 



(4.21) 



in the equation for the K-matrices yields the t-matrix defined by 
(B.I). The results of this approximation are the sum of all the 
direct Born terms (Fig. 6); these results are graphed in Fig. 5- 
Using two terms of the series^ 



G, -G -e 
k ^ m n 



z ^hk;( jk)~^^j^;( jl)~^jm;(jm) hn;(jn)^ 

j / 

(e, H-e .-e -e j 
^ k i m n'^ 



1 V-V 
e " 2 



(4.22) 



where the Vs are defined by (4.19), "but with t-matrices instead of 
K-matrices, yields the sum of all the terms in Fig. 7(a). The first 
three terms. 



1 V-V (V-V) 



n2 



(^• 23 ) 



yieldt> one suna of all terms in Fig. 7(b), etc. 

Only one other minor item needed to be determined -- what 



value of A (the "mean excitation energy") should be used in the 
t-maurix equations for computing the particle energies? In the 
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normal calculation^ the A used for any given iteration is simply 
the difference between the single -particle energy at the Fermi sur- 
^ face and at the bottom of the Fermi sea. This means that A varies 
from iteration to iteration^ and this variation actually tends to 
improve the iteration sequence. For this calculation^ however^ we 
used 

A = 0.T5 p//M ( 4 . 24 ) 

which is equivalent to an effective mass approximation with 

= 0.667 a value which is consistent with the mean effective 
mass calculated by Brueckner and Gammel and also consistent with the 
final results obtained in this calculation. The following iteration 
sequence was obtained with this approximation^ compared to the 
sequence in BM (Table V) : 



major 

iteration 



A = o) - 0) 

Pp o 

from previous iteration 



A = 0.75 p//M 



1 -32.963 

2 -15.720 

3 -16.936 

4 -16.887 



-33.166 

-14.311 

- 17.084 

-16.943 



(4.25) 



The u.oove data is for the BGT potential with = I.52 F The 
value chosen for A has no effect on the first iteration value; 
the difference above is due to the fact that the wave functions were 



iteratou only three times for the first value in the left column and 
were iterated seven times for all others (with the iteration 
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procedure being to use the saDe table of U(r) for both of 

(h.lO)). The close agreement of the two figures indicates the 
rapidity of convergence of the wave function iteration scheme 
employed in these calculations. 

In Table III are the resiilts of this calculation for vari- 
ous potentials and -various values of the Fermi momentum (recall 
Eq. (3-12) relating p^ to r^). The results for the BGT potential 

at p^ = 1.52 F ^ indicate the slow convergence of the sequence of 
r 

diagrams in Fig. 7^ or^ equivalently^ their importance in the calcu- 
lation of the system energy. It is interesting to note that the 
weaker the tensor force the smaller the contribution of this type of 
diagram (and the more rapid the convergence of this expansion). This 
supports quantitatively our assertion that the principal difference 
between these potentials is in their effect on the self-energy 
diagrams. The results tabulated in Table III also indicate that the 
self -energy diagrams become less important as the density decreases -- 
indeed^ their dependence on the density is very pronounced. The 
absolute values of the energies indicated in Table III are fairly 
sensitive to the choice of A and therefore only the relative rates 
of convergence can be considered significant. 

The final class of diagrams we are able to compare are 
those indicated in Fig. 8. The contributions indicated in that 
figure are taken from Table V of BM. This sequence is also rapidly 
convergent. It is interesting to note^ however^ that the convergence 
of this sequence is considerably better at low densities than at high 



Potential 


GT 4100 


BGT 


GT 4400 


p = 1.32 F"^ 








1/e 


-26.1 




-25.4 


l/e - (V-V')/e^ 


- 3.8 




-11.9 


Pp = 1.42 F"^ 








l/e 




-29.4 




l/e - (V-V')/e^ 
l/e - (V-V')/e^ 




- 6.3 

1 




+ (V-V‘)7e^ 




-18.9 




Pp = 1.52 F“^ 




1 




l/e 


-32.9 


-33.2 


-34.2 


l/e - (V-V')/e^ 
l/e - (V-V’)/e^ 


+ 5.7 


- 2.9 


-11.7 


+ (V-V')Fe^ 




-21.2 




l/e - (V-V')/e^ 








+ (V-V')^/e^ - (V-V')Ve^ 




- 7.64 




p = 1.64 F"^ 








l/e 




-37.7 




l/e - (V-V')/e^ 




+ 4.9 




l/e - (V-V')/e^ 

+ (V-V')Fe^ 




-24.1 




pp = 1.79 F‘^ 

1/ e 


-40.2 




-47.7 


l/e - (V-V')/e^ 


+48.3 




+ 4.2 



Table III. Variation of the contributions of the self -energy dia- 
graiTiS (Fig. 7) with the Fermi momentum and with potential. GT 4100 
has uhe strongest tensor and weakest triplet -central force of the 
three potentials. GT 4400 has the vreaKest tensor force. 



density; e.g.. 



for the BGT potential \re obtained the folloving 



sequences ; 



1.79 F‘^ 


1.52 F" 


-42.703 


-32.963 


-11.507 


-15.720 


-12.746 


-16.936 


-12.913 


-16.887 . 



(4.26) 



3. Gore Volume Energy 

In Fig. 3 {^) of BM it will be noted that the K-matrix 
reaches a maximum at about k = I.7 and then begins to become 
less repulsive. This behavior is clearly not correct because ab high 
momienturn the interac,tion is essentially due to the hard core alone 
and should increase vith increasing moiiientura. The main reason for 
this behavior of our K-matrix is the neglect of the core voluii^e 

9 

energy^ recr/tly shown by Be the ^ Brandow and Petschek to be mjore 
important in the off -the -energy-shell calculation of particle ener- 
gies than had previously been supposed. In particular^ these authors 
claim thao the momentum range between 2p.^ and 4p is very impor- 
cant in Ine overall calculation (c.f. the BG and BM range lying below 
i.6p__,) and that in this range the core volume ceria is sufficiently 
3T:ro.'." that the potential energy becomes positive ana is proportional 
"CO k'”. They have calculated the energy spectrum at p„ = 1.5 F ^ 

r 

with she BGT potential^ using their ’'reference spectimim'' m.euhod (see 



Chapter Vl);, but have not performed a quantitative calculation of the 
mean binding energy. We have used uheir energy spectrurrq both v/ith 
.and vh.thout a suggested modification to account for the three-body 
cluster term^ and have obtained the results tab'olated in Table IV. 

The expression for the excitation spectrum in the EBP approsLmation 



u) = A + 
m 2 



Pm 

2M’^ 



(4.27) 



where is given as -5*5 MeV and -10 MeV in different parts of 

their paper; and with pr = 0.7TM without the three-body correction 
and = 0.88 m with it. They have also estimated the hole energies; 
and when combined with the above spectrum; they obtain the following 
expression for the energy differences in the denominator of the on- 
energy-shell K-matrix equations: 
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M 





(4.28) 



The results; indicated in Table IV; are rather large. The 
’’core volume” effect appears to be about +8 MeV if the three -body 
term is allowed for in the manner suggested by Rajaraman; and the 
three-body term appears to yield something between 6 and 9 MeV 
attraction. However; we note the sensitivity to the exact value of 
A,^ (a 4.5 MeV change yielding a change of 0.5 MeV ‘in the binding 
energy); which indicates that the detailed structure of the excita- 
‘v^ion specurLUi in lo\r momentum states is not entirely negligible: 
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with 3- body 
correction 

M'^ = .88m 


without 3-^o^y 
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= .77M 


BBP hole and particle spectrum 


-7.13 1 


+ 1.94 


BBP paruicle spectrum; self- 






consistent hole spectrum 
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11 
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vn 

vn 


-8.2 
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= -10 
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VO 


- 3-0 


BM 


1 


- 16.9 


jsG 







Table IV. Mean energy per particle obtained with BBP reference epec- 

trom (see text) for p„ = 1.5 

r 



reference spectrura is defined to give agreement at 2.6 . 

r 

Secondly^ the fact that the three -pai*ticle contribution differs so 
much in the two approximations indicates that it is still not well 
understood;, and for the reasons indicated below these figures should 
not be considered correct. Finally^, the sensitivity of the calcula- 
tion to the value of the parameter (the change fron. to .88M 

Increasing the attraction 6 MeV) indicates the importance of deter- 
mining tiiis parameter precisely;, and aloo suggests that the effective 
L.ass approximation may not be sufficiently quantitative. 



There are several corrections vhich must oe maae to the 



results obtained ■with the BBP reference spectrum. One of these is 
the so-called ’’dispersion correction;, ’’ a correction for the differ- 
ence in the reaction matrices as computed with the reference spectrum 
and with the true energy specti-umi. It appears from BBP'_. estimates 
that this may be about -3 MeV. Another problem comes from the fact 
that the above spectrum takes the core into account in all angular 
momentum states. They also include the attractive effects of the 
outside potential^ but in our calculations we include neither core 
nor attraction for states with X > 2. To be consistent^ we should 
do so and would thus obtain an undetermined amount of further attrac- 
tion. Finally^ it is probable that the BBP method for computing 
”off-the -energy- shell” may be enhancing the repulsive effect in the 
excitation spectrum^ whereas the BG and BM procedure inhibits this 
effect. To see this^ let us look at the manner in which BG and BBP 
treat the energy denominator for the K-matrix used to calculate the 
energy of the particle n ^ in^ for example ^ diagram h(d) of Fig. 1. 
The BG i^rescription is to use (at the horizontal line in the dia- 



. gram) : 




(4.29) 



where 




Pp o m j 




w'nercas the BBP prescription is 



ii 



(^• 31 ) 



U) , + — lU — ju — (Ju — 00 — uO — j 

j Avrsmj Avrj 

^ where average energy of a particle in 

the Ferrai sea). The last equality in (4.31) is a consequence of 
raornentujn conservation^ since for very large ^ — - p^ . 

Clearly the BG and BM treatment neglects the fact that one should 
compute farther and farther off the energy shell with increasing 
momentum. However^ (4.31) may not be sufficiently accurate in the 
intermediate region below 4p_ . 

r 

Because of the uncertainties indicated above ^ a reliable 
estirrate of the effect of the core volume term on the mean energy is 
not at present possible. We believe the properly computed effeci; 
vrLll be less than 2 MeV^ but suggest that a computation should be 
attempted with the energy denominators properly accounted for (as in 
the procedure suggested in the Appendix to the Brueckner-Gammel 
paper‘d) and with the core volume term included. The method for 
doing the latter is indicated below. 

The problem of the core volume energy comes from the fact 
that although the wave function vanishes within the core^ the poten- 
tial there is infinite and the product vl may therefore be finite 
and non-zero. In the two-body scattering case this product vanishes 
everyv/here but at the core boundary^ and the equations of this sec- 
tion (e.g.; (4.10) for the radial wave function) are exacu. Let us 
now rederive the wave function and K-matrix equations in the presence 
of the hard core^ keeping all terms. 
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We will drop all indices at firsts and treat S-v/aves only^, 
for simplicity. The extension to all t values is quite oovious. 

The integral equation for the radial part of the wave function is 
(see Eq. ( 51 ) of BG or (B.38) of Appendix B) : 

^00 P 

U(r) = U (r) + 4tt ^ G(r^ r ’ )V(r ' )u(r ' )r ' dr'. (4.32:) 

^ ’0 

We now assume that 



V(r')U(r') = I6(r'-r^) + oj(r') r' < r^ (4.33) 

where u)(r') is the core volume term which has previously been con- 
sidered negligible. Substituting (4.33) into (4.32) leads to 

r 

U(r) = i ^G(r^ r ' )uu( r ’ )r '^dr ' 

00 

+ 4n ■’* G(r,r')V(r')U(r')r'hr' . (4-34) 

Letting r = r^ then yields the following equation for X: 

U(r ) = 0 = U (r ) + 4iTr ^ XG-(r ^r )V(r )u(r ) + 

^ c o c c c^ c c c' 

+ G(r , r ' ' )r '^dr ' + 

^'0 

00 p 

+ 4n ^ G(r r ' )V( r ' )u( r ' )r ' dr' . (4.35) 

^r ^ 
c 

This equation can be solved;, and 

U (r )+4nf"^^G(r ^ r ' )u( r ' )r '^dr G(r ^ r ' )V(r ’ )u(r ' )r ’‘"dr ' 

0 c 

“ 2 

4rrr G(r .r ) 
c ^ c^ c^ 
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Eq. ( 4 . 36 ) for X is then substituted into (4.32). The resulting 
equation can be simplified by using the defining equations for s(kr) 
and F(r;,r'), (4.8) and (4.9): 

00 Q 

U(r) = s(kr) + 4tt F( r, r ' ) V(r ' )u(r ' )r ' dr' 

+ 4n F(r,r')ou(r')r'^dr' . (4.3?) 

The last term is neglected in the BG and BM calculations; ius neglect 
probably has a negligible effect on the energy. 

Hovrever, continuing to the K-matrix equation^, one obtains a 
term wMch apparently is not negligible. In configuration space;, the 
K-matrix equation is (schematically) 

K = J ■ $ V Y , (4.38) 



a familiar equation. In terms of the radial wave functions, u..is 



Q P .1 P 

K = 4n U^(r )v(r)u(r)r dr = + 4n U^(r )w(r)r‘~dr + 



+ 4n j U (r)v(r)u(r)r dr = (4-39) 



Uo^(rJ 
+ 

G„(i' ) 

Jl c c 






4n s( r)V( r)U(r )r^dr + 4n ' s(r)vi»(r)r dr . 



It is now necessary to obtain an equation for -:^(r). To do 
this, we operate with [E(P,k,A) - H(P,k')] on (4.37). First we 
-•estoiv the indices, write out the definitions of s(kr) and ?(r,r') 



in (4. sV ) and use 



(4.1t0) 






'to obtain (eliminating X as before) 
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Then^ assuming that 



[E(P,k,A) - H(P,k')] G (r,r') = ^ 6(r-r') 

^rrr 



(4.42) 



which is strictly valid only in the absence of the exclusion princi- 
ple, we obtain, for r < r^; 



0 = (E-H)j,(kr)6^^ 



(kr^)6(r-r^) 

b 7~~ ^ x,,„ 2 ^U' 

G h r , r ) 4TTr 
V c’ c' c 






6(r-r ) 

^ J 

<r. 



G/r ,r') 

2 • (^-^3) 

4TTr 



It is apparent that 



^^^,(r) = (E-H)j^(kr)6^^, 



(4.44) 



, .jt he trie solution if the first and third terms are to be equal. 



Then, looking at the last terra, we see that 
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(4.45) 



6(r'-r ) 

PG/r r’)(E-H)j (kr')dT = '' £_ j^(kr')dr 

c 

= j,(k^c^ 

A/ 

so that (4.44) satisfies the full equation (4.43). Writing out. the 
equation for '.u(r) in terms of the energy eigen’/alues, v/e have 

(k-i|-P,l) - ^(k-|.p,2)-A_, • (4.46) 

This equation vanishes identically for the on-enerjy shell calcula- 
tion of hole energies because u)(k + ~ p) -r u)(k - p) = 1 and 
A = 0. However, for the off-energy shell calculations, wnere ^ is 
just a parameter and A 0 , the contribution from unis term is not 
negligible. It would be easy to include in the full calculauion, 
however, just by adding such a terra to the wave function and tne 
K-matrix equations. 

Tlie error in the above treatment of the core is essentially 
that due to the neglect of the exclusion principle in (4.h2). In BG 
this is shown to be less than O.l^o of the K-matrix in tne case of 
hole energies (where the exclusion principle is the only reason the 
core volume contribution is not identically zero as in the approxima- 
tion a^wve). For particle energies the exclusion principle should 
have uvu^n less effect ( parti c^ularly as tiic particle momentum becomes 
■vary c*. greater than the FeriiiL momentum), and consequently we con- 
:a-ude o..at the neglect of the exclusion principle will cause only 
re -It jible error. 
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C. ERROR MALY3IS 



The analysis of the errors in tne nuclear ..a^ter calcula- 
tion just described is extremely difficult for several reasons. In 
the first place^ the basis for tne entire calculation -- the inter- 
nucleon potential --is imperfectly ruiown. Secondly^ tne ’’experi- 
mental” results with which an infinite nuclear matter calculation 
should be compared are obtained by a drastic extrapolation^ and are 
consequently imperfectly known. Finally^ the large (infinite) 
number of ’’diagrams” which the theory does not account for have an 
effect on the calculation which is virtually impossible to estimate -- 
no satisfactory calculation having been attempted to date -- even 
though (as discussed later) it appears ’’reasonable” to e>q>ect their 
cumulative effect to be small. We are therefore in the position 
that a quantitative comparison of the uheory with ’’experiment” is^ 
at present^ quite unsatisfying. Vdiatever ’’error” appears to exist 
cannot be pinned down specifically to any one of the possible sources. 
That the extrapolated ’’experimental” mean energy and equilibrium 
spacing appear to be within the limits of the variation in these 
properties predicted for the various phenomenological potentials 
(which are known to be non-unique) is an argument for believing the 
theory of infinite nuclear matter is quantitatively correct (see 
Fig. 5 of BM) . A study of the possible sources of error in the 
theory and in the calculations appears below^ and supxoorts une above 
conclusion insofar as one is able to estimate the effects involved. 



1. Contrioution of Neglected Diagrams 

There are several classes of diagrams vmich are not s>.i;mned 
in tne K-matrix formalism. The first of these is the group of oO- 
called rearrangement energy diagrams. These are the diagrams cor- 
responding to the derivative term in (2.3^)* Several of the lowest- 
order diagrams are indicated in Fig. 2. As indicated^ the lowesx- 
order rearrangement diagram is fourth order in the interaction^ v. 
The contributions from the diagrams in Fig. 2 have been calculated 

and their effect on both the single -particle potential and on tne 

22 

binding energy of nuclear matter have been determined. The energy 
spectrum for holes was shifted as much as +35 MeV (for zero mom.en- 
turn)^ and the energy at the Fenmi surface (where the shift was about 
+12 MeV) was then about three MeV more negative than the mean binding 
energy, in good agreement with the Bethe-Hugenholtz-Van Hove theorem 
(and considerably im^proved over the appro xinately 15 MeV rearrange- 
ment energy obtained without consideration of the diagrams of Fig. 2). 

The effect on the mean binding energy was repulsive^ and was about 
55a 

1.5 MeV.'^'^^The rearrangement corrections are discussed further in the 
next Cnapter in connection with the treatment of finite nuclei. 

Two other classes of omitted diagrams are indicated in 
Fig. 1. The first of these is the "hole-hole scattering" aiagram^ 

3(c) und the other is the "three-body cluster/' 3(d.). The hole-hole 
conti'i.^ution has been estiiieted by Moszkowski and Sesole^*, ^ ana has 
seen fo^aid to contribute about +0.5 MeV to the mean binding energy. 

Brueckner^ has called the term^s involving three or more 



quasi -particles (other than tv^o-particle terms vith self-energy 
corrections) ’'cluster corrections.” The validity of K-matrix txieory 
• rests on the fact that the^e terr:is appear to oe quite small for 
nuclear matter. Brueckner 
of these corrections^ that due to the tnree-body terms indicated in 



1 ^8 o 

^ ^ ^ and Be the have evaluated tiie first 



diagram 3{^) of Fig. 1;, and found that the correction to at nor- 

J-J.Y 

mal density is about -0.12 MeV. They used, as an approximation to 

the K-matrix interaction;, a Berber exchange -Yukawa interaction. 

59 

Kohler has evaluated this contribution with an interaction of the 
Serber type with a hard core;, using tue Mo szkowski- Scott separation 
method (Chapter Vl).’ Kohler’s calculation yields -0.1 MeV^ being a 
combination of 0.17 MeV repulsion from the direct interaction and 

g 

-0.27 MeV from the exchange interaction. Rajaraman recently re- 
examined the three-body terms in the light of the Bethe-Brandow- 
Petschek ’’reference spectrum method”^ (Chapter Vl), and has developed 

an approximation in which the three -body terms are included as self- 

7 

energy inserts in the reaction matrix calculation. Bethe et ^ have 
estimated the effect on the binding energy to be as much as several 
MeV in this approximation;, the increased contribution over previous 
estim.ates being a consequence of a better accounting for all of fne 
effects of the hard core. Their estimate has been checked in this 
disss-rtation by using their specurum of particle energies ^ both with 
and without the effects of the three -body term included^ in the BM 
codt; and calculating the energy for k^ = 1.5 F ^ (ti:e value for 



which tney had comiputed the single-particle energy spectrum -- they 



did not do the full calculation zo obtain mean energies). Ine dif- 
ference is quite large (see Table IV). However^ this cannot be con- 
, sidered a rigorous eA/aluation^ and further investigation is indicated. 

In this regard^ one aspect of the estimation of the higher 
order many-body clusters -which must be considered is the definite 
possibility that if the higher order diagrams are "properly summed" 
there will result a considerable reduction in the overall contribu- 
tion over that of the lowest order diagram(s) alone brought about by 
an effect similar to tne "screening effects" in the coulomb case. 

In addition to the above problems^ there is still the 
question of the convergence of the BC- expansion itself. A very brief 
outline of the current status of the investigation into this problem, 
is given in Section C of Appendix A. 

It is apparent that more detailed investigation is definita^y 
needed. However^ even though interesting cooperative phenomena are no 
doubt being lost when the cluster terms are neglected^ it is prooable 
(as indicated in Section C of Appendix A) that the effects of cooiDera- 
tive phenomena (over and above those accounted for by the K-matrix 
approxim.ation) will have only a minute effect on gross nuclear pro- 
perties. 



2. Computational Approximations 
Brueckner - Gamrnel 

The solution of t..e ii-i;.atrix equations witn a nard core 
iater-ni.caeon potential is a large problem;, even for mouern hig*.- 
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speed cornputei’s. In order to reduce uie problem -.o one ;jf reai^^^naoxe 
size; several further approximations are generally employed. Those 
* adopted by Brueclmer and Gammel are analyzed first, . The additional 
simplifications of the BM calculation are then examined. 

One of the major approxim.ations is tiie use of an average 
value of the excitation energy; A — TE; when computing the off- 
energy shell particle energies (see Eq. (B.16) and preceding discus- 
sion). There is undoubtedly some value of A such that the system 
energy computed with it will equal the energy computed \rith 6E 
treated exactly; but that value of A is not known at present. 

There iS; therefore; only the slightest possibility that the value 

chosen for this parameter (oj - is the ’’correct” one, even 

^ k=0 

though it appears to be a reasonable choice. Brueckner and Gami'nel 
obtained a measure of its importance by evaluating tue energy for 
A = 0 as well as for the choice indicated above. Tne effect of 
reducing A by this amount was zo si ift the energy minimum; down 
about 1 MeV and uo reduce the equilibrium spacing r^ about 
0.04 F. Thus ±z appears reasonable xo assume that the use of delta 
equal to the difference in a single particle's energy between the 
top and bottom of the Fermi sea causes an error which is less than 
0.5 moV and 0.02 F. We should menuion that it is coiriputationally 
./oasible to remove this approximation. Brueckner and Gammel show 
^nat one can use instead a parameter with infinite range which is 

■ • ceri.jined by an extra pair of simultaneous equations. This calcula- 

■ lo*. .^nsuld be performed to ascertain more precisely the error from 






tee A approximation, and to determine ti.e optimuju A ase in ti^e 
regular calculation. 

A second appi’oxirnation^ wnich is discussed in Appendix 

Eq. (B. 33 ) (E.3^); is to use angular averages so as to 'uncouple 

the dependence of the Pauli operatoi- and the energy denoiLinators on 
I 

the angle between uhe total and relative momenta in ui.e inoeri:.ediate 
states. There is no easy way to measure the errors introduced by t^nis 
approximation^ but tiiey are expectea to be small. One possible 
indirect test of the approximation can be suggested. If one assurries 
that the total momentum;, P ^ is zero in all states^ then the angle 
between ? and the relative momentum;, k ' ;, can be treated analyt- 
' ically v^itiiout further approximation. The P = 0 approximation is a 

more drastic one^ and the difference in the results with the two 
approximations should be considerably more than the effect of fne 
average treatment alone^ and th'us would provide an indirect estiisate 
of the overall error. 

Another approximation;, the neglect of the core volume 
unergy, s.a.^ already been discussed. Alxhough it is not possible to 
asceiuain d^^finitely from the calc'ola cions to date wham the true 
concribuuion of the core volume energy iS;, it does appear possible 
teat it CO .Id be of the order of two MeV (repulsion). 

The contribution of tne states with I > 2. (in particular 
G states) is not entirely negligible. Moszkowski and 
rave calculated these with t.^oir separation method (which is 
^scuracu for states of such high angular momentumi), and tneir effect 
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can be seen in Fig. 8 of BM. These additional states vould lover t:.e 






rninim^oT] energy about O .5 MeV and decrease the correspondii'ig r^ aboui: 
.0.02 F. If a full calculation is performed again, it !.s recommended 
that these states be included. Since Moszkowski and Scott have com- 
puted at many values of p^ the contributions iroi;. une individual 
states v/ith the BGT potential^ it would probauly .^e sufficient (as 
we indicate in Chapter Vl) to use theii* results for 1^3* however^ 
slightly better accuracy would be obtained if tnese states were 
treated completely (i.e.^ if the appropriate K-rnatrices were ca_cu- 
lated;, etc.) so that the calculation would be fully self-consistent . 

The final general source of error in the Brueclcner-Garm.]el 
calculation is in the munerical procedures. In this category We luihp 
such things as the choice of meshes for numerical integrals^ the 
matrix- inversion process used to calculate the wave functions from 
(B. 43 ); and the analytical approximation used to extend the Green’s 
function evaluation to infinity from the large value of k*’ to which 
the integral was performed nui-nerically . The matrix inversion process 
undoubtedly provided precision well within the accuracy of the overall 
calculation. The correction to the Green's function can be presumed 
to have similarly negligible error^ and the meshes were all c.jiecked 
by using finer meshes. Consequently;, it is x'easonable to conclude 
t'.at .-.erical procedures led to negligible errors. 

In suiLLary; the errors in the Brueci.ner-Gamir.el calc ._ation 
.;;..nn'„ .. all be evaluated explicitly. However;, it appears at present 
...at all of the sources of error w'..ich we have discussed;, tne 
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uncertainty in the potentials is prooaoly the greatest. EM have 
pointed to tl:e need for further investigation in phenoirjenological 
potentials with the aim of obtaining some experimental or theoretical 
measure of the agreement between the phenomenological and the "true’' 
nucleon -nucleon potential;, and ultimately obtainix'ig uhe '’true” poten- 
tial itself. 



Brueckner - Masuerson 

The follovring additional approxim.ations are .made by 
Brueckner and kasterson: redef inition of paruicle energies (see 

(4.1) and (4.2))^ and neglect of the dependence of the energy denomi- 
nators on the total momenturi]. In addition;, we should re-exarmine the 
possible sources of comrputational error since the computational pro- 
cedure was slightly different. 

The definition of the particle energies leading to a single 
spectrum oi" off-energy shell energies was probably the most severe 
departure from the Brueckner -Gamm:el calculation. Coupled with uhe 
removal of the dependence of the energy denominators on the total 
momentumi (an approximation whicn is accurate in the limits of zero 
total momentum^ high relative momentum or quadratic dependence of the 
energies on total momienturn); this average treatment of off-energy 
shell propagation had as one of its effects the fact that tne Green's 
luncuion ( 4 . 1 ) for particles w..ose relative rr.Oirentum was greater uhan 
XJp was Indepenuent of their relative ir.oi.ientui.i (and consequently of 
u,eir : ..*^1 V ' ui.al ii.omienta since the toual :-so:;.cnuum nad already 
.Me This is clearly incorrecu^ and the enei'gy spec“cr;un for 



K ^ p must uhtTrefore iiave a o:iall • " inci’ea^ir'* error 
r 

increases (it appears to differ froi. v uo calcu-i^a.-eu. ^rj riru'-jcmc'r 
and Garnmel (Reference 3; Fi^. ^, ) by o^:-oat 20-30 i'ieV ar a = 2.4 - 
which can be conrpared to ti.o Kinetic ener^^y wx.icr. is i:;ore fra:: 

300 MeV). Most of tne -difference between the EG and BM re^ulus 
(1.7 -'ieV and 0.02 F^, tne BM values bein;;^ more negauive and ^..>aller 
respectively) can be aturibured 00 rhese effects. These erroi-s are 
well vrithin the uncertainties presented by the imperfect icnovrledge of 
the nucleon-nucleon interaction. Nevertheless^ it appears possiole 
to improve this approximation v/ithoo.t re-introducing the P-dc^pendence . 
This xjrocedure would be to calculate the off-energy shell spectnom 
as a function of the variable - instead of the average and 
thus to reobtain a system of equatiOxis similar to the BG system. V7e 
are not able to give- a quantitative estimate of tne effect of trls 
revised approximation on the calculation^, but believe that it v;-ould 
probably remove between half and three-quarters of the 2 MeV dis- 
crepancy between the BM and BG approximations. 

The numerical methoas employed by BM differed from those of 
t.*e earlier calculation in several respects. The Green's function 
--•orrec «:ion (for the interval from the end of the nuirjerical integration 
..j infinity) was approximated by a Fade approximant. Tne a^proxi- 

van Cxiecked by extending tne numerical integra^ 2Gp.^ an^ 

^-y varying tne numerical me ox.es. The error iu mean 
-L.eiv,. .e to mesh spacing (0.2 F ^ for the k” integral ; o.x) ^nu to 

e approxiiiant is esti ated fr:;., tx;e above cheexs to be less 



than 0.2 MeV. In a future calculation v/e would not employ the Fade 
approximant and so v^’ill not describe it in further detail. \’Je would 
instead compute the correction numerically v/ith ^reat accuracy and 
tabulate it_, and then use the tables in the acuual calculations. 

This computation could be done once and for all^ ao arbitrary accur- 
acy. The individual computations would then be consiaerablj faster 
since the Fade approximant wodd not have to be computed with each 
iteration. Vie did not employ this procedure in our calculatioxts (in 
BM) because the x'ecodin,^ and ’’debugging'' effort required were not 
justified by the resulting small improveiment to tne code. 

There were two other computational differences oetween tne 
calculations of BM and those of Bitiecltner and Gamm^el. Botn involved 
negligible differences so far as the final results were concerned. 

One involved a finer mesh of r and r’ near the core. BM used a 
spacing of 0.05 B for the first seven points compared to BG's 
0.1 F. The effect on the final answer (as tested with BM's code) was 
about 0.1 MeV^ the noarser mesh giving the lower energy. The other 
coriputational difference was the method of solving the wave equations 
(t.io). V7e used successive iteration^, and found that excellent agree 
.tent o>^...ld be obtained with six iterations. The coupled equations 
U and (r) converged most slowly. One miCthod of itera- 

• io.. ^-.iployed wo tables of wave functior.s : a table of ’'old” wave 

fuacul ons, from tfie previous iteration, for input to the numerical 
i-"iteg;ra^s (-r.lO). and a table of "new” \/ave functiono generated in 
..-e h \- 1 iteration by the numerical integration of (h.lO). The 
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least convergent iteration sequence (for k = r = 0.6 F) 

was : 



iteration 


u (r) 




0 s (kr)6 


0 .:'oT 31 o 


0 


1 


0.705780 


0. Gd 43-^7 


2 


0.729165 


0. 1212a 


3 


0.733508 


0.137015 


L 


0.737293 


0.173678 




0.737737 


0.176761 


o 


0.737759 


0.177613 


7 


0.737-63 


0.178098 



Wien the mean energy was cornpuued after each iteration, we obtained 
the successive ”Bom approxinations -- although the term is nou 
strictly correct since the core is treated exactly from uhe begin- 
ning. Tne other method of iterauion^ used for the majority of ti.e 
calculations reported in BM^, was to usc the same table of wave func- 
tions on both sides of (4.10). Thus only the first point is actually 
computed with all terms in the table equal to those of tne last 
iteration -- successive terms (for successively larger values of the 
radius) are computed vrith the ne\r terrjs vfnose radii are tnan the 

rauius in question and the previous iteration values for t^r....^ Wx.ose 
radii ai'e still greater. The iteration sequence was then ^rea>._y 
iiiprovc^u, illu.strative example (for k = O.lp^ and r = 0.6 F) 
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ueing: 



; ration 


-T 00 /. N 

ho 


U (r 


0 


0. U28U 


u 


1 


0.690567 


j . m 0 j jQj 


2 


0.723035 


'-lUTU 


3 


0.728496 


OJ 

0 

OJ 

0 


k 


0.729264 


0.202705 




0.729364 


0.204112 


C' 


0.729376 


0.204206 


7 


0. 729378 


0.204194 



The poteiiv-ie^^b ised in tne two sets of coiipu tat ions wex‘e not sa.io 
30 the final wave fimctions are not^ of course ^ identical. The 
errors in the wave function fror. this iteration procedure were 
reduced to complete insignificance oy using on major iterations other 
than tx.e first the wave funcuiOxis from previous iterations and taen 
^erasing the x^rave functions four or sore rimes in order ro improve 
tae:s. fewer wave function iterations x/ere required on the firsu major 
iteration because its purpose was to provide a rough estinare of the 
^in^^^ -particle energies^ and minor inaccuracies did not impair she 



over 



jonvergence of the calculation. 
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FTNITm NUC; T 

A. THEORY AND ERRO. . ANALYSIS 
1. Thee- 

The extension of the K-mat-ix approxiiriax-^o.^ 

nuclei is a reasonably straightforward problem in principL_e is 

very difficult in practice. Brueckner^ Gammel and Heitzner' A/) 

and Brueckner^ Lockett and Rotenberg^ (BLR) have discussea e^y 

and completely a computationally feasible procedure for oxta ,u ,g 

the theory to finite nuclei, and hav^ discussed the approxi.wan. -ns 

involved^ explicit equations which rnc.sx be solved^ and the re^^ os 

j_Q ho 

obtained therefrom for the Cxosed-sh^.ll nuclei j~^ . Ca o,n^ 

Zr^^ (using the Garamel- Thaler potencial used in the Brueckner- 

3 

Garamel nuclear matter calculation as ti.- nucleon-nucleo.. p> tern al^. 
This is now textbook material (Preston, Chapter 9)j> conse- 

quently we present only a very genera^ discussion of the procedure 
with such elaboration necessary to present hitherto unpublished 
material. Masterson and Lockett (hereafter called ML, and included 
in this dissertation as Appendix H) have explicitly stated the equa- 
tions actually solved and have extended the results Dy calculating 
the _^.roperties of Pb^"^^, using an improved approximatiOxi so tae 
reaxV-.x.gement energy. This chapter discusses this calculation, and 
treat.^ the rearrangement energy approximation in more detail than any 
of the papers do. 



102 



! 



I 





The principal problem with finite nucleus calculations is 
the fact that the Hartree-Fock calculation with the pure intemucleon 
potential is unsatisfactory . As is well known this calculation gives 
the best energy that is possible with a product wave function^ so 
that_, e.g._, the interaction energy defined by (2.5) is given by 

AE ^ ($,v$) (5-1) 

where $ is the product wave function so determined that the expec- 
tation value of the energy is stationary with respect to variation 
in the wave function. For nuclear mtter^ however^ we have already 
found that (5*l) is too simple a approximation and that 

AE = (§,vY) - (5.2) 

(where Y is the true wave function) is the most elementary approxi- 
mation which gives accurate results. However the variational calcu- 
lation involved for even the last quantity is too complicated for 
finite nuclei. For infinite nuclear matter^ we know the best form of 
the wave function (plane waves and only the K-matrices need to be 
determined ( self -consistently) . For finite nuclei^, both K and $ 
must in principle be computed self-consistently. This is too diffi- 
cult at present^ and the assumption is made that the K-raatrix for 
nuclear matter at the density corresponding to the local density of 
the nucleus is the appropriate K-matrix for (5*2). Thus^ only the 
wave function § needs to be determined with the Hartree-Fock 
\ariai:ional procedure^ with the K-matrix as the ’’known” effective 



interaction. 



This approximation is equivalent to the assumption that the 
correlation length (related to the "healing distance" of the two- 
particle v/ave function) is sufficiently short that at any point in 
the nucleus the interaction is the K-matrix interaction for infinite 
nuclear matter whose density is the same as the local density. The 
approximation is accurate in the center of the nucleus^ where the 
density is nearly constant over distances of many Fermis (the healing 
distance is of the order of one Fermi). 

The actual procedure in the calculation was the calculation 
(by BGW) of the coordinate space transformation of the K-matrix using 
the wave function Y calculated in the course of the infinite nuclear 
matter calculation of BG:'^ 






(5.3) 



(An angular momentum decomposition is made just as in the infinite 

Js 

nuclear miatter problem^ and the 1 (^) (B.37) are used for 

the components of Y above . ) 

One then conjectures ^ without proofs that the coordinate 
space operator (5»3) is the appropriate interaction energy operator 
for the product wave function. The equation for the system energy 
is then 



E = 






12 



|K(p)iq2) 



^ ^£2 ^£1 



(5.^) 



(the exchange term is not indicated exp)licitly) . It is further 
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J.0 



conjectured that a "Hartree-Fock" variation with respect to cp*(r) 



= 0 for all i (5- 



(5.5) 




will lead to optimum wave functions. From this variation, we obtain 
the system of equations 



The two interaction terms V™ and V,, are the "Hartree- 

ilr K 

Fock” and the ‘'rearrangement” potentials. The former is given oy 



In the treatment of the K-matrix above^ it was necessary to treat the 
singular core separately from the rest of the potential. V/e mention 
the treatment of the core because the results reported in BLR and ML 
involve a variation of the core paramjeters to partially compensate 
for other errors in the approximation. The core is treated in a 
manner very similar to the nuclear matter procedure (B. 38 ) s't seq . 
Further^ its contribution was found to be strongly density dependent^, 
and the assumption is made that its dependence on the density is of 
the form given by the theory of core repulsion alone 



2 




K 



core 



(1 + Vr„)'^ ■ 



( 5 - 8 ) 



These considerations lead to (2.15) oi" 




(5.9) 



with the actual paraineters being C = 215 or 257 MeV-Fermi and 
b = 0.488 or 0.459 Fermi for singlet or triplet states respectively 
The attractive part of the K-rratrix has a very small dependence on 
the density^ on the other hand^ and this dependence is neglected in 
the confutations . 

The rearrangement potential in (5-7) results from the 

i\ 

dependence of the K-matrix on the density. The density is related 
to the single -particle functions by 



so that 



p(R) = ^ cp*(R)9.(R) 

A ± ± 



= cp (r)6(r-R) . 

6cp.*(r) 



(5.10) 



(5.11) 



The density as it appears in the K-matrix is evaluated at the center- 
bf -gravity of the interacting nucleons, so that R = ' 

Then, assuming that the range of interaction in the density-dependent 
part of the K-matrix is sufficiently short so that we can set 
r^ = r^ above, we obtain 

Jdr^dr^dr^ cp*(r)cp*(r2)|^(r^r2lK(p) | r^rp9^(rpcpj(rp . 

^<3 

( 5 . 12 ) 

Eq.. ( 5 * 12 ) is just ( 2 . 1 ) of >IL (Appendix H of this disser- 
tation). The procedure for solving this equation .is given in detail 
in the equations following (2.1) in ML and will not be repeated here^, 
with one exception: the detailed procedure for obtaining the ccua- 

tion for V_(r). (2.21) of ML, has not previously been reported. 
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Braeckner and Goldman calculated the density dependence 
of by using the fact that the dependence of K(p) on p is 

almost entirely in the core terra given by (5-9) • Tbe core term can 
be related to the density through 



-1 

P 



ll r 3 
3 o 



(5-13) 



V„ is obtained from substituting (5-9) into (5- 12), and then using 
Ja 

the three delta functions to obtain^ in good approximation 



r^ = r^ = r^ 



^(ri + r^) = R . 



r = r = r 
il l2 ^3 



(5.1^ 



The above approximations (which are exact in the limit r^ = O) lead 
to the following expression for Vj^(r 2 ) if spin or isotopic spin 
polarization are neglected; 






0 

Id 



+ A^(o)]4nr/ p2(rp 



(5.15) 



Then; using (5-17)^ we obtain 



•' bo 3 _ J. (1-b /r b 

O 0 s' o^ o t' o' 



(5.16) 



2 

The variation of the function V^/r is very slow, in the vicinity of 

K 

norml density and to a good (±5^) approximation in the region 

U.8 F < r < 1.15 F 
o 



i 

I 

r 
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= (240 MeV) P X F° 

- (9-6 MeV) p^(r^)/p^(r^ = 1.0? F) (5-17) 

since p(^q = l-Oj) = 0.19488 parti cles/F^. The latter for::., in 
Vhich is given as a function of the density relative to its 

value at noriml density^ will be used later when we point out that 
the magnitude of is actually larger at r^ = 1.07 F than indi- 

cated above. However^ it is e:<pected that its variation with density 
will still be of this form in the region near normal density^ at 
least within the accuracy of the overall approximation. 

22 

In a subsequent paper ^ Brueckner^ Gaminel and Kubis evalu- 
ated the rearrangement energy corrections to the single -particle 
energies using the K-matrix procedure. They evaluated the second and 
third order terras of Fig. 2 ., with the results as given in Table V. 



Momentum 


Potential Energy 


(MeV) 


Single Particle 
Energy 

(MeV) 


K 

Matrix 


second 

order 


third 

order 


0-1 Pp 


-112.0 


+ 26.8 


+ 9.4 


-75.6 


0.9 Pp 




6.9 


6.4 




Ptp 


- 70.8 


4.4^ 


6.1 


-17.8 



Extrapolated from computed values at p = 0.1 p^^ and p = 0.9 Pp 

Table V. Breakdown of single -particle energy. The density corresponds 

to r = 1.07 F and an average binding energy per particle of 15«5 
o 



McV. 



The above corrections correspond to the definition of ’'rearrangement 
energy” represented by the last term of (2-3^0 variation of 

AE by n). Consequently^ they are not exactly the of (^, 12 )^ 

which is obtained by differentiation with respect to p. However^ 
since p and n are equal to second order ^ the two can be equated 
■^rithin the limits of the accuracy of the overall approximation. 

The approximation to the rearrangement energy used by ML is 
a simple approximation to the above dependence on both the energy and 
the momentujn. Based on an estimate of the momentum of the lowest and 
top states of Ca^^ (which can be obtained from their kinetic 
energies -- the differences between their energy eigenvalues and 
their potential energy expectation values the rearrangement energy 
was estimated at 12 MeV for the top state and 2o MeV for the 
deepest state. Eq. (2. 21) of ML is the simplest means of interpolat- 
ing between these two values in order to obtain the rearrangement 
potential appropriate to the other states. Its accuracy was expected 
to be commensurate with the degree of approximation^ and since its 
effect is primarily on the wave functions (and only indirectly on the 
energy)^ the crude interpolation was expected to generate negligible 
error. The dependence of (2.2l) on the density is a direct conse- 
quence of the argument following (5-17)- 

In a future calculation^ we recommend the use of one fur- 
ther improvement in the treatment of ““ ^amely^ the use of the 
fo3JLowing interpolation formula: 



MeV , (5.1b) 



(V ) = 12.5 + -^6.; 

ti 2 L. 



Pi - Pp 






p^(r^ - l.OT) 



where is the Fermi momentum corresponding to the nuclei 'o rms 

radius. This would be a slightly bet-cer approximation than those 

which have been utilized to date^ and it probably represenus the 

farthest one should go in utilizing the approximation that the 

rearrangement effects can be accounted for as in Eq. (5-6). The 

momentum dependence in ( 5 - 18 ) is a linear interpolation between the 

rearrangement correction at 0.1 p^, in Table V and the value found 

1 * 

22 

at the Fermi surface by Brueckner^ Gammel and Kubis^ 12.5 MeV. 
The momenta of each state ^ p^^ can easily be estimated from the 

previous iteration’s kinetic energy. This approximation is not 
expected to result in significant improvement in average properties 
(see discussion in Section "Results but it might lead to soitb 
improvement in the level spectra. 



2. Error Analysis 



At this point it is necessary to make a few comments about 
the possible errors. The approxiniations necessary to transform the 
K-matrix to coordinate space are treated in detail in BGW. Those 
involved in the solution of the modified Hartree-Fock problem are 
treauuv^ in BLR and summarized in ML. There are a. lot of them^ and 
:'or ib uiy no precise estimate is possible. Their justification v;as 
.invariably twofold: (l) they were necessary in oruer to si...plify 

the problem to manageable proportions; and^ (a) their effecz^ 



V 





estirr^ated ao rigorouoxy a^ v/a^ conoiaered tc i>c ji 0u_-. . 

For some of the approxima-cions^ lit ole more can be saia. Fui*'Cher- 
rnore^ in view of the present uncertainty in phenomc-nological poten- 
tials (see previous Chapter and BM)^ it is doubtful if much more can 
be learned about the theory until a potential is obtained vmich is 
knov/n to be significantly ’’more correct” than the present ones. How- 
ever^ we can suggest one further check of the calculation. In equa- 
tion (r.4) of Kb we evaluate using the first two 

terms of an expansion in Legendre polynomials so that^ for a given 
difference x between r^ and r^ ^ only explicit evaluation at 
two points is necessary to obtain the estimated value of this func- 
tion for any angle between the tvro. Because the evaluation of this 
matrix elements occurs in the innermost ’’loop” of the longest calcu- 
lation (aoout 3^ hours per iteration for lead)^ it is necessary to 
keep the number of elements which must be evaluated for any given 
separation^ to a minimum. The first two terms of the e>q)ansion 

in Legendre polynomials is knov/n to be a good approximation^, but its 
effect could be explicitly obtained by one iteration (say for Ca""^) 
in v/hich the first three or four terms of the expansion were obtained. 
On uhe present generation computers (where^ for Ca^^ the CDC-I6O4 
takes about 30 minutes for this particular iteration)^ the cost woula 
not be justified. However^, in the next generation of computers^ 
which will be much fas ter thi.^ check should be economjical. 

Furuher^ when there is available a phenomenological poten- 
tial wnosc experimental and theoretical justification arc greater 



than for current potentials the properties of infinite nuclear **iat- 
ter should again be calculated^ preferably in the rnamier suggested 
.in the Appendix to the Brueckner-Garnrnel paper (e.g.^ without using a 
mean excitation energy in the denominators for off-energy shell 
propagation but using the exact formulation and solving the extra 
pair of equations involved) . If the results of this are in good 
agreement with the semi -empirical values^ then the transformation of 
the K-rnatrix to coordinate space should again be performed^, for 
approximately twice as many values of the arguments as reported by 
BGW. If this is done^ a further check on the meshes used in the BLR 
and Kj calculations will be possible (again assuming that a "next- 
generation” computer is utilized). But more important^ if the new 
potential and nuclear matter calculation gives a better agreement 
than the mean energy of - 15-2 MeV (cf. - 13*5 "to - 17*5 semi- 
empirical range) and the equilibrium spacing 1.02 F ( 5 *^ less than 
the extrapolated and corrected 1.07 F);, then it is reasonable to 
e>pect the results summarized later and in ML would be considerably 
improved (since the miean energy per particle and rms radii of the 
nuclei treated are invariably too small). 

There is also a finite possibility of error in the computer 
program itself for such large problems: e.g.^ the finite nucleus 

code miust be run in three "shifts" on the CDC-I60A corm^uter in order 
no accommodate the large number of states involved in ulie lead calcu- 
lation. This last source of error can now be conoidered negligible 
for both nuclear matter and finite nuclei^ however: the forL.er 



calculation (reported in BM and in Chapter IV) vae corp^-erely ina<^- 
pendent^ and the differences between it and BG can be attribarea 
, entirely to the additional approximations; and^ uhe latter calcula- 
tion can be considered to be semi -independent . In the case of tne 
finite nucleus calculation^ the computer program for the BLR calcu- 
lations was extensively reorganized for the ML coniputation^ ana. fur- 
thermore the code waS;, over a period of about a yeaip almost com- 
pletely rewritten by this author to improve its speed and operating 
characteristics (i.e.^ to make it "more automatic" in operation). 
During this rewriting^ the program was e:<rbensively checked for i;: inor 

errors^ such as integration limits^ coding errors^ etc.;, and after 

40 

correcting the few that were found;, the properties of Ca were cal- 
culated and compared with those calculated at Los Alamos with the 
new rearrangement approximation but othei-vise unmodified original 
code. The agreement between the two codes was good: -6.j8 vs. 

- 6.55 MeV mean energy per particle^ 3. 00 tc. 2.99 Fermi rmo radii;, 
and 0.7 or less difference in the eigenvalues. The minor differ- 
ences are entirely attributable to the connections which were made 
in the >1 code. 

In addition to errors due to numerical procedures or to 
one inpn (the phenomenological potentials)^ there are also some 
...hortcosdngs in the theory itself. The most obvious of these is the 
ujglect of correlations other than two-body correlations. These \rlll 
iiuve a negligible effect everywhere except possibly in the surface 
region where nucleon clusters (akin to alpha particleS;, etc.) may 



form and where superfluidity lulght exist. 'i^ffect;. -^re s.^t 

expected to have much influence on gross properties such as slnaing 
energies^ nuclear radii^ and surface depuh^ however. I^IevertheusoS^ 
the improvement of the computed binding energy with increasing nuclear 
size (discussed in the next section) strongly suggests that uhe 
principle source of error is in the treatment of the ’’surface” energy 
which is considerably too large. This ’’surface” energy arises not 
only from the classical effect -- variation of density in the sur- 
face -- but also from the rearrangement energy which is important 
only for the calculation of the wave function and therefore has little 
effect in the infinite nuclear matter ]p^oblem but does influence con- 
siderably the finite nucleus calculation. Its effect is thus in fact 
a ’’surface” effect^ and the method outlined here for treating iu is 
at best a treatment based on plausibility since it has not been 
rigox*ously proved (and; indeed; in higher order it is incorrect). 
Further investigations of this many-body problem peculiar to ‘che 
finite system are clearly needed. 

B. RESULTS 

Throughout this section frequent references are mu,de (with 
rio iurunt;r comment) to tables and figures in RL; Appendix H of this 
-i.j.Sbex'Ua'L; ron . 

J.. with Previous Hearrangenient Energy Approxi;..a,tion 

In order to ascertain the effects of the new trea'ci.^ent. of 



the rearrangement energy^ Eq. (2.2l) of ICj^ the properties of Ca^ 
vere compared with those without the new energy ti-eatment. We note 
that as determined by Eq. (2.2l)of ilL is, on the average^, almost 

twice as strong as the V„ used by ELR, our Ec. (5-17) • Table II 

Ja 

compares the new results with those reported in BLR. The net effect 
of the improved approximation is slightly betxer agreement irith 
ocperiment for almost every property tabulated: separation energies ^ 

total energy per particle^ and rms radii. In addition^ the spin- 
orbit splittings are more nearly porportional to the ( 2 i -i- l) 
separations generally expected. However^ the magnitude of the total 
energy per particle is still not large enough (- 6.55 vs. the 
experimental - 8.55 MeV); the proton rms radius is too small 
(although increased by 3 ^ to a new A^lue which is 83^0 of the e:cperi- 

61 

mental value and there is slightly too much difference between 
the separation energy of the last particle and the total energy per 
particle (l.l MeV compared to the previous 1.2 MeV and the experi- 
mental 0.2 MeV). Comparative potential energies and eigenvalues are 

40 

given in Table III for every state of Ca with the old and new 
a^Dproxii.-ations . The range of eigenvalues has been reduced frum -70-1 
through -4.9 XeV to -48.7 through -5-5 MeV. This reduction in spread 
of energies indicates that the previous approximation reproduced the 
.-'.-^so^ute ..magnitudes of the energy spectrum quite poorly except near 
^lue oop levels; the otherwise close agreement between the two calcu- 
lations Indicates that the approximation employed in BLR wao adequate 
lor the computation of the average properties of the nuclei (such as 



riic^an energie^^ ri:.o -z^.)y o<aa i:i^t further _n 

this direction voald change each properties only slig..uly. lov^r- 

theless^ this conclasion shoula he checked by parfori/jing a calCoJ_a- 

tion vrith as given by (5-l8). 

a 

208 

2. General Properties of Pb 

208 

In Table IV are the principal properties of Pb as calca- 
lated oy the theory for hard core strengths equal to ^0% and 100^ of 
the nornal strength. The 100^ core data is the result of a single 
f'ull iteration frora the data. Experience \rlzh the rapid con- 
vergence of these computations indicates that the properties tabula- 
ted are very near the values one vould obtain vlth further itera- 
tion (e.g.^ probably within 0.1 MeV for the mean energy and 0.01 
Eer::;i for the rms radii). Since the individual energy level pre- 
dictions (next section) are subject to slight fluctuations on the 
first iterations^ they are not quoted for the full core. The 98p 
core was chosen to permit comparison \rlth the calculations in BLR. 

In those calculations^ the reduced core contributions were arbitrarily 
enrployed as a means of improving the binding energies. As seen in 
Table too little binding was obtained for the smaller nuclei even 
v;lth the reduced core strength. Hovrever^ for lead with the core 
tne bindng energies of the last particles are a fraction of an MeV 
too great (-8.8 vs. -8.4 MeV for the top neutron and -8.9 vs. -8.0 
.',.jV A'r the proton)^ and the magnitude of the total energy per 
/.artic-^e (lO.O MeV) is 2.1 MeV greater than that calculated from the 



total energy per particle^ co...^ .red wLz\. tne .jxp^ri. Jiit:.:^ vnl.e of 
0.5 MeV. For the 100^^ cor«^^ inagi.ioude of rhe to"cal cocir^./ per 

particle is several heV less than the energy mth the 9 O/J core, and 
is one MeV less than the experie.ental value. 

The rrns proton radii are 165 ^ and 155^> too small (foi* she 
90‘/o and 1005 ^ cores respectively). Similar errors were reportea for 
Ca^^ and . The surface depths are 1.8 and I .9 Fermis for the 

proton distributions and I .9 and 2.1 Fermis for the total distribu- 
tions . (We have taken the ourface depth to be the distance ov^r 
■which 'ohe density falls from 90 )^ to 10^^ of its maximum value in the 
vlcis.ity of the center of the nucleus.) The computed depths ar-^ 
..lighr^y smaller than the experimentally deduced (2.2 ± O. 3 ) Fermis 
for the charge distribution'^^ and (r.45 ' ) Fermis for the 

- 0 . _L y 

nuclear distribution.*^^ The :.j;all discrepancies might vanish with 
the correction of the error in the rrns radii. 



;. Energy Specurum 



Table VI gives the energy spectrum for the reduced (9^/0 
-Sl: strength. The ordering of states is generally in accord 






deduced from experiment for the shell model. Up through 

208 

staue^ the Pb level assignment is the same as uhat 



QO / H-u 

c fns^.i for Zr (and differs from the Ca order in she 

; i.u ns. states). V7ith the new rearrangement ener •; treat- 
L 1/2 ^ ^ 

y Spread in energy levels and th^ coarse level spacing 
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: i'i u 






are 



« 





• 4J'' 



J — LvJ 



^ji'oteibly the iLOst accurate calcolaued to date. Thuo coii.j^are ^ur 
cpread in eigenvalues of about 70 with those determined in the 
shell-model calculations with central potentials and spin-orbit 
coupling of (for exaim^le) Malenna^^ (about 30 lieV) and of Ross^ Mark 

6 5 

and Lawson (less than 40 MeV) . In general^ th^rir relative spacing 
of low-lying levels is in good agreement with ours. However;, both 
authors obtain a level sequence at the surface which differs from 
ours: for instance^ for neutronS;, Ross et ad have 






2f^/^; ^^13/2'*" ^^13/2^ ^^'*5/2' 
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3p^y'o^ . . . and the Mottelson and Kilsson 3Pi 



'1/2^ 5/2" 



li 



■ ■ • > protonS;, they have ^11/2" ' ‘ ' 

in agreeisent with Mottelson and Hilsson and compared to our Ih^-^g;^ 



os 



. In both caseS;, the spread of energies is les; 



than 2 MeV. Most of. the above differences can be traced to the spin- 
orbit potential;, which is inq^erfectly 1 -uioto and which is treated as 
... parameter in the shell -model calculations to improve agreement with 
experiment. Better treatment ^f with ( 5 .I 8 ) might a^so help. 



The spin-orbit splittings for the various states are tabu- 



lated in Table VII. They are of the right order of magnitude and 
follox/ ix: a reasonable manner the expected {2i + l) graduation in 
-•agnitcdo. In Fig. 2(g) and 2(h) the dependence of the local equiva- 
I.^nt ^ ^tes. .:iaiL^ F(^)^ Q'^d of the wave functions on this splitting 
i.. ix.vsi _• In particular^ there is an appreciable spatial split- 

- -p: l.^vels with the same orbital angular momentum but vrith 



r..i:.c; stin. 




I 












IJeutron-Proton Density Relations 



The neutron^ proton and total density dis orioation.^ are 
indicatea in Fig. 3 '^or the tv/o core strengths. There is a remark- 
ably uniform total density^ but moderate non -uniformity of the 
neutron and proton contributions. Further^ the neutron and proton 
wave functions (Fig. 2(d) and 2(f)) are almost identical for corre- 
sponding states^ with the exceiDtion of a very slight shift towards 
the center of the nucleus in the low angular momentum states. Thus^ 
much of the difference in the density distributions is due to uhe 
’’extra” neutrons in the outer energy shell (which are aistributed 
throughout the nucleus as well as at uhe surface). The neutron- 
proton radii differ by about 0.2 Fermi ^ extendi .ig to the larger 
nuclei the tendency noted in BLR for the proton and neutron distribu- 
tions to have nearly equal radii. The origin of this effect lies in 
the s;^nnrnetry energy and in the insensitivity of the wave functions to 
differences in potential. The absence of an appreciable neutron - 

proton difference for the light nuclei (BLR) and the slight differ- 

0*7 

ence noted for lead are compatible with experimental results. 
Quantitatively^ for lead we conclude from pion and nucleon scattering 
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calculations that R^-R^ = (0.2 ±0.2) Femi^ where R is the 
h-ilf-den^ity radius^ in agreement wixh our calculation. This figure 
-..-jos not include that part of the difference which* results from the 
extension of the nuclear -potential beyond the mauter distri- 
L;i.ui on v/hen the radii are determined from separate nuclear and charge- 
■jpendent interactions. This difference is discussed next. 
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uerioity-Pot^ntial. i-^elaxiono 



>• 



lii Pig. 4 are x^lotted the ^^'^tential function P(r) for 
the t’..'i oop neutron states against the density distribution. The 
top prouon potential is not sl.ovm because it iies inside the noutron 
potentials^ a consequence of the smaller proton distribution. The 
separation between total density and potential (O .5 Fermi) i^ 
slighuly less than that of Ca^^ and Zr^^ (O .75 Fermi); the differ- 
ence between the proton half -density point and the nuclear potential 
half-L;axirnuin is O .7 Fermi. These results agree within the limits of 
'.:>q)eriruental error with the differences between = (I.I 6 - 0.02) 
p }'^ = (7-00 X 0.14) Ferrais from electron scattering^^^ ana from 

^ rnesonic atoms^^^ and ^ (1-25 ^ O.O 5 ) = (7*^1 1 O. 5 O) 
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Feriois from low and high energy neutron scattering. Wilets has 
1 ‘oncluded from neutron and proton scattering that the difference 
oetween the nuclec-r potential radius and the rnatuer radius is inde- 
pendent of A and is (l.O x O. 3 ) Fermi. This difference in radii 

72 

is largely due to three effects previously discussed^ namely: 

(a) finite range of interaction; (b) nonlinear variation of poten- 
tial energy with density (Wilets effect); and (c) nonlocality of 
uhe effective interaction. 

o. Comparison with Surface Predictions of Other Theories 

It is interesting to compare the character of the nuclear 
c.. ]predL±cted. by previous semi -empirical theories with our 

(which are essentially from ’’first principles" if the concept 






of a two-uody nuclear potential is valid). Tv/o previous calculations 

are mentioned to indicate the degree of precision obtainable. One is 
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the pure Hartree-Fock calculation by Rotenberg with N = Z = 92. 

It yielded surface thiclmesses of 2.T und 3*1 Fernas for Gaussian 

and Yukawa wells respectively^ and predicted a marked dip in the 

proton distribution near the origin (which is absent in our more 

exact calculation). The calculated separation between the rms radii 

of the particle density and of the self-consistent collective ^joten- 

tial in this model was less than 0.2 Fermi. An intermediate step 

between the pure Hartree-Fock calculation and the BGV/ theory is the 
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semi -empirical model of Berg and Wilets. This model yields 

R^ - Rp = 0.2 Fermi (in agreement with our result) and R(poxential) - 
R( nucleon) = 0.7 Fermi (compared to our 0.5 Fermi). 

7 . Summary of Results for the Four Nuclei Studied to Dave 

The following is a summary of the general features of the 
results for full-shell nuclei (O^^^ Ca^^^ Zr^^ and Pb^^^) studied 

in IVIL and in BLR. 

1. The magnitudes of the total energy per particle and of 
the separation energies are smaller than their experimental counter- 
parts . 

2. The difference between observed and calculated energies 
decreases with increasing nuclear size. 

3 . The energy spectrum is in general agreement with 
experiment; and the computation of the coarse spacing; with the new 



n. 













■ 






rearrangeraent energy approximation^ is probaoiy tne n]os<^ accurate tu 



date. Ilov/ever^ the detailed spacing 'betveen close levels^ particu- 
. larly when widely different angular momenta are involved^, is not 
correct in every instance. 

4 . The energy spectrum is quite sensitive mo any changes 
in the calc’ulation (as^ for example^ the changes in the treatc.ent of 
the rearrangement energy and in the core strength) . This is to be 
expected^ because the single particle energies are to be compared 
with potential wells of the order of 70 MeV. Thus an MeV change in 
particle energy is less than a 2 ^ change in potential energy. 

5. The radii of the nucleon distributions are in good 
agreeiient with e:<periment for 0 ^^^ with full core^ but are about 
155^ too small for the other nuclei studied. 

6 . These radii are relatively insensitive to changes in 
the calculation^ a ’’stiffness” which has been observed in the calcu- 
lations of BLR and of this paper. 

7. The theory predicts the details of the internal densim;;,^ 
uistribution^, and the calculations have brought out a remarkably uni- 
form ratio of neutron and proton densities in the lighter nuclei^ 



v/ith only minor variance in Pb' 
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To date it has not been possible 



to verify the detailed internal distributions of these nuclei experi- 

68 

iiion tally ^ although the analysis of Ford and Hill indicates that the 



'•har^^- .distribution for lead is probably reasonably uniform (and 
_■ .p^cl.^^ly that there is no dip in the center as deduced for gold)^ 
l.i -u-d....ent with our results. 
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8. The calculated surface properties are conpatihre with 
present experimental evidence. In particular^ the surface depths 
neutron-proton radius differences^ and the matter -potential relations 
at the surface are quantitatively predicted. 

C. COhCLUSIOhS 

The surface depth of the nucleus is now knom evroerimentally 
to within about 10^.^^ Our results are compatible with experimc^nt 
and fonn a theoretical explanation of its shape from first princi- 
ples. Indeed;, there is a need for further refinement of the experi- 
ment to verify the internal structure of each nucleus and to ascer- 
tain the surface shape consistent with it. There is also a need for 
further refinement of the BGW theory to obtain better rrns ra.dii_, 
with the result that the surface depths predicted might be more 
accurate. In addition;, our theoretical knowledge of the neutron and 
proton density ratios and of the potential -density relation at the 
surface is compatible with;, and at present more definitive than;, 

experiment. A feature of the surface which this theory does not 

/ \ *7 ^a 

describe is possible existence (discussed by Wilkinson) of nucleon 
clusters^ possibly ’’alpha” particles^ in the nuclear surface. Super- 
fluidity in the low density region^ if present^ is also not treated;, 
out it is believed to have negligible effect on a gross property such 
as surface depth. 

For the remaining properties (binding energy^ mean proton 
^nd neuuron radii;, se^Daration energies^ and spin-orbit splittings)^ 



s 




'if.. 

■\ 




the theory is in semi quantitative agreement with experin.ent^ the 
rnaximora errors being of the order of 155 ^- The sources of these error 
^ can be grouped into three categories: l) the numerical procedures^ 

2) the input (i.e.^ the phenomenological potentials)^ and 3 ) “the 
theory itself (both the Brueckner .theory of infinite nuclear matter 
and the BGW theory of finite nuclei). The first of these (the numer- 
ical procedures) is rejected as a source of major error on the basis 
of the thorough tests by BLR of the meshes employed and the improve- 
ment of the results with nuclear size in spite of the fact that any 
errors from the numerical procedures probably increased also. 

However^ some of the error may arise in the choice of the 
phenomenological two-body nuclear potential^ as indicated by the cal- 
culations in Chapter IV. It is possible that a better potential 
would resolve some of the discrepancies between our calculations and 
experiment. It should be noted that of the seven potentials employed 
in the calculations of Chapter IV; the potential used for the finite 
nucleus calculations (the BGT potential) gives the best agreement 
oetween the calculated and semi -empirical properties of infinite 
nuclear ri]atter. ThiS; however^ does not mean that this potential is 
the ’'correct” one^ and more work in phenomenological potentials is 
indicated. Further; in the more accurate calculations of Brueckner 
and Garnrnel^ this potential yielded for nuclear matter a slightly 
smaller binding energy (-15-2 MeV) than the semi-empirical value 
^-1S:~ - 2 . 0 ) MeV and an equilibrium spacing that was 5^ too small 
\L.02 V... 1.07 F). These effects undoubtedly influence the computa- 
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tions of BLR and of this dissertation. In aaaitioii; tnerc i^ 
question whether the hard core should be nearer 0.4 F (a.^ in tne 
^ Gaminel -Thaler potential we use) or 0.5 F (as suggested by iLore 

j 

recent determinations of phenomenological potentials). A potential 
with a larger core might give lower density saturation and larger 
nuclear radii. 

The improvement with increasing mass number of the cormjuted 
binding energy strongly suggests that the principal source of error 
is in the treatment of the "surface” energy^ which is considerably 
too large. It should be emphasized that the "surface” energy^ which 
is essential in the finite system in the determination of the wave 
function and density^ and hence indirectly in the determination of 
the rotal energy^ does not appear in the uniform system. Thus its 
effect in the finite nucleus is in fact a "surface" effect. The 
ii'.ethods of BLR and of this paper are at best a treatment of the 
rearrangement problem based on plausibility; they are not rigorously 
proved. Farther investigations of this raany-body problem peculiar 
to the finite system are clearly needed. 

In conclusion^ we have ascertained that the BGW theory of 
finite nuclei is in semi quantitative agreement with e>cperiment^ the 
agreement iii^proving with nuclear size. Further^ we have seen that 
our state -dependent approximation to the rearrangement energy correc- 
tion gives appreciably better results than those obtained in the 
previouo calculations . Finally^ it appears probable that much of 
Che residual error in the results can be removed by improvements in 



the phenomenological two-body potential upon which the calculation 
are based, and by improvement of the "surface" energy. 
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VI. 



OTHER NUCLEAR MATTER THEORIES 

In this chapter several representative approximations for 
nuclear matter calculations are studied briefly. Brueckner and 
Masterson (BM) have made quantitative comparisons with some of these 
approximations which are elaborated on here. 

Before discussing the approximations^ one further point 
should be noted about the potentials used to test them. Two large 
and apparently unavoidable^ components of static nucleon-nucleon 
potentials are the hard cores and the tensor forces. However^ this 
does not imply extensive mixing of states^ especially at lower ener- 
gies^ and one can employ an equivalent central force in each state in 
some problems. This has led to the use of simplified potentials as 
tests for nuclear matter theories^ and several authors have used for 
this purpose S-state interactions. One of the principal tests of a 
nuclear matter theory is whether it yields the proper saturation; 
i.e., whether the minimum of the E. vs. n curve occurs at the 

g 

"correct” density. Bethe has shown that any S-state force saturates^ 
even if it has no repulsive core^ whereas for realistic static forces 
the core seems to be required for proper saturation. For nuclear 
matter^ this means that ^ least S and D state contributions 
should be included in a quantitative test of an approximation. 

As an illustration of the importance of employing realistic 

potentials^ let us look at the second Born approximation for the 
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S-state Yamaguchi separable potential without hard core and for the 
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BGT potential (the modified Gammel -Thaler potential employed by 
Brueckner and Gammel^ (BG)). For the BGT potential^ the core must he 
treated separately^ and the term ’’second Born approximation” refers 
to the perturbation calculation of the long-range part of the poten- 
tial (see Chapter IV). The corresponding values (with free kinetic 
energy propagators) are -8 MeV and -21 MeV. The third Born 
approximation for the BGT potential yields -6 MeVi Thus a theory 
which is powerful enough to obtain good results with the rapidly 
converging S-state potential without hard core may not necessarily 
be able to yield good results with a realistic potential. Further^ 
as will be shown later^ the fact that the tensor force gives no con- 
tribution in first order but is responsible for a large contribution 
in higher orders also mitigates against the use of purely central 
interactions as tests of nuclear matter theories. 

Finally^ in line with the above remarks^ one should note 
the danger inherent in using a simple potential to estimate the error 
terms for any given approximation: this could yield results in 

error by a factor of two or three -- and perhaps more -- quite easily. 

A. MOSZKOWSKI - SCOTT SEPARATION METHOD 

The first approximation we discuss is the Moszkowski -Scott 
separation raethod^^^^"^^^^^ (henceforth referred to as MS). MS 
separate the interaction into a short- and a long-ranged part^ 

V - V + V . The separation distance^ d^ is chosen so that the 
short-range part^ v^^ gives zero phase shift for free particle 



V 




(as well as all 



scattering. Thus inost of the attraction is in 
of the hard core repulsion for hard core potentials)^ and the effect 
of the long-range potential is quite small (and is calculated in 
second Born approximation). A detailed discussion of the method and 
the physical significance of the approximation is given in Reference 
11 for central forces; the extension to tensor forces is discussed in 
Reference IT* 

With the separation of v defined above ^ the many -body 

F 

wave function Y is approximated for r < d by Y ^ the free- 
particle wave function (with interactions between the two particles 
but no effect of any other particles) and at larger distances by 
the unperturbed wave function. The condition for determining d 
guarantees that 

vRd) = $(d) and 7Y^(d) = 7$^(d) . (o.l) 

This definition of the separation distance gives a quantitative 
definition to the terra '"healing distance" originally introduced by 
Gomes^ V/alecka and Weisskopf . 

The two-potential problem has been previously treated for 

lyp 70 

the scattering matrix by Watson and by Gell-Mann and Goldberger. ^ 
The derivation for the reaction matrix is similar in many respects. 

We present here a brief sketch of the MS separation method^ and indi- 

l3 

cate the improvements in the approximation suggested by Kbhler. 
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other improvements have also been suggested by Becker, but they are 
necessary only if the detailed calculations are extended to third 
order, and we will not discuss them here. We shall use the matrix 



notation of MS except that the nuclear reaction mtrix will be 

N 

designated by K instead of G . 

Equation (2.12) for the K-matrix can be written in irjatrix 

form as 



K = V + V K (6.2) 

e 

where Q is the Pauli exclusion operator (restricting intermediate 

states to momenta greater than k^) and e is the self-consistent 

denominator. We shall use relative momentum states^ as in the 

^6 2 

approximation of Braeckner and Masterson, so that e=k /M + V(k) 

- (k’ /m + V(k*))^ where k’ is the relative momentum of the inter- 
mediate state. We will express K in terms of v and t ^ where 

jL s 

t^ is the reaction matrix for free particles under the influence of 

V alone. I.e., if v is Hermitian 
3 ^ s 



4 - 1 4 . 4 . 1 

t = v -t-v — t = V + t V 

s s ses s ses 
o o 



where e (k^k’) = (k^ - k'^)/M. Solving ( 6 . 3 ) for v^ 
o o 

we obtain 



( 6 . 3 ) 

(formally)^ 



V 

s 



(1 - t -i )-" 

' s e 

o 



t 

s 



( 6 . 4 ) 



Substituting this into (6.2) and multiplying by 1 + t^(l/e ) on the 

s o 

left yields 

o o 



me ref ore. to first order in t and v^ 

s a 



1^1 



= t + V . 
s i 



( 6 . 6 ) 



•Substituting this in the right hand side of (6.5) leads to the 
Moszkowski-Scott approximation; 



K 



( 2 ) ^ Q ^ Q -1 ^ fl 1 s. 

^ ' = t +V^+V,— V + t — — t + t (— - — )t + 

s 1 lei ses s e e s 

o 



Q Q 

+ v - t + t -v^ 
i e s s e ^ 



= t^ + V + V V + AK(p) + AK(D) + AK(I) 

Jit JL ^ JL 



(6.7) 



or^ in terras of K 



(1) 



K< 2 ) , K<^) , - t i- t 

e ses 

o 



( 6 . 8 ) 



The physical interpretation of the terras on the right hand side of 
(6.7) is as follows; 

1 . As already noted^ t^ is the reaction raatrix for free 

particles acting under the potential v only. 

s 

2 . and first and second Born 

approximations for the long-range part of the potential. 

3. The Pauli correction is: 

4K(P) = M . 

4 . The so-called "dispersion" correction is; 



(6.9) 



4K(D) = (| - ^)t3 . 

o 



( 6 . 10 ) 



5. The second-order interference or cross term is: 









'i*: 



I 



t 



■ di,; 



( 6 . 11 ) 



AK(I) . f . 



t S V = 2v - t 
s e Jl i e £ 



.The contributions of all terras in (6.7) for p = I .5 F ^ is indi- 

r 

Gated in Table VI^ when the potential used is the Brueckner-Gamniel- 
Thaler potential discussed in the previous section. The data are 
taken frora Reference 17- For this potential^ the M3 approxination 
predicted a niinimuji] average energy of -lh.2 MeV at r^ = 1.02 F 
compared to BG’s -15-2 MeV at 1.02 F and BM’s -l6.9 MeV at 
1.00 F. With only P and D waves (the only ones used by BG 

and BM)^ the MS energy was -13-6 MeV. Table VTl shows the much more 
rapid convergence with a purely central potential, a feature which is 
discussed in more detail later. 





k(1) 


v/0/e)v^ 


AK(p) 


AK(D) 


AK(I) 


Total 


S-wave 

P-wave 

D-wave 

F-wave 

G-wave 


- 27.9 

- 2.2 
- 6.6 
- 0.1 
- 0.5 


-6.2 

-1.8 


0.5 

1.2 


6.2 

1.1 


-6 . 0 

0.0 


- 33.3 

- 1.7 

- 6.6 
- 0.1 
- 0.5 


All states 


-37-3 


-8.0 


1.7 


7.3 


-6.0 


-42.2 



Table VI. Summary of contributions to (in MeV) for the Brueck- 

a -1 

ner-Gammel-Thaler potential, Pp = 1.5 F . The kinetic energy is 

28.0 MeV, so that E, 

’ Av 



=14.2 MeV. 



a This is the Gammel -Thaler potential quoted in Reference 3^ 
modified by Brueckner and Gammcl (same reference). 





(1) ^ 
k'‘ '' 




AK(P) 


ak(d) 


1 

AK(I) 


Total 


S-wave 


- 42.5 


- 0.8 


0.2 


5.4 


-1.9 


- 39-5 


D-wave 


- 9.6 


-0.3 








- 9.9 


G-wave 


- 0.6 










- 0.6 


All states 


-52.7 


-1.1 


0.2 


LT\ 


-1.9 


-50.0 



Table VII. Summary of contributions to (in MeV) for the MS 

"b Jl 

standard potential, p = 1.5 F . The kinetic energy is 28.0 MeV; 

I 

therefore E. = 022.0 MeV. Contributions not indicated are all less 
Av 

than 0.01 MeV. 

a The separation distance, d, between v and v was chosen so 

that the first order contribution of t vanished. 

s 

b See Eq. ( 6 .I 3 ) of text. 

In Table VIII we indicate the contributions from various 
states using the BM approximation (Chapter IV)* As indicated in that 
chapter^ this calculation yielded an average energy about I .7 MeV 
more negative than Brueckner and Gammel’s calculation. However^ 
because the MS calculation also uses relative -momentum two-particle 
states (instead of single -particle states) as does the BM method^ it 
i-s appropriate to compare it to the -I 6.9 MeV of the BM calculation. 





Brueckner 
Method 
(this paper) 


Moszkowski -Scott Method 


1st order 


2nd order 


Total 


S states 


-38.7 


-28.6 


-4.9 


-33.5 


P states 


+ 0.6 


- 2.3 


+0 . 6 


- 1.7 


P states 


- 7.5 


- 7.1 


— 


- 7.1 


Total 


-45.6 


-38.0 


-^.3 


- 42.3 


Binding Energy 


-16.9 






-13.6 


Tensor Contribution‘s 










a ) self - consi stent 


-l 4 .l 






- 9-0 


b) with V(k) above 


-16.7 









Table VIII. Aaalyses of contributions to binding energy as calcu- 
lated in this paper and by Moszkowski and Scott. The tensor con- 
tribution was calculated by setting ^ computing the 

binding energy (a) with a single-particle potential V(k) that is 
self-consistent with respect to the modified phenomenological poten- 
tial^ and (b) with the single -particle potential V(k) with which 
the S; and D state contributions were computed. Moszkowski 

and Scott used a first-order approximation to a self-consistent 
V(k) to compute the tensor contribution. 



V. 










V/e note that the ±argest error is in S-states^ vhere MS underestiiaate 



the potential energy by about 5 MeV. In P-states^ whose energy con- 
sists of large contributions of opposite signs (as much as l4 MeV)^ 
the MS method predicts -1-7 MeV compared to 0.6 MeV^ a difference 
of -2.3 MeV. The D-state contribution is underestiifated by 0.4 
MeV. The tensor force is a principal source of the S-state error. 
With the MS method^ its contribution is -9 MeV; with the BM approxi- 
mation it contributes -l6 MeV. 

Evaluation of the error in the Moszkowski -Scott method is 

not simple. In principle we can generate the third order approxiraa- 

( 3 ) ( 2 ) 

tion^ K V, by substituting the second order approximation^ K v, 

in the right hand side of (6.5)* The approximation can be extended 

formally to higher and higher orders in this fashion. Unfortunately^ 

the third order terms are extremely difficult to calculate^ and one 

of the essential features of the approximation -- its computational 

l6 

simplicity -- is lost. Kohler has investigated the higher order 
terms and has concluded that the following equations are better 
approximations than the second order terras in (6.7): 




e 

o 




t 



s 



( 6 . 12 ) 



o 



O 



AK(I) = 2v^ f 



o 



He estimates (crudely) that the MS approximation underestimates 
AK(p) hy a factor of AK(I) by a factor of 2., and AK(D) by 



^bout He predicts that with the corrections suggested above 

AK(d) will be overestimated by 10^^ and the other terms \r±ll be 
approximately correct. The major error should then be due to neglect- 
ing the third and higher Born approximations for the contribution of 

Unfortunately^ this is not the full story. Indeed if we 
apply Kohler ^s error estimates to the quantities listed in Table 
the S-state contribution becomes about -35*8 MeV^ which differs 
from the BM result by about 3 MeV. Much of this remaining differ- 
ence would probably be obtained from the higher Born approximation 
terms. A similar analysis for the P- state also points to some 
improvement. The corrections to the second-order terras would lead 
to about 2 MeV repulsion in P-states^ a part of which would be can- 
celled by the third order Born approximation^ v (0/e)v (Q/e) V . 

Ju ^ J6 

The calculation with the modified correction terms has been done for 
a central potential which MS calls the "standard potential. It is 
defined by the equations 



v(r) = + 0 



r < r 



-(r-rc) 



where 



3-5412 



b c 



( 6 . 13 ) 



= -s V e r < r v = 



^ 1.4458 

m 



and the parameters were: r^ = 0.4 r.^^ = 2.5 and s = 1. 

Table VII gives the results for this potential using the MS equations. 
Kohler's error predictions applied to the second order terms suggest 
that the corrected mean energy would be about 1 MeV less attractive^ 



veri- 



a prediction that a later calculation by Scott and Moszkowsxii 

fied. However^ because- of the complicated effects of the tensor 

^force^ we cannot expect the analysis to carry over rigorously to the 

calculation with the more realistic BGT potential. 

Comparison of the rates of convergence with the cent.ral 

interaction (Table VII ) and with the full interaction (Table VI ) 

indicates that the strong tensor potential definitely worsens the 

17 

convergence of the approximation. Scott and Moszkowski predict 

that higher order terms might contribute several MeV. This poorer 

rate of convergence is a direct consequence of the fact that the 

tensor force contributes nothing in first order^ and th^s all its 

contributions must come in second and higher orders. Furthermore^ 

the tensor force makes the selection of the separation distance 

between the short- and long-ranged interaction very difficulty and it 

is no longer possible to obtain zero-phase shift. That most of the 

17 

error in the MS calculation is due to high order tensor force 
effects is also borne out by the calculations done by both MS and BM 
without the tensor force. As indicated in Table Vllly the BM calcu- 
lation showed a contribution of -l6.7 MeVy or -l4.1 MeV if V(k) 
is computed self-consistently with respect to the tensor-less poten- 
tialy compared to MS*s estimate of -9*0 MeV with an approximately 
self-consistent V(k) . 

The error in the MS approximation ( 6 . 7 ) with Kohler’s 
revised second order corrections (6.12) would probably come from the 
following sources: (l) neglect of higher order Bom approximations 









Is 







involving v^ and higher order corrections; (2) errors aue xg the 

X/ 

inability to choose the separation distance^ d, so that the phase 

shift vanishes for v when the tensor force is included (this is 

' s 

discussed in Reference 17); (3) errors in approximating the higher 

order terms contributing to the Pauli^ dispersion and interference 
corrections with second order terras; (4) errors arising from the 
approximations used for computational simplicity in the evaluation of 
the various second order contributions (see Reference 11 for a 
detailed description of these approximations); and (5) higher order 
corrections in (6.3) and (6.5) coming from the fact that v^ is not 
Hermitian (due to the slight momentum dependence of the separation 
distance^ d -- see Table III of Reference ll). The above errors are 
listed in the probable order of decreasing magnitude: the first 

listed is probably a two or three MeV error^ the last less than half 
an MeV. Our analysis has also shown that most of the error will be 
in the contributions from low angular momentuuj states. For z 2 , 
the error is less than 0,5 MeV, This improvement is to be expected 
since the Born approximation is adequate in very high angular momen- 
tum states. It must be emphasized that these error estiiiates are 
with respect to the Brueckner approximjation , Any errors inherent in 
that approximation will also be inherent in the MS approximation. 

Some cancellation of errors undoubtedly does occur^ but we 

17 

must agree with Scott and Moszkowski that the separation method is 
probably not an adequate quantitative tool for use with tensor in'Cer- 
action^. However^ it does appear to predict the qualitative effects 




* rv^ 
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properly^ and because of its conceptual and computational simplicity^ 

it has considerable merit as an analytical tool. In particular^ it 

has been used to obtain an estii;ate of the size of the three-body 

59 

cluster terra using a potential with a hard core^ to study the 

effects of the repulsive core^^^ and to evaluate the use of various 

17 

potentials for approximate many-body calculations. Recently Bethe^ 

9 

Brandow and Petschek have used the M3 separation method in conjunc- 
tion with a "reference spectrum" approximation to obtain a powerful 
variant of the approximation which may be capable of greater accur- 
acy. This new approximation is discussed in the next section. 

B. REFERENCE SPECTRUM METHOD FOR NUCLEAR MATTER 

This section reviews the "reference spectrum" method pro- 
posed by Bethe^ Brandow and Petschek (Reference 9^ hereafter referred 
to as BBP). The two principal techniques employed are (l) to 
replace the spectrum of intermediate states with a "reference spec- 
trum" of the form A + Bk^ (enabling the reference K-matriX; KT^ y 
with energies so defined to be calculated easily)^ and (2) to em- 
ploy the M3 separation method^ but with the separation distance so 
defined that the reference wave function for r > d^ goes over 
exactly into the free particle function (whereas MS put this require- 
ment on the wave function of two nucleons interacting outside of 
nuclear matter). Complete calculations have not yet been made \rith 
this method^ but the authors estimate the error for central poten- 
tials to be about 0.1 MeV for the diagrams usually included (i.e.; 
not including the error from fourth and higher order "cluster terras"). 
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The error for tensor potentials \rill be greater^ for the same reasons 
that the liS separation method was not fully quantitative for tensor 
potentials. The details of their calculation are quite involved and 
only certain key features will be discussed here. 



which one must calculate in the MS separation method. The leading 
terms are 



through second order because the wave function for the long-range 
part of the interaction is just the unperturbed basis function. The 
third order Born approximation is too complicated for direct computa- 
tion at present^ and unfortunately is not negligible for tensor 
forces. However^ it is probably smaller than the apparent error in 
the D43 calculations because the separation distance will be larger 
by virtue of its definition (see preceding paragraph). From (6.l4) 
it is apparent that it is important to calculate precisely. 

BBP have found that this can be done in a relatively simple approxi- 
mation. MS point out that has matrix elements mostly to inter- 

mediate states of high momentum (of order Bp-r,)* Consequently the 
Pauli principle (the operator Q) does not have much influence on 
but the energy spectrum "e" of the intermediate ■ states does. This 
suggests the use of a "reference matrix" 



In ( 6 . 7 ) we have indicated the terms through third order 



K = K + V, + V 
s JL 



■ - V + O(v^) . 

I & I 



(6.14) 



The Born approximation terms (the second two) can be calculated 
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(6.15) 
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with the "reference energy" of the excited particles defined by 

(6.16) 

where is an effective mass. Thus^ the energy denominator 

becomes 

e = E - k'^/M* - 2A^ - (6.17) 

with 

E = oj(k - i P) + o)(k + I P) . 

The coefficients A and are chosen to give the best average fit 

to the actual energy spectrum E(k’) in the region of k* which 
matters most for the solution of (6.15); 2p_ to 4p.^ . Once is 

obtained;, the actual nuclear reaction matrix should be calculated 
from the exact integral equation 

K = -^) K . (6.18) 

e e 
R 

Since e„ is chosen to be a good ap-oroximation to e in the region 
of k’ important for the short-range forces^ the second terra in the 
above equation should be small. Therefore; it is a good approxima- 
tion to replace K on the right above with ; the approximate 
equation for K is then 

<k|K]k> <k|K|k> + (2rr)'^rdk'|<k'|K^|k)l^ — - illh . (6.19) 

■' *' *" ■' ej^(k') e(k’) 

K is Hermitian when defined as in BBP. 



The importance of the "reference spectrum" method is the 



fact that it permits the extension of the ilS calculations to the full 
nuclear potential inasmuch as it makes it possible to obtain with 
reasonable effort the energy spectrum (recall that K3 had used the 
BG self-consistent potential for their calculations th the BGT 
potential^^) . Furthermore^ by using the reference spectrum, BBP 
have been able to treat the effect of the hard core on the energies 
of particles \^^ith high momentum more accurately than previously done 
because they have picked up the core volume term neglected in pre- 
vious calculations. A more exact method for incorporating this term 
in reaction matrix calculations is discussed in Chapter IV (Section 
B. 3 )^ and we will not treat it further here. However^ it should be 
noted that it was the BBP calculations which pointed to the impor- 
tance of this term in the off-energy shell calculations of particle 
energies. The fact that the particle energies should be computed 
farther and farther off the energy shell for higher particle momenta 
(see the above referenced discussion in Chapter IV) also increases 
the effect of the core terms^ and the potential energy for particles 
of high momentum becomes large and positive instead of going to zero 
as in the calculations of BG and BM. The effect of this change in 
energy spectrum on the self-consistent calculation of the mean energy 
was not calculated by BBP^ but it has been estimated (in Chapter IV) 
to reduce the calculated mean energy a fairly large amount^ perhaps 
two MeV or more. 

Rajaraman^*^ has investigated the effect of the core volume 
term on the three-body cluster's contribution to the energy of the 
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system^ and concludes that it is comparable to the other third order 
terms for high momenta. He suggests a procedure for treating the 
three -body cluster as self -energy inserts for the calculation of the 
particle energies. The effect of this term is to reduce the core 
contribution to the single particle energies in the region aro'und 
3 p„ about half. However^ he accounted for the effects of the 
tensor potential very crudely. Further^ even though BBP estinate the 
effect of the three -body cluster may be two or three MeV on the bind- 
ing energy per nucleon^ we do not believe that it is consistent to 
take it into account without some effort to sum the higher order 
diagrams which can be related to it. Self -energy and ladder -diagrams 
related to the basic three -body cluster will cause its contribution 
to be considerably reduced. A calculation with reaction matrix 
interaction and self-consistent energy denominators would help to 
clarify the picture considerably. The calculation referred to in 
Chapter IV (see Table IV)^ which yielded about 6 MeV for the con- 
tribution of the three -body term as obtained from the BBP spectra 
with and without the estimated three -body correction^ should not be 
considered quantitative because^ as indicated in Chapter IV^ the 
remainder of our calculation using their spectrum is subject to 
several large corrections. 

One further comment shoiild be made about the BBP calcula- 
tion. They treat the core separately and in good approximation for 
all angular momentum states. BG^ and also BM;, treated the core only 
for those states for which they also treated the attraction since 
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there is considerable cancellation between the two interactions for 
the other states. Thus^ to be consistent^ the treatment of the 
attractive interaction must be extended to many of the higher states^ 
including the appropriate tensor couplings. Fui'ther^ as B3P point 
out^ the treatment of the core in all states involves the assumption 
that the core is present in all states^ and is the same for all of 
them. This assumption has not been verified either experimentally or 
theoretically. 



C. THE PUFF APPROXIMATION 

13 l4 

The Puff approximation ^ is based on the Green’s function 

12 

formalism of Martin and Schwinger. The derivation is quite lengthy^ 

and we shall merely sketch it here and then discuss the final system 

of equations. A thorough discussion can be found in the papers by 

12 l4 

Martin and Schwinger and Puff^ and a heuristic derivation and 
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another summary in a paper by Falk and Wilets. Bell has also 
briefly reviewed the theory^ though not in detail. 

Consider the Hamili^nian 

K = H - nW (6.20) 

where H is the usual Hamiltonian 

H = | ^dr^dr^dr^dr^ 

X Y’*'(r^t^)Y3r2t2)v(r^^;r^r^)Y(r^t^)Y(£j^tj^) (6.21) 

i^with in = l). The total number of particles operator^ N^ is 
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given by 



Ih^ 



N = Jdr^ Y'^(r^t^) (6.22) 

and \x is a Lagrange multiplier (which^ of course^ turns out to be 
the chemical potential). For fermions the n-particle Green’s 
operators are defined by 

G^(l. . .n;l'. . ,n') = ( -i )’^e(t^. . . . . . tpT 

[Y(l). ..Y(n);f’^(n')-..Y^(1')] (6.23) 

where T[ ] is the time-ordered product^ and e is (-l)^ where 

p is the number of permutations to go from the time -ordered sequence 

to the ’’standard” sequence, t^ . . . t t ’ . . . t and 1, . . . , 

^1 n n 1 

n mean r_,t_ , . . . , r t . Averaged Green’s functions are 
11 ^ n n 

defined by 

^(me§|gJme§) 

G^ = [lffi|G^|rffi] = ^ (6.24) 

|(NE§|rffi§) 

whe re |ne§) is a state of given E (eigenvalues of the opera- 
tors N and E) and any other quantum numbers For simplicity^ 

we will not indicate the latter quantum numbers in our equations^ but 
they are there^ of course^ and must be summed over in actual calcula- 
tions . 

The G^ obey a set of linked equations: 

G^(l...n;l'...n') = G°(l n+l)V(n+l n+2)G^^^(2 3- . .n+l;n+2; (n+2)'*' 

^ ’ -I 

l'...n') + 2 (-l)j''*'^ G°(l j')G„ ,(2 3...n;l’...omit j'...n') 

j=l' 1 



(6.25) 







"^1 

f 

I 



4 . 



v;here V(l2) = i v(r^ - ~ "^2^ ^ local potential and 

(n -f 2 )*^ involves a time infinitesimally larger than that of (n -f 2). 

is defined to be for no interaction^ and the equation for it 

can be easily solved ( so that G^ is a known quantity). 

Finally^ it can be shown that the total energy per unit 
volume of the system is given by 



E _ (H> 
Q Q 



(2n)3 
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( 6 . 26 ) 



where G. (k . t -t ' ) is the Fourier transform of G^ (r^ t *r ’ t_ ‘ . 

1111 1^ 1 1 1 X 

With these definitions and equations in raind^ we proceed to 
develop the approximation. The equations for G^ and G^ can be 



written 



G^(lA') - G°(l,l-) + G°(l,2)V(23;45)G2(45;3h') (6.2?) 

and (with considerable rearrangement of terms from ( 6 . 25)1 



G2(12,1'2’) = [G^(1,1’)G^(2,2') - G^(l,2 ' )G^(2,1 • )] 

+ G°(i,3)g°(2X)V(34;56)G^(56,1'2') ( 6 . 28 ) 

+ (terms of order involving G|^ and ^ 2 ^ 2 '^ ’ 

It is in this equation that the approximation is made. The terms of 
order are dropped. An S-matrix is then defined (schematically) 

VG^ = S(Gj_G^ - G^G^) . ( 6 . 29 ) 



For z-ero temperature nuclear matter^ 



is determined by 



( 6 . 30 ) 







m n 



S(oj) 



mn j 



v/here the 0 are the kinetic energies anci uu is an energy 



parameter. This equation^ identical in form to the free two-hody 
scattering equation^ is obtained only after considerable manipulation;, 
and depends on the analytic properties of the approximate Green's 
function arising from a further approximation: that the chemical 

potential [i is independent of the interaction and is less than one 
half the binding energy of the deuteron (since the deuteron binding 
energy determines the location of the pole in the tvo-body scattering 
matrix). This assumption that is fixed;, negative and independent 
of V removes the Puff approximation from the realm of pure pertur- 
bation theory. If G^(rt^r’t') is expressed as a double Fourier 
transform of a spectral function^ A(k;,o))^ then it can be shovm 
that;, subject to the above approximations^ 



A(k,uj) = 2TTpj^6(ai-a)j^) 



(6.31) 



for two particles in the Fermi sea;, where 




(6.32) 
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(6.33) 



Buu '(ju=a) 
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and 





P 



is a modified Fermi momentum which is determined by requiring 



the sum of the p to equal the particle aensity (or^ equivalently, 
the integral over the approximate one -particle Green’s function to 
equal the total number^ N). Thus^ the density is given by 



P 




Pk 



(6.35) 



where the factor 4 accounts for the spin and isotopic spin degen- 
eracy. Finally, the energy per particle is 



E 

N 



r ^ + i \(\)] 



P 1 P'"''k 

P k<p^ 



(6.36) 



In this approximation^ the center-of -mass and relative motions 
separate^ and the T-matrix can be solved in terras of the relative 
momenta alone (as in the Brueckner-Masterson approximation). This 
leads to considerable simplification of the actual calculations. 

If we had solved exactly^ instead of approximately 

through (6.27) and the first two terms of (6.28)^ then the energy 
expression we would have obtained would have been exacts and we 
would have 

Eg = q (6.37) 

and^ at the equilibrium density (where the pressure of the system 
vanishes^ 

E/W = q . (6.38) 



(6.37) and (6.38) are just the equations of the Bethe-Hugenholtz- 
8 "^0 

Van Hove theorem. Puff uses (6.38) as the condition for the 

proper value of E/W. However, as Falk and Wiletshas pointed out,^^ 
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as well as the 



the use of an approximate equation for ^ 
presence of the ’’rearrangement energy/’ make ( 6 . 38 ) invalid and we 
must instead use the relation 



I? ° 

as the condition for determining e/N. 

Therefore the proper prescription for calculating E/N in 
the Puff -Martin approximation is the following: (l) calculate the 

scattering matrix^ S(ju);, as a function of the energy parameter^ uo; 
( 2 ) solve the simultaneous equations for ( 6 . 32 ); {^•33)? 

and V, (ou) ( 6 . 3 ^) for a given value of ; (3) calculate the 

K r 

density^ p ( 6 . 35 );, and the mean energy^ e/N ( 6 . 36 ); and ( 4 ) re- 

p 

peat the process for a sufficient number of values of p^ to 

determine the minimum of E/N as a function of the density^ p . 

This set of equations is actually more difficult to solve 

for a locals hard core potential than the equations in ML^ because 

the T-matrix must be computed for sufficient many values of the 

parameter x to make an accurate evaluation of p, (6.33) possible. 

However;, for a separable potential it is possible to obtain an 

analytic solution for S(o));, and the remainder of the problem is 

l4 33 

then fairly simple. Puff and Falk and Wilets have obtained 
solutions for an S -state Yamaguchi separable potential with a hard 
shell (with r^ = 0.4 F) . Puff, using the condition E/N = }j, , 
obtained e/N = -14.7 MeV at 0.92 F. Falk and Wilets found the 
minimum of E/W to occur at 1.01 F, with E/W equal to -17-6 
MeV. In both calculations, pp^ was about 5^ greater than the Fermi 



momentum of the non-interacting gas (i.e.^ the perturbation tneory 
Fermi momentum)- 

In evaluating their error^ Puff and Falk and V/ilets estimate 
the contribution to E/N resulting from the terms neglected in 
by dropping the last term of (6.28). They obtain several contribu- 

•D O 

tions of order S'^ (or v^), which are estimated to cause an error 
in E/N of "less than about 2 MeV" and an error in r^ of "less 
than about 10^.”'^'^ This error estimate is borne out by the calcula- 
tions of BM (Fig. 9) ill which^ with a simpler version, of the approxi- 
mation (described below) an error of 10^ in these quantities resulted 
for two different Gammel-Thaler potentials (-18. 9 MeV at O. 9 O F 
vs . -I 6.9 MeV at 1.00 F for the BGT potential). The BM version 

19 

of the calculation^ based on a description by Bell^ uses the 
S-matrix as defined by ( 6 . 3 O) but uses the Fermi distribution^ n^^ ^ 
in place of p, and the unperturbed Fermi momentum^ p ^ in place 

K I* 

P 

of p^ . This approximation was no easier computationally than the 

I* 

full BM approximation for the locals hard core potentials^ and the 
use of the full Puff approximation would have been an order of magni- 
tude more difficult because of the extra simultaneous equation^ ( 6 . 33 ) 
for 7 which requires knowing the S-matrix as a function of uu 
sufficiently well to take accurate derivatives of it. In terras of 
the computation itself^ this would require calculating S(uj) for 
many values of o) for every value of the momentum instead of using 
the "best aA^ilable value" (i.e.^ the value computed on the 

X^revious iteration) in an iteration scheme. The use of the full 
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Puff approximation would undoubtedly shift the result in the airection 
of the BM result^ but how much is not known. The full calculation 
was not attempted because of its additional complexity and because^ 
as discussed below^ there exists a second order discrepancy between 
an expansion of the Puff equations and the BG expansion. This dif- 
ference between the two approximations is a direct consequence of the 
assumption that is fixed and independent and negative^ said 
approximation removing (as noted before) the Puff approximation from 
the status of a pure perturbation expansion. 

The Puff-iy^rtin approximation is easily compared to the BG 
expansion if we expand in powers of the two -body potential^ v . 
Equation (6.33) the momentum density then becomes 
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An equation similar to this is used as the starting point of a heur- 
istic derivation of (6.33) ^or p by Falk and Wilets. Next the 
Puff equations are expanded in terras of the unperturbed Ferrai 
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raoraentura^ p , instead of p„ . To do this, we note that 
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Thus, using (6.40) 
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From this we obtain 
^ P 



1 



E 1 = - E - — ^ V V / N , 

1 1 ,^ ^ocu' . kXjmn , mn;(kje)J , 

k=p„ k^Px:, cju'+uj -e -e uq'='jj. 

•^F F ^ ^ m n 



+0(v^) 



k 



all m,n 



(6.43) 



and^ consequently^ using a Taylor expansion of the sums from k to 
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Pp about pp and expanding 
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Then the Puff -Martin expression ( 6 . 36 ) for E/N is, through second 
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Here we have used (6.43) to resolve the second term of (6.44). The 
EG expansion, on the other hand, yields 
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+ O(v^) - . (6.46) 



The higher order terms include terms arising from the expansion of 
and out of the propagator. By symmetrizing the second term 

on the right in (6.45)^ and by combining the last two terras of that 
equation and then subtracting (6.46)^ we find the difference in the 
two e:<pressions to be 
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This second order discrepancy has been evaluated for the 

75 

S-state Yaraaguchi separable potential "with the same paramieters used 
by Puff for r^ = 0. The details of the reduction are given in 
Appendix and the result indicates that these terras neither cancel 
each other nor vanish identically. It is emphasized that this cal- 
culation does not provide a real measure of the Puff -Martin approxi- 
mation; however^ it does indicate the existence of a non-vanishing 
second-order terra which has not been previously noted. 

We should also append a comment about the density^ ^ 

as given by (6.33)* As we have shown in Section I;, the true density 
is given by 

AE(n,e) . (6.48) 



The second^ continuous terrain which is missing from (6.33 )j> "was shown 
to be of order v . Therefore^ (6-33) is an approximation to the 
true in which the effect of the continuous portion is approxi- 

mated by allowing p to increase to p . That p is about 5^^ 

r r r 

greater than p is indicative of the importance of this continuous 
r 

portion. 

There is one other comment about the reaction matrix, 
( 6 . 30 ), which should be mentioned in conjunction with its similarity 
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to the free two-body scattering niatrix. There is a major ai3tincti:>n 
between the two. For the free scattering inatrix^ the energy parameter 
is identified as 

= Gk +AE (6.49) 

v/here AE is the energy shift of a single particle due to the inter- 
action with one other particle , and is therefore of order (1 /g). 

In the many-body case, where uuk is given by (6.32), the energy 
shift Vk is due to the interaction with all the other particles and 
is therefore of order n/q = p • In the former case it has been 
shown^^ that 



lira 
Q - “ 



AE = - 



lira 
12 - “ 



1 

Q 



(f ) a^(B) 



(6.50) 



where the S (e) are the free -scattering phase shifts. The binding 

JC 

energy computed in this approximation is much too attractive (-52 

o 

MeV at normal density^ with no sign of saturation for r^^O.SF).'^ 

In the many-body case^ the 0(l/n) terra^ which leads to 
the direct dependence on 6 ^ is "washed out" by the many-body 

X/ 

effects^ and the energy is proportional to tan 6. • Furthermore^ 

x> 

the 6 should be the phase shifts appropriate to a many-body 

JO 

medium^ not the free- scattering phase shifts. It is clear^ further- 
more^ that the region of uu(k) for which the S-matrix is required 
for the many-body problem is far removed from the region determined 
fromi two-body scattering experiments. 



D. MOHLING APPROXIMTIOK 



The central element of the Mohling appro xirrar ion is 

the free-scattering matrix^ just as in the Puff approximation. The 

derivation^, and the approximation itself^ differ from Puff's^ how- 
19 

ever. Bell has summarized the approximation as follows: 



Mohling uses a variation of the 'binary collision’ 
expansion of Lee and Yang. The essential ideas are con- 
venient! v explained in terms of the diagrams of Montroll 
and Ward^^ (see also Bloch and de Dominicis92 They 

represent the perturbation development of the grand par- 
tition function 

Z = Trace [exp - 3 (H - juN)] . 

The solid lines [see the typical diagram below] represent 
the propagation of any number of particles from 'time’ 0 
to ‘time’ 3. Because of the trace operation the particles 
must end in their initial positions or (because of anti- 
symmetrization) in a permutation thereof. The pairing of 
initial and final states is indicated by dotted lines; 





\ ^ 














1 








\ 


^ \ 


1 








/ ' \ 


\ 


\ 




1 

i \ 





these may be thought of as continuing the solid lines on 
the far side of a cylindrical surface. The siggly lines 
represent interactions between particles. Each such 
graph contributes a term to Z by rules that we need 
not set out here . 

Now by a number of partial summations smaller 
oets of diagrams^ with modified rules of calculation^ 
can be made to suffice. In the Lee-Yang-Mohling 
development the following types of diagrams are eliminated 
in the following order; 

(a) 'Unlinked diagrams^ ' containing parts not 
connected to the remainder by either dotted or wiggly 
Ii-ines. Z is the exponential of the sum of the linked 
diagrams only. 
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(B) Dicigraiiib containing 'laaders ' in vmich tv/o 
particles interact i'epeatedJ.y^ without Interacting with 
a third. In calculating with the reinaining diagran:s a 
’W'iggly line represents a matrix element of a scattering 
operator rather than a potential. 

(C) Diagrams wirh 'self-energy parts' connected 
to the remainder only hy two solid lines. Each solid 
line is given a modified propagation factor to allow for 
the possible insertions. 



Because (b) is performed before (C); the inter- 
mediate states of the ladders propagate in an unper- 
turbed way. This results in unperturbed kinetic energies 
appearing in (l). But the subsequent insertion (C) of 
self -energy parts in the external lines of ladders modi- 
fies the initial and final energies^ and hence the 
appearance in (l) [the scattering matrix equation] of 
W [the self-consistent single particle energy for 
holes] . 



The Brueckner reaction matrix is obtained by doing (C) 
before (B) and by eliminating^ between (C) and (B)^ the ’’spirals” -- 
lines which completely loop the cylinder one or more times without 
interaction. 

Mohling’s e>cpansion matrix is the same as Puff's^ (6.30)- 
However^ Mohling's equations are correct to a higher order because 
his energy expansion contains second-order terms (in the reaction 
matrix) which explicitly cancel the second-order terms arising from 
the differences between his expansion matrix and the Brueckner K- 
rnatrix. The calculation in BM is exactly the first-order Mohling 
approxiri:ation and indicates that the BM approximation will yield 
approximately 10^ errors in r^ and Mohling 's own calcu- 

lations^ however^ he further reduces the problem so that he can 



s 





isola'ce a part which depends only on scattering phase shifts. His 

initial results^^^ in which he uses an S-state square well with 

, repulsive core to calculate the other parts of the approximation, 

yielded a disappointing -36 MeV at r^ = 0.75 F (c.f.. Gomes, 

TT 

Walecka and Weisskopf with -6.9 MeV at r = I.I 3 F for the sane 

o 

potential with a very simple K-matrix approximation). Mohling esti- 
mates that the use of a better potential and more accurate accounting 
for correction terms would improve these results considerably. How- 
ever^ some error is undoubtedly generated by his use of the free- 
scattering phase shifts: the phase shifts appropriate to this type 

of calculation should be the phase shifts for scattering of two 
particles in the nuclear medium. Although the BM calculations indi- 
cate that the version of the approximation employed by them gives 
reasonably good results^ they also indicate that the approximation in 
this form is no simpler with locals hard core potentials than the BM 
approximation -- and is less accurate. 

Finally^ there exists a high degree of cancellation in the 
second-order terms occurring in this approximation and also between 
the second-order terras (due to the exclusion principle) and the 
third-order terms (due to neglect of particle self -energy in propa- 
gators). Because of this cancellation^ these terms must be calcu- 
lated quite accurately and with realistic potentials to be mieaning- 
ful. In particular^ the use of a different potential from the one 
used for the first-order terras could lead to appreciable error (as it 
does in the approximation described in Chapter VTl) because of xhe 











"v-S 



different high order behavior of the potentials enpiloyed. Hov^ever^ 

for calculations in which a siniple formulation is desired^ and 10*^ 

accuracy is sufficient^ the first-order theory described in KL (and 

19 N 

by Bell ; is very siniple to use with separable potentials. It is 
much simpler to employ than the Puff approximation because the self- 



consistent equations for the momentum density do not appear. 
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VII. 



AN EASY NUCLEAR RATTE:x APPRO XI KATIOi. 



In this chapter a relatively easy nuclear matter apx:^rv:^ximc 



tion is suggested and evaluated. Motivated by a result derived in 
Chapter II^, it features a release from the "self-consistency” require- 
ment which complicates other nuclear matter calculations. There are 
only two computationally difficult quantities required^ the Green’s 
functions and the momentum density (through second order). The for- 
mer^ being independent of the nucleon -nucleon potential in this 
approximation^ can be computed once (on a computer) and tabulated for 
all future use of the approximation. The momentum densities, on tht 
other hand^ can be calculated with a separable potential and lixewise 
tabulated. The remaining equations are all easily handled: a desk 

calculator would suffice_, though a small computer would be desirable. 

The approximation to be employed is motivated by the 
derivation of (2.78) in Chapter II: 



E = E € 
k 



+ [ AE(p,e) ] 



no self-energy 
processes 



(7.1) 



v;hich would lead to an expansion matrix 



t 









+ E V 



(l-p )(l-p ) 



mn;k^ 



(7.2) 




SO that 







(7.3) 
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In the absence of an experimental the above calculation v/ouxd be 

very difficult. However^ we may approximate the above reaction 
matrix with the t-matrix derived in Appendix B (B.l) 



= V. . , + Z V. . 



(1-n )(l-n ) 
^ ra n 






ij;mn 

G.,+ G -e -G 
k: i m n 



rnn;kx 



(7.4) 



and use a second-order (in t ) calculation of the density, defined 
in Chapter II (2.23): 



p = n - 1 - E t 
q q ^ < mn : 



mn;q£ 



mn 



(1-n )(l-n ) 
m n 

(c “C ) 

^ q ^ m n' 



— t / sn + . . . 

2 mn;(qt) I j 



(7.5) 



+ (l-n ) ' S t 



(1-n ) 



k £ q. 



2 qn;(k£)Vi 



To verify this solution, we substitute (7.5) in (7>3) 



1 1 

AE = - Et , .n n - i E t - 2S t . ^ 

2 i 2 kX;(k^) i. . mn;j^ , .p 

(^0 4-0 -e _e j 

ran q_ i m n 



ran: 






(7.6) 



+ ^ 2 t / \ i 22 t . . 

^km km; (km) mn;j.e 



(1-n )(l-n ) . , 

^ ™ o 1 • /j n . fn,n + 0(t ) 

2 mn;j.e j i ^ ' 



•+e -e -e , 
j 2 ra n^ 



Or, changing indices 



1 



(1-n )(i-n : 
m n 



= 2 “ \t;(k£)\i - 2 if/k^;mn . . 

ran ^ k "X m n' 



2 ran;(ki) x 



^ v-i -^jk;(jk) hr;o(jm) " hn;(jn)^ “j J ' 



On comparison with (B.2)^ it is apparent that this approximation is 
exact to fourth order. Further^ the terms in the hrackets in (?.7) 
are Just the single-particle potential energies in the t-matrix 
approximation ; with A = 0 (in the t-matrix denominator) for all 
momenta. 

For those t-matrices computed with hard core separable 
potentials^ the further approximation of Chapter IV was employed: 
namely^ the "realtive momentum approximation” with the t-matrix 
defined by 



ff-o 



k’;k " k';k ' ^n^'k'jk” ^ 



M 



with 



(7.B) 



Z = holes 

= k'% ; k' < pp - (7.9) 

= _ j- particles . 

' = PpVM ; k' s pp 

The above approximation leads to considerable computational 
simplicity. Furthermore ^ the neglect of the P-dependence of the 
energy denominators of BM is exact. The calculation consists of the 
following : 



( 1 ) The Green’s functions (^. 5 ) are independent of the 
nucleon-nucleon potential because the energy denominator consists of 
kinetic energies alone. Therefore^ the Green’s functions can be com- 
)uted very accurately Just once and tabulated. Because they need to 
oe computed only once^ th^ / can be treated in a straightforward man- 
ner^, by numerical integration to an extremely large momentum so that 
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the correction to the integral is either negligible or very trivial. 



Once tabulated and reported^ they need never be computed again. 

(2) The density (7-5) can ^Iso be calc ceased once and 
similarly tabulated. For this ^.urpos^- a separable j^tential vrLth 
hard core or hard sh^ll could used. 

(3) Then -with the Greenes functions and densities 
’’known" quantitieo^ the full oystem of equations zo be solved for any 
given local potential with hard core consists of 

(a) Eq. (^.8) for the modified basis functio-.s^ 
s^(kr); 

(b) Sq. (4.9) for the modified Green's function . 




(c) Eq. (4.10) for the radial wave functions, 

U^f^(k,r); 



V(p) 



2 - 



2 i 
TT “ 



+ 



(d) Eq. (b.ll) for u ; 

,^;k 

(e) Eq. (4.12) modified as follows for : 

fpp-p) ^ 

k^dk J p( y^k^+P^-4pkp,)dy, + 

"o _i 



i(Pp+p) 

k'^dk 

|(Pp-p) 



-( 



T3 2_p2_4i^l k;k 
I* 



Ak^-:-:f-4pku)dy, 



4kp 



■J 



(7.10) 

jP ^ Pp • 



r'or p > P-n first integral vanishes. 

I* 

(f) Eq. (4.13) modified as follows for E^^ 




(7.11) 



The equations of (3) above are all Incieijendent ^ ana most 



are trivial. Only the equation for the radial wave functions^ (4.10)^ 
presents any difficulty at all. However^, it can be solved by itera- 
tion;, and if iterated as indicated in BM^ three iterations should 
suffice for accuracy camrnens urate with the overall approximation 
(within 0.2 MeV). The numerical integral in (T-H) cuts off quite 
rapidly. 

Equations (a) through (f) above can be solved on a desk 
calculator even for a fairly complicated nucleon -nucleon potential. 

This approximation has been evaluated in two different 
cases. The first evaluation;, used to test its feasibility;, was to 
use the approximation indicated by (4.22) ivLth V’ computed wiuh 
A = 0; i.e.;, using (7*7) above. To calculate V - V’ (a = O) we 
actually used V(a) - V*(a). This is a good approximation because the 
curves of V and V(a) are nearly parallel (see Fig. 4 of BM) . The 
other calculation^ involving V(a = C); v;'ould have required modifica- 
tion of the code to perform a principle value integral in (4.5). 

This could have been achieved computationally with the replacement 
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(7.12) 



v:liere 6“ is chosen small enough ( ~ 5 "to 10 MeV) thau the tvo sides 

of (7- 12) are essentially equal except very near u; = uu „ = ^ 

K Ic p_ 
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The calculation yielded the curve of E. vs. r shown in Fig. 9* 

The values obtained differ considerably from those indicated in 
Table IV^ an indication of the importance of taking A = 0 for this 
approximation. The minimum of the above curve is - -l4.0 MeV 

at r^ = 1.04 F^ in good agreement with the BG and BM results 
(-15*2 MeV at 1.02 F and -I 6.9 MeV at 1.00 Fj, respectively). 

This result indicates that the approximation can be expected to be 
semi -quantitative . 

An attenpt was also made to calculate 0 ^ with a separable 

k 

75 

potential. The Yaraaguchi potential without hard core was used. 

The calculation of the density is described in detail in Appenaix E. 

O o 

The resulting density is indicated in Fig. 10. Brueckner has 
obtained a similar density from an approximate calculation \rith a non- 
local interaction. V/hen used in (7-iO) and ( 7 .II) with the same 
t-raatrices as used in the previous calculation^ the density of Fig. 

10 gives 32.1 MeV at p = 1.52 F ^ (no attempt being made to find 
the minimum). The reason for this result is obvious. Without the 
core^ the Born approximation converges rapidly^ and therefore the; 
high oraer terms are small. Alternately^, a hard core would deplete 
to a much greav^er extent the states below the Fermi sea (the average 
aensity being about 0.87^^ vs. O .98 without the core). Therefore^ 
j-U is excceaingly important to use a separable potential which 
uicluacs the hard shell or hard core interaction. It m*ay also be 
l.portant that the potential include a reasonable tensor-central 
xorce ratio. However^ since represents an average over uhe 
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Fig. 9 - vs. for the "simple approximation" using 

the BGT potential. 



Fig. 10. Momentum density using the Yamaguchi potential. 



The potential does not have a hard core. 
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t-rnatriy: eaernento cvnd oince the thira-c^raer ten:, in {7-oj wily, 
include one pover of t computed with the full potential^ it ie 
probable that just including the core effects will be sufficient for 
the type of investigations for which this approximation will be use- 
ful. A program in now underway to use an S-state potential with hara 
shell (the same as that used by Puff^^ and by Falk and Wilets^^ since 
it is lenown to give reasonable saturation properties). 

Once the density and Green’s functions have been calculated 
and reported^ this approximation should be quite useful for a large 
variety of investigations. As emphasized earlier^ it can even be 
completed on a desk calculator^ though a computer (even of very 
limited capabilities) would be desirable. Among the possible uses 
one can envision are the evaluation of the effects of various 
phenomenological potentials^ further investigation into the influence 
of various terms in the potentials and in the expansion;, and any 
other investigations into the nuclear matter problem where relative 
comparisons v/ould be informative. The approximation might even be 
simple enough to use as a problem in graduate courses. It v/ould be 
simple to teach and its solution should prove quite instructive. 
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APPENDIX A 



THE BRUECI<CNER-GOLDSTOI'IE Lli'H^CED CLUSTER EXPAI'ISIOK 



This appendix discusses several derivations of the 

1 2 

Erueckner-Goldstone linked- cluster expansion ^ (BG expansion) for 



the energy of the "normal” many-particle Fermion system interacting 
via two-body isotropic forces under conditions such that the unper- 
turbed ground state is characterized by a spherical Fermi surface. 

Tv/o of these derivations are reviewed in detail. The first deriva- 
tion^ by Rayleigh -Schroedinger perturbation theory^ is conceptually 

simpler but cannot be easily extended to all orders. The second 

2 

derivation^ due to Goldstone^ is rigorously correct to all orders of 
perturbation theory for the type of system being considered. Exten- 
sion of the BG expansion to systemis for which the unperturbed ground 
state is not spherical and some topics related to the general valid- 
ity of the expansion are discussed. 



The Schroedinger equation for the system is 



(H^ + = El = (E^ + AE)Y . 



(A.l) 



The unperturbed Hamiltonian 



H = E e 



■° k 




(A. 2) 



satisfies 



H ^ = E 9 



o o o o 



(A.3) 
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$ is the unperturbed njuny-par uiclc vr^ve I'^ictioa; j.t ..’c. jriP’-. a 
o 

filled Fermi sea --a state vith no "particleo” (a ’’parti cue ” -jin£- ^ 

■’uasi -particle with momenta greater than the Fermi rnornenuim:-; p_^) ana 

1 ' 

no ’’holes” (a ’’hole” denoting the absence of a quasi -particle with 
momentum less than Pp)- The uerm ’’quasi-particle” is used to denote 
the fact that the independent ’’particle” of the model need not be a 
real nucleon^ but it may be a nucleon surrounded by some distortion 
of the neighboring nuclear matter. The interaction Hamiltonian 



H 



I 



1 ^ ^ 

ttI- "^1/1 a a^aa 

2 k^;mn k m n 

ki;ran 



(A. 4) 



satisfies 

= AEV (A. 5: 

where ^ is the true wave function of the interacting system. Units 
are chosen such that h is equal to unity. For the present^ 
the ‘unperturbed Hamiltonian^ is siirply the sum of the single -particle 
Kinetic energies^ so that 

= k^/2M . 

The quasi -joarticle creation operator a^* is^ in the ’’particle -hole” 
framieworm, the creation operator for a ’’particle” (|k| > p^) or 
^nnihi^:^uion operator for a ’’hole” (|k| ^ p^) . The corresponding 
uinihilauion/creation operator is a^ . The expectation value in the 
..perturoed ground state of the number operator, n, = a. '*'a, . is 

A K K 











t.» *1*: 
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The two-body interaction v ^ is the momentuiu ^'^ja.ce transform 

ia ;in.i 

of the actual spatial two-oody potential (whose existence we 
postulate). Throughout this section momentum indices are vector 
quantities . 

Before discussing the ’’successful” many-body perturbation 
theories^ it is instructive to review the reason for the failure of 
the well-huiown BrillOuin-Wigner perturbation theory. The prescrip- 
tion for obtaining a perturbation expansion in this theory is to 
e>cpand the wave function^ 1 ^ in terms of the unperturbed wave 
function. 5 . Substitution into the Hamiltonian (A.l) then leads 

to the following expansion for the interaction energy (indicated in 
operator notation): 

SE. (Hj. H * ...) , ) . (A.7) 

E +AE-H 
o o 

^ is an o^jerator which projects out the unperturbed ground state 
(i.e.;, cq^^als zero when operating on o^) . An analysis of the 
H-dependenc^ of the terms in this series^^^"^ shows that the first 
order teitn is proportional to the total number of particles^ and 

;^hat a^l 'nigher order terras are of order unity compared to N. This 
looks ^ at first sight;, like an ideal expansion for an infinite (or 
Scry ^arge) system. Unfortunately^ however^ the higher order terms 
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' X 



\ 









are alj_ about the sarae size^ and their ou.iri is of oraer N. TerLi.. of 
every order rnust therefore be considered in computing AE . For this 
reason^ Brillouin-Wigner theory is not suitable for many-particle 
systems , 



A. Rayleigh-Schroe dinger Perturbation Theory 

An early successful method of obtaining a perturbation 
expansion valid for many-body systems -was Rayleigh-Schroedinger per- 
turbation theory. It has the advantage of conceptual simplicity^ and 
the disadvantages that one can work with it effectively only in the 
first few (up to about six) orders^ and that extrapolation to all 
orders of any results obtained therefrom cannot always be rigorously 
proven. 

We write the Schroedinger equation as 

(H + - EY (A. 8) 

and where X is an expansion parameter (which is assumed to be small 
but which is set to unity in the final resixlts). The true (inter- 
action) wave function^ Y ^ is written in terms of the non-inter- 
action wave function^ as 

$ = S§ . (A. 9) 

O O 

Then oouh S and E are expanded in power series in the expansion 
^:>urairjetei' 

S = 1 + + X + ... 



(A. 10) 
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E = £ + Xe* + A 

O 1 d 



tacn substitute (A. 9)^ (A.iO) and (A. 11) 
equation (A. 8) and equate equal powers of A 
some algebra^ that 






into uhc ocnx’aedinger 
One can show^ after 



e = (§ , H S , $ ) 
n ^ 0 -’ I n-1 o' 



n s 1 ^ 



(A. a) 



and 



n-1 

S=iH^S--Z eS 
n e I n-1 e m n-m 

m=l 



(A. 13) 



where = 1 and the propagator is defined as 



1 ^ Q 

® E -H 
o o 



(A. 14) 



with Q being a projection operator which projects out the unper- 
turbed state 9 , 

o 

Q-1-Uq)($oI • (A. 15) 

Brueckner^ gives this expansion explicitly through fourth order. 

At this point it is instructive to examine the N- 
dependence of various terms in the energy expansion. Brueclmer"' 
analyzes this dependence quite thoroughly^ and we shall merely indi- 
cate the method and the results. The first teimi. • e = (§ ,H ^ )=E . 

is clearly proportional to K: the total kinetic energy is the total 

nsunber of particles times the average kinetic energy per particle. 

The fir*^ u ox^der energy^ cp = proportional to Kp 






'4 

tfiL. 







(wiie:r0 "tiiC density, p , is K^yb con^Ociijb s.s che v_/_uLUi.<w ^ , -i.cl. 

IJ becoi/.o infinite). To see this, vc >ri.ll write out the r-.iUri/C ele- 
ment explicitly: 



ij 



V. . , . . V X _ £ (v 



- . . . -V. . . . ) = 

ijjji 









In the last equality we neglected the exchange terirj^ which merely con- 
trihutes a constant factor. Transforming to center-of-irciss and rela- 
tive coordinates^ and using the explicit representation of the non- 
interacting wave function 





ik* r 
e — 



we obtain 



S dr v(r) n.n. 
1 1 j 



(A. 17) 



In a large system^ the integral over r is independent of 1 if 

v(r) has a finite range. The sum over i and j gives a number of 

order K~ ^ so that the total dependence is K^/q = hp . For 

. (l-n )(l-n )n.n. 

~ H 6 ) = 2 V. , . 2 V (ij) 



1 J rn n 



:a.i 8 ) 



..uere is u fuctor from the i,j suit., a factor Q fro.;, the 

..iiiylc Inle jendent sum over intermediate momentum states fro:.; the 



i‘. y 11 — * x"! wV. I .. 



relation 
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v;-ave functions appearing in the two 'matrix elements. The propagator^ 
oeing a difference of free kinetic energies ^ is a local property of 
order unity compared to K. Thus is also proportional to N . 

oirnilarly^ it can be shora that the energy contribution in every 
order will have a term proportional to N ^ such a term including 
all possible "linked clusters" and associated renormalization terms. 

A "linked cluster" is a rirultiple interaction in which the separate 
tv/o-body interactions are so linked through their momentum indices 
that the interaction cannot be described in terms of two or more 
mutually independent parts of the original interaction. An example 
of an "unlinked" term occurs in third order ^ below. 



In third order^ >fith 
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(A. 20) 
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(l-n )(l-n ) 
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(A. 21) 



..oiiCii can ce shown to be of oraer (Np)"^ as follows. Since 




is independent of the v/c write (A.^lJ >... 



1 V 

T ^ V. 
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^ kiitin (, +, _g 

' k i Ki n' 



— V /, ,>. A - z. V. . / . . vn.n. 

, yi mn;(ki) ^ ij;(ij) i j 



.n.n, (A.^'-', 



by using the fact that (l-n )"“ = (l-n ) and by separating the 



r;i 



sums. Each term in (A. 22) is separately proportional to lip; uhere- 
fore^ the full unlinked term is proportional to (Wp) . However^ the 
renormalization term (the second term on the right hand side of 
(A.20)) can be written 



^ , 

- l :r z- V, 



, /d- 



(l-n )(l-n )n.n. 
m ' ^ n 1 ,] 



^2 ?y‘;(j^^ij;(mn) ^2 ^mn;(ij)^ 



1 j m n 



- — 2. V. . 



(l-n Y l-n )n, n . 
rtd n^ k i ^ 



^ k^mn'"j^^"“) (e.+e-c-s)2 mi; ( i j ) L j V jk; ( jk) 

^ K I m n 






+ V. 



jJ 



_ ,, (l-n,^)(l-n^)nkO, 

' ‘’larnnhj;(™) f '^nin;{W) 

^ k a m "n^ 

the lirsu term on the right is identical to {k.22) except for sign^, 

2 

and uhus cancels it. The second term^ of order Np ^ may De corn- 

uined vith the ’’linked” portion of (o H_ — H_ i H_§ ) . The last 

^ ^ o^ I e I e I o'^ 

2 

term is of ^raer p and vanishes compared to N as N oecoine^ 
infinio^'. The term in square brackets has no factor ~ because v:e 
have i.^sleded in it the (equal) term with uhe index j inuerchangea 
sith >..-r X, as appropriate. 
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Similarly^ in every order one obtains unlinlced parts ^ all 



of vfnich are cancelled exactly by the appropriate? tcrins from the 



this explicitly through fourth order and reporus carrying uhe proof 
out through sixth order. 



the energy of the quantum many-particle system is not surprising -- 
the corresponding theorem in statistical mechanics is well-known. 

It is of fundamental importance to quantum many-body perturbation 
theory because it ensures that the energy series has a normal 
behavior: for large N the energy per particle is independent of 

the size of the systemj. 



to supply a criterion for setting up a meaningful first order trial 
function of the form 




The conclusion that only ’’linked clusters” contribute to 



Unfortunately^ the Rayleigh-Schroedinger theory still fails 




H 




(A. 21.) 
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The Ritz variational principle 
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o o 



tnen yieuas 



E ^ s + e., + 
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where 




f 



^ 7 ) 



Since A 



is proportional to Np for large the last term 



vanishes in the limit and we have 




which is the result we would have obtained using alone as a 



trial function. Since this trial function produces no improvement in 
the energy of the many-body system^ we conclude that it has no 



inconsistency in the fact that we can have a rapidly convergent 
energy expansion while havang at the samae time an exceedingly poorly 
converging wave function e>qpansion. The heart of the argimient is 
uhe fact that the energy is determined by the local properties of the 
wave function (which the perturbation series can predict quite 
accurately) whereas the wave function for the entire system requires 
a description of the full system which is equally precise at every 
locality in the system. The energy of the system is independent of 
the normalisation because the normalization factor is cancelled in 
nui^ierator and denominator whereas the total wave function is^ of 
course ^ normalization dependent . 
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physical meaning for our problem, Brueckner analyzes the apparent 



u , 



Goldstone Proof of the Linked-Cluster Expansion 



2 

Goldstone was the first one to prove the linked- cluster 
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e:cpansion to all oraers of ^^ort^orbatl ' : tl.c:/ry. HI 
heavily on four quant Lcal'tjol. '' fnich aiv ox'*i ^fl ' 

first: the developir.unu operator^ th^ adiabatic uheoro..., Wic. . 

theorenq and grapnical representation of perturbation ter*.a. 

Although these topics can be found in textbooks on cuantu:ji fiel 
theory (e.g.^ Schweber^^^); they are reviewed here in order to i:.axe 
the discussion complete and to fill in a few of the interrneaiate 
steps that are frequently omitted. 

1. The Development Operator 

The development operator 

= exp(-iH(tg-o^)) (.-.. 28 ) 

has a simple physical interpretation as the time -translation iterator 
for the wave function^ TC't); of the system described by the 
Hamiltonian K: 



- U(t2Xi)aq) • (--29) 

can oe verified by operating with ')/bt^ to recover the time- 
dependent Schroedinger equation. We now go into the interaction 
representation^ \7ith H = H-^ by defining a new v/ave function 

i by 



o = e>OD(-iH t)V . 
o 



(A. 30) 



We 1 inci tnnt 



satisfies 







f'' 






iY - H^(t)Y 



(A-31) 



' where 



I-4(t) = exp(lH t) H exp(-iH t) . 

js y Q / j ^ \ Q / 



(A. 32) 



In the interaction representation, the development operator 



iHp2 -lH(t -tp -iHp^ 
UCt^^-Ci) = e e e 



(A. 33) 



satisfies the differential equation 



3U(t2,t^)/3t2 = -iH(t2)U(t2,t^) 



(A.3A) 



with the boundary condition U(t^t) = 1. Equivalently^ it satisfies 
the integral equation 



= 1 - i j ■ H^(t)U(t,t^)dt 

h 



(A.35) 



Iterating this equation leads to the expression given by Dyson 



b5 



U(t^t^) = 1 (-i)^ J dt 



n=o 



dt. 



tn-l 



t 



dtnHptpnptp 



.. H^(t ) 

I n' 



S luL dt ^ dt . . . at 
n.’ t 1 •_ 2 ■+ n 

n=o t o t 

o o o 










‘ 



I 



T is the chronological (time-ordering) operator: it oraer^ the ten;.^ 

in the brackets in order of increasing time from right to left. The 
factor l/ni in the last line corrects for the over-counting of 
equivalent terras introduced by using the T operator and extending 
all integrations over the full time range. 

2. Adiabatic Theorem 



The form of the adiabatic theorem we are interested in was 
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proved for scattering theory by Gell-Mann and Low. 

If the interaction Hamiltonian depends linearly on a cou- 
pling constant^ g, so that H = - gH^^ then the adiabatic 

theorem asserts that the true eigenfunction of uhe interacting 
system,, Y,, can be obtained from the unperturbed wave function,, 
by starting at t = ± co with the interaction "off" and turning it on 
gradually until at time zero it is up to full strength,, and further 
asserts that the prescription for describing this process is as 
follows. We use the "adiabatic" U matrix which satisfies the dif- 
ferential equation 

B/5t U^(t,t ) = -ig exp(-c^ltl )H (t) U (t,t ) , a > 0 . (A. 37) 

u o X U o 



thus describes the xrrocess of gradually turning the inter- 
action on from zero to full strength between t = and t = 0 . 
u_(0,-'^) has a similar interpretation. \Ie shall prove that 









Y 



lira 
a 0 



(A. 38) 



The expression for the energy is then 



E = 



(6,HY) 






= E + AE , 
o 



(A. Ay) 



with 



AE 



lim 
O' -> 0 



(.!,gHjU^(0,±co)o) 

(9,U^(0,±c=>)§) 



(A. 40) 



The fact that 1 is a consequence of the normalization of Y 

in (a. 38)* The assumptions needed to obtain the above results are: 
1) the state in question is non-degenerate; 2) the states are dis- 
crete (which is true for the finite system and which we assu'we to be 
true for the limit Q and;, finally;, 3) the desired state V of 

the interacting system is continuously derivable from the chosen 
unperturbed state $ -- i.e.;, 



and 



lim 

g 0 






$ . 



(A. 41) 



lim 



„ E = E . 
0 o 



(A. 42) 



In terms of the coupling constant^ g, we will also prove that 

5 

fx, Tr ^ lim 1 . 5g ■”)5) 

^V,gii ■:') - AE' = 0, _ 0 2 • 



(A. 1*3) 



3'or the two-body problem^, “") "^^le conventional scattering 



i 



1 



To begin our proof; let us aefine a state 



1(a) = u^(0;-co)o . (A. 4^) 

We will prove that '^(<^0 is (e:-:ce]pt for normalization) the 

true state of the interacting system; V . hoW; by virtue of our 
definitions of S (eigenvalue of H ) and of U ; we have 

O ^ O 0 ^ 

[H ;U (0;-co)]$ = H V(a) - E Y(a) . (A.^>) 

o ^ o o 



But; 



[H,U^(0, -»)] 



[H 4 



n 



o o 

dt^ . . . ' dt 
^ ^ 1 "_oo n 



n.' 







(A. 46) 



“ (-i)^ ,, ° ,, n G'('fc]^+^2‘^- • • 

-1 E — dt. . . . dt g e ^ 

n=o f ± ^ n 



Z..) 



V ^ 
-.=1 



T[H^(tJ...H^(t )] . 



Tne last line is a consequence of the fact that in the interaction 
representation is the time translation operator; i.e.; for any 

operator F(t); 



i[H^,F(t)] = 6F(t)/dt . 



(A. 4?) 



xdc ii-GCigrand in (A. 46) is syrarnetriC; 
-*.d (.-*.46) is equal to the following 



n 

so that Z o/ot^ 

^=1 

— -1- 



Wi.en operating on 




V 



« 

2:^U' 

'^jH 

J^K 







\ V (-1)“^'^ n ■■‘J ,, C'{tj_.t, -t^) 

(H - 1 . )vfe)«. - L _z_ e , -'-X--' "n 

n=l (n-l)J -- 



[Hj(t^)...Hj(t^;, , 



1 



■=° , . \n-i o 

1- - 

(n-l)J 



dt 



; /\ 



. 48 ) 



^ G?(t^+tp+. . . + t^) 



1 rHj(t^)...H-(tJp 



U'(t-|4-tp+. . *+t ) 

c^e T[H^(t^).. .H^(t^)] ; 



The second equality reduces to the first if the partial derivaurve 



with respect to t^ is performed. Now 



o . at c/t 

r dt, ^ [e ^ Hj(t^)] = e ^ H^(t^) 



-a. 1 0^1 

_co 1 



T" 1' 



h=° 



v-“ 



= H^(0) . 



(A. 49 ) 



^iierei’ojre^ by changing indices of summation in the fii’st sum of 
(A. 48) so that this sum again runs from zero to infinity, by assiuning 
uhat the aependence of H(0) on g is linear, (H(0) = H^+gH^(0)), 
and by using (A. 47) and 



n 1 5 n 



Wu xi<.._ 



(A. 50 ) 



-X 







(H -E JyCo') = (-gH (0)+iag - E ■ 

O O 1 Og V. p=o pt 



J? •• • ^ 

a*U- . . . ’ at 

" ^ - P 



cy(tj_+t2+. . .-t^) 



^ T [H_(t^)...H^(t^^)];Q 



-gH (0)U (0,-o=)v + io'g U (0,-o)^ 



(A. 51) 



The last equality follows directly from (A. 30 ). V/e have therefore 
shovm that 



(H^ + gH^(O) - E^)Y(a) = (H-E^)Y(c/) = icyg ^ 'H{a) . (A. 52) 



Similarly^ one can show that 



(H -E )uU0,+“)5 = 



O o' O' 



- io^g ^ U (0,+“)$. 

Og a 



(A.53) 



Taking the scalar product of (A. 52) with V and using the face uhat 
(y|h = E(y| ; we obtain 



AE = E-E = 
o 



ic^g(l,T- U (0, -®)<i) 
og U 



(Y,UyO, --)2) 



(A. 54) 



On uhu o\^ner hand^ using (A. 52), we note that 



(pi -S •: )Y(c<') W/ \ 

= icg 1^— Xn(2,Y(c))^ 






(iAl('^)) 



(A. 55) 



--0 GiU 



if we call 




i 



(A. ,6) 



Ibc 



/'(a) - 



U^(0,-«)c 



:(a-) 



)v) (o,V(a)) 



then 



(o,(K-E )V’(cv)) = lag ^ log(g,U (0,-co)o) . (A. 57) 

Thus, if the Y*(g^) exists and is well-defined, we have from 

^ a - 0 ^ ^ ^ 

(A. 55) and (A. 53): 

(H-E )y(0) = if ^ iag ^ log($,U (0,-“)5) , V-(0) 



= (§,(H-E^)7'(0))Y'(0) , (A. 58) 

and -'(O) is an eigenfunction of H which goes over into >: as 

g -* 0 . Therefore^ 'i '(O) = 7 . A similar calculation for U(C,-r^)i 
leads to (A. 38). It must be stressed that U(0,-“)o and U(0,+“)§ 
converge to the same state only for the discrete specnrujii. For the 
continuous spectrum, U(0,±«>)s converge to the in- and out-solutions, 
, respectively, which are different eigenstates of the total 
Hamiltonian . 

Combining (A. 38) for V and (A. 5^) foi" the level shift, we 



1‘iave 

(Y,gHj7)=AE'= 



lim 
a G 



IG'g 



(■:yu;^(o,+co) |- u^(o,-~)§) 

-“)y 



(7, U^(~. 0 ) Ujo,--):) 



lim 
a — 0 



(5,U(oo,-co)5) 



(A. 59) 



lim 1 
a 0 2 



iQ'g 






(o,U(~, 



- 0 :) 

. o =) q ) 



The perturbation forniulae for V and ZlE are nov obtained 
by carrying out the time integrations in the expressions for the 
limits in equations (A. 30 ) and (A.4 o) (we 1 ^rill use the latter e>rpres- 
sion for AE rather than (A. 59) bhis time). In order to do this 
explicitly^ we obtain gH^(t) from 



gH = i 2 V. . a /"a "^a. a. 
I 2 ijjkX I k 1 : 



(A. 60 ; 



by substituting 



a, (t) = a, exp(-ie. t) 

for a, and then multiplying by exp(-Q'|t| ). The c are the 
eigenvalues of the unperturbed Hamiltonian. Wick's theorem^ which is 
discussed next^ is then used in order to simplify the resulting 
expressions . 

3 . Wick's Theorem 



As can be seen from (A. 36 ); the equation for U(0^-o3) will 

involve an extremely large number of terms with even less apparent 

order than the Rayleigh-Schroedinger perturbation theory result. 
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Hov^evL.i\, \T±th the help of a theorem due to Wick^ the expressions 
iTor rru^ eigenfunction and the interaction energy can be con- 
.. ^deras_Ly oii.jplified. 



\ 










In order to aiocu^o tnib uieorerri; vre iiiuot tci.-r^orurlj-j 
oreak our operatoro a.^ and dovm Into hole operatoro^ h/' ana 

^ and particle operators^ and creation oijeratore 

-X' 'V 

are and p^^^' . The unperturbed ground state v/ave function^ 5^ ^ 

is then defined as the 'Vacuum" state with no holes and no particles^ 
so that 






§ = 0 
o 



and 



p, $ = 0 . 

k o 



(a.6i: 



\Ie \r±ll also need two further definitions. The first is the normal 



product^ N[AB...] ; which is defined as a rearrangement of the 
operators AB. . . (with an appropriate sign change if an odd number of 
permutations are required) such that uhe creation operators are to 
the left of the annihilation operators. For exarrple^ 

W[1l ]r "^P p . The order of 

K K ^rn ^ -^ra -^n K ^ -^m K -^n 

creation operators or of annihilation operators among themselves is 

not important since they anticoraraute. From the definition of the 

normal product and from (A. 6 i)^ 



N [AB. . - 0 (A. 62) 

for any operators A^B^... which are composed of creation and anni- 
hilation operators. The other new term is the contraction : 

A-B* = T [AB] - W [AB] (A. 63 ) 

■■.r.erc 1 is the time-ordering operator previously inurcuuced. Note 






j'^nuraction is clearly a e-number^ either zero or plus or 



A cXii'wC 



minus the anticormnutator ->f ti.c jperatorc. 
zero contractions are 



i' i i e non- 












•2)J 



for 






(...60 



and 



p (o)‘p )■ = 

2 n 1 



-6 e>:p [ie (t -t )1 for 
mn ^ ^ m l 2 " 



t^ > 
2 



(A. 6 ' 



These contractions are also called the unperturbed propagauors. 

In terms of these definitions^ Wick’s theoi'em states: 

T[ABC ••• Y] = N[ABC Y] x Y[A’B'C -"Y] ± HCA'BC* Y] = 

± W[A*B'C-*D-- ••• Y] ± • • • ± K[A-B'C" ••• Y' ' C 



± • * • ± A'B'C' ‘D* * ••• Y^' X • • • ± 



± A-3- -C' • •• • Y- . (.-..66) 

The rales for forming the terms on the right hand side of (A. 66) arc: 

1) Form as many terms as required for all possible con- 

tractions . 

2) Contractions may be factored outside normal products 
(they are c-numbers). 

3) The sign of each term is determined by the number of 
permutations to bring each contracted pair together from the original 
jrder. It is negative if an odd number of permutations io required. 

Thu theorem is proved by induction. It obviously holds 
are only two operators^ since (A. 63 ) s^nd (A. 66) are then 
. iui\ We can also prove that if it is true for a produce of .. 



vn 






operators it mu^-G se true for . ^^roduct .>f n . 1 o^r. . . 

pose the operator wi^h the cax^li^jst rirue coordinate i.-, Z. I'a^x- 

T[/3C •••YZ] = •••Y]Z . (A. 6?) 

If Z is an annihilation operator^ the theorem uolds for the n ^ 1 
operators^ since Z can be immediately included in the normal 
products of (A. 66) and its contraction -with all the other operators 
is zero. If Z is a creation operator^ it can be commuted through 
uo the left of all the products on the right of (A. 66) and then put 
inside the normal product signs. The anti commutator of Z with any 
operator is just the contraction^ and the theorem again holds. If 
Z is a sum of a creation and an annihilation operator the distribu- 
tive law (which holds for time -ordered products^ normal produces and 
contractions) ensures that the theorem again holds. Thus the uheorem 
is valid for any product of n m 1 operators if it holds for n 
operators. Since it is true for n = 2^ it must be true for all 
higher n. 

The simplification brought about by Wick’s theorem is 
apparent if we consider the effect of a time-ordered product operat- 
ing on the ground state. Only the sum of all possible contractions 
(the last line of (A. 66)) can contribute; all other terms will 
v^^nish identically because the annihilation operators on the right 
f eacn noioG^l product will give zero when operating on the ground 



^ ’’'vacdu.;/' ) state . 
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k. The Graphical Procedure 



Application of Wick’s theorem to the problem of evaluating 
U leads to an expansion which is exactly equivalent to the following 
prescription in terms of graphs. 

The ’’graphs” represent specific interactions between a 
given number of "particles” (particle-like excitations of the system 
whose energy is greater than the Fermi energy) and "holes” (excita- 
tions of the system whose energy is less than the Fermi energy) . All 
other momentum states are filled or empty depending on whether they 
lie inside or outside the Fermi sea. The only interactions which are 
considered are those explicitly indicated by a graph. The complete 
description of the full interaction of the "particles” of the system 
is then given by the sum of all the possible graphs which can be 
drawn^ each graph describing one particular combination of inter- 
actions. Unless explicitly stated^ we are describing a zero- 
temperature system. 

We use a vertical time scale. For every "particle” we draw 
an ascending line (in the positive sense of time) labelled with the 
particle’s momentum and spin. For every "hole/’ we have a descending 
line. For each interaction we wish to describe we draw a horizontal 
line ax a height corresponding to the appropriate time. This inter- 
action can be either the simple two -body interaction^ v^ or it may 
(if so specified) be some "effective” interaction (such as the scat- 
tering matrix^ t^ which represents the sum of all possible two- 
sody particle -particle interactions^ v). 



is then quite simiile. 



The prescription for 
Draw all distinct graphs starting with no fi'ce lines at the hottorri, 
.that is. with ^ . Note that there can be free (external) lines at 

the top. For each graph form the product of the v matrix elements,, 
the exp(iet) and exp (at) factors (the time "t" will be negative), 
and a factor (-1) where H is the number of internal hole lines 
and L the number of closed loops. Then attach the appropriate 
creation and annihilation operators at each vertex^ with the hole 
operators to the right of other terras from the same time and with 
terras arranged from right to left in order of increasing time. For 
example Fig- 11 contributes 



i(e. + €.-c -c. )t.., ort^ i(e.+c -e.-e )t^ 

(-1) V. .,e ^ e V .. e ^ ^ e 

ij;kn 



X V . . e 
mnjij 



i( e +5 . -s . )t^ ert-, 

^ m n 1 j ' 1 J 



n.n .n^(l-n )a *a. 
1 j i n m k 



(A. 68) 



¥e have used the relations (the number operator) and 

aa'^=(l-n), and the fact that n.n. = n. . Now carry out the 
n n " n'"^ J J J 

time integrations. of all the resulting 

terms acting on . It is important to note that the exclusion 

y. ."inci-ole is ignored in labelling the graphs . The next result 

uepends on this. At this pointy those graphs which violate uhe 

c^xclusion principle are exactly cancelled by the corresponding 

exchange graphs^ and there is no error or approximation in our 

egression for U § 

^ a o 



Fig. 11. Typical graph contributing to the perturbation 
expansion of = u(0, . See Eq. (A. 68) of the text 
for its explicit contribution. 



Fig. 12. Graph used to illustrate the time integration. 



See Eq. (A. 69 ) et seq. 
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5 * Proof of Linked Cluster Expansion 



Let us now consider a graph having one or iriore unlinlccd 
parts ^ which are conipletely disconnected from the rest of the graph 
and which have no external lines. In the expression for 
before the time integrations are preformed^ the lines of a grarjh are 
labelled independently (this is the place at which it is necessary not 
to have to take the exclusion principle into account) and the factors 
attached to the interaction lines are independent. We now consider 
with our one graph with its unlinked parts all other graphs which 
differ only in having the group of unlinked parts in different posi- 
tions relative to the rest of the graph; with the order of the inter- 
actions in the two parts separately kept fixed. The sum over all 
different relative positions of the two parts is obtained by carry- 
ing out the time integrations with the conditions * ^"^m 

0>t -,>t ^>...>t instead of a single condition on the time inte- 

grationS; with indices 1 through m referring to the unlinked 
parts and m + 1 through n to the rest of the graph. Thus the 
result is a product of the expressions obtained from the two parts 
separately. then consists of a factor coming from the sum of 

United graphs only (graphs containing no unlinked parts) multiplied 
by a factor coming from the sum of all possible combinations of 
unlinked parts. This latter factor is just ("^^^ sum of all 

^ossible graphs having no external lines -- i.e.; beginning and end- 
ing at §^); and is cancelled identically by the denominator in 
(A. 38). Thus as defined by (A. 38) is given by taking the 




« 



1 



\ 







limit a -* 0 



in the sum of linked graphs only. 

Let us now do the time integration for a simple example^ 

1 irn 

Fig. 12. The contribution to 1 ^ U <? from this figure is 

oo-Oao 



lira / , \2 f 1 , , 

. (-1) ' dt^ : dt^ V. . , e 

0 ^ "* 0 Ico 1 Ico 2 ij ;kn 



i(e. + e .-e, -e -iu)!. 
^ 1 j k n ' 1 



i( e +e -e . -e . -iO')t^ 



V . . e 
ran;ij 



ra n 1 j 



"n.n . (l-n )a 'a, $ 

1 j n rn k o 



o -i(e, +e -e . -s . + ior)t^ 

lira ' k n 1 J ' 1 

- dt^ V. . , e 
u - 0 1 ij;kn 

-i[e.+e.-e -e +iO']t 
1 J ra n , 

-V . . e t^ 

ran ; K J 1 



(a.69) 



“i[ G . +G . -G -o +ia] 
1 J m n 



-J 



n.n . (l-n )a c 
1 ra m k o 



The convergence factor^ at^ causes the term in brackets to vanish 
at the limit -co ^ and we have 



lira 
a 0 



» ( i) , dt V. . , e 
- n ^ ij;kn 



-i(e, -e +2ia)t 
^ k m ' 



1 

Te+e -e . -e )+iu 
ran 1 n' 



V . . n.n . (l-n )a *a, & 
mn;ij i j n m k o 



(A. TO) 



lira 



1 



a 0 G “G, +2ia ii;laiG+G-G.-G. + ic^ mn:ij ij n m ko 
mk ^ ’ ranij ^ 



V ^ . n.n .(l-n )a "^a 9 



The denominators above are Just E - H evaluated in the positions 

o o 



shown -- i.e.^ we have one of the possible terms in the expression 
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In general; we have 



a — 0 E -H +ina I 
L o 



H H H $ 

I E -H +2ia I E -H +ia I^o 
0 0 o o 

(A. 72) 



Z means that only linked graphs are to he summed. § cannot occur 

L ° 

as an intermediate state in a linked graph as the part of the graph 

helow that intermediate state would he an unlinked part. The inter- 
action energy^ Z\E; is given hy (A.40); and is obviously 



AE = E($ ;H_ - ■ y . — 

O' -» 0 c o I E -H +ino' I 
o o 



.. H, 



I E -H +2ia 
o o 



H 



— ?- ) . 

.-inj T ' 



I E -H +io' I o' 
o o 



(A. 73) 



Here Z means summation over all connected graphs leading from § 
c o 

to (i.e.^ linked graphs with no external lines). Tliis equation 

is referred to throughout this paper as the Brue ckne r -Golds tone 
linked- cluster expansion (BG expansion). In the absence of a degen- 
erate ground state or of an effective attractive interaction at the 
Fermi surface (which would lead to singularities in some of the above 
denominators), the restriction to intermediate states other than § 
means that all the intermediate state energies will be greater than 
and we can take the above limits by setting u = 0 as no zero 
energy denominators can occur. Equations (A. 72 ) and (A. 73) can then 
be written 
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In Section 3 of this appendix^ the rules are given for 
calculating the terms in the energy expansion^ and the explicit 
series is indicated through third order. 

6. Inclusion of Effective Single-Particle Potential 
2 

Goldstone^ in his proof of the linked-cluster expansion^ 
defined the unperturbed Hamiltonian as a sum of the kinetic energies 
and of an effective single -particle potential^ 

H = E (e.+V. ) = T + V (A. 7^) 

O 1 1 

so that the interaction Hamiltonian is 



H^ = 2 v_ - E V. . 

^ i < j i ^ 



In second-quantized notation 



(A. 75) 



H = Z e a *a 
o n n n 



(a.76) 



vhere E is nov the sura of the kinetic energy and the ’’effective 
n 

potential^ ” and 



H^ = ~Ev aaaa 

I 2 rs;mn r s n m 



E V a a* . 
r ;m r m 



(A. 77) 



fhe proof proceeds excatly as before^ except that one now obtains a 
series of graphs with the V interaction and in the denominators of 
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every term one has the energies e, = + V, 

k 2m k 

2 

energies, k /2ra, alone. The matrix element 
,belov: 



instead of the kinetic 

V is illustrated 
r;m 




One then defines V in such a way that the graphs generated by the 
V-interaction cancel as many v-graphs as possible. For example, the 
Hartree-Fock approximation is obtained by choosing 

V = Z V /X 
r;ra ^ rn;(rn) 




The sum is over all unperturbed states, 
determined by 



The states V are 
n 



(T+V) Y 
' n 



E Y . 



n n 



(A.T9) 



(a. 78) and (A. 79) are the Hartree-Fock self-consistent equations. 
With this definition^ to first order 
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so that to first order we have^ using (A. 78) and (A.80): 



E = E + AE = Z^ + iEV, , n, 
o k2m 2 k;kK 



(A. 82 ) 



V7e shall discuss later how this procedure is applied in the Brueckner 
theory. 



C. COMMENTS ON THE BG EXPANSION 

There have been several other derivations of the linked- 

2 

cluster perturbation formula for many-ferraion systems. Goldstone 

has also derived it using time -independent perturbation theory. 

00 

Hugenholtz^ uses an expansion of the resolvent 

R(z) = (H-z)'^ . (A. 83) 

The resolvent is related to the development operator used by Gold- 
stone : 

o 

R(z) = -ij U(t) exp(izt)dt for Im z < 0 

-.00 

00 

= if U(t) exp(izt)dt for Im z > 0 ^ 

and the methods used by the two authors are therefore closely 
related. As pointed out by Thouless^ the expansion of U(t) is 

easier to manipulate ^ since we generally have to deal with products 
of functions rather than with the convolutions of functions which 
arise in the expansion of R(z). The resolvent has more direct 
physical interpretation^ since the poles of its matrix elements give 
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the eigenvalues of the Hamiltonian, 

89 

Bloch ^ has used a combination of time -dependent and time- 

. independent theory^ involving the use of both R(z) and U(t). 

90 

Hubbard"^ has used a time -dependent procedure which is almost iden- 
tical to Goldstone’s^ but indicates several intermediate steps that 
Goldstone leaves out. 

91 

Kohn and Luttinger"^ later examined the theory through 

fourth order with a finite temperature theory developed by Bloch and 
92 

DeDominicis . The Kohn-Luttinger investigation revealed that taking 
the limit N before taking the limit T 0 leads to certain 

’’anomalous” terms in second and higher order for ’’non- spherical” 
systems. Using temperature -dependent Green’s functions^ Luttinger 
and Ward'^'-’ have demonstrated that the anomalous terms are cancelled 
identically by the change in chemical potential from to i-. to 

all orders for spin ^ fermions under the conditions we have pre- 
scribed for our investigation^ namely; a normal system interacting 
via an isotropic two-body interaction and characterized by a spher- 
ical unperturbed Fermi surface. In other words the BG expansion 
(which; in their context; is an expansion in terms of [i,^) is valid 
for such a system. Kohn and Luttinger; who had reached the same con- 
clusion for the first few orders of perturbation theory; have 
ascertained that the tensor force does not create an anomalous con- 
tribution in second order; and as pointed out by BethO; Brandow and 
Petschek; ^ they probably do not produce anomalous contributions in 
any order; though the extension to higher order has not been proved. 



Because we shall not be concerned with either finite -temperature 
theory or with systems for which the anomalous terms contribute^ we 
refer the reader to the original papers for further details. 

The Brueckner -Golds tone procedure leads to the lowest state 
which can be reached adiabatically from the chosen configuration. 

Until now we have assumed this configuration to be spherical^ and for 
the ’’normal" system the BG expansion leads to the ground state. Sup- 
pose_, however^ that there was some other configuration of the ”unper- 
turbed” Fermi surface (where H = 1 V, =2 (— + V, ) is the 

o k k ^ k 2 m k" 

unperturbed Hamiltonian^ V, being the effective potential acting on 

k 

the particle k). Then the BG expansion from the spherical Fermi 
surface would lead to some state other than the ground state. Our 
formalism can be trivially extended to a non-spherical starting con- 
figuration^ however^ ^ know that configuration in advance . We 
merely utilize the definition of n^ and recognize that its 
expectation value must be 

= 1 state k occupied ^ \ ^ 

(A.85) 

= 0 state k unoccupied ^ 

If we do not know the shape of the unperturbed ground state^ we should 
introduce a new equation which allows us to vary the shape of the 
unperturbed distribution until a minimum total system energy is 
obtained. This variation would not be too difficult to introduce 
formally^ but in practice it would be very difficult to evaluate. In 
any situation in which the shape of the Fermi surface is the sole 



V. 
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cause of the non-cancellation of the ’’anomlous diagrams'’ of Kohn 

91 

and Luttinger, this procedure is all that is required to avoid 

them. Further^ it may well he that this procedure is the easiest 

way to rigorously extend to higher orders the proof that tensor 

forces do not produce anomalous contributions. However^ either the 

direct computation of the anomalous terms or the above variational 

calculation will be difficult. 

94 

A. Klein has suggested just such a procedure as the above^ 
with the surface being determined by the additional^ self-consistent 
equation 



=fZ_H-V(p^) = (^) (E) 

2m dp 



(2n)^ 5 

Pp^(^) Spp(w) ^ 



(A.86) 



where ij, is the chemical potential and the uu in p-p(^) represents 
its dependence on angle. 

One of the persistent myths about the Brueckner many-body 
theory is that there is something assumed or approximated when one 
uses the unperturbed Fermi distribution instead of the true momentiun 
density. This is not the case for any system for which the power 
series in the interaction potential converges (which is another 
question again). As we have seen^ the BG linked-cluster expansion 
is a rigorously correct perturbation theoretic expansion for the 
energy of the zero-temperature normal state which meets the symmetry 



requirements outlined earlier. The occurrence of the n^ is a con- 
sequence of taking the expectation value instead of 



Either expectation value will yield the correct energy^ hut 
the potential and kinetic energy terras in the two will be quite dif- 
ferent. The expectation value between the states Y has been shown 
to lead (see Eq. (A. 59)) *to the following expression for the inter- 
action energy: 




(A. 87) 



which, to second order in v, is: 




(1-p )(l-p ) 

^ '^n 




+e -e -e +ia 



(A. 88) 



^mn;(ki)PkP;2 . 



The kinetic energy expectation value is 




(a.89) 



The above forms differ from the BG expansion 



^o ^ ^ ? W 




(A. 90) 



(1-n )(l-n ) 



'^mn; (ki)\^x 



(e, +e ,-e -e ) 



k i o o — c, 

i m n 



in second order, and higher. Further, from (A. 8?) it is apparent 



that the difference in factorb increases in the higher orders. Of 



course^ the two expansions must give the same energy and we need 

'Only e:-cpand the in terras of n^ ^ using (2.22)^ to see that the 

sum of (A. 89) and (A.90) reduces to the BG expansion in terms of n^. 

However^ any theory which obtains an expansion in which the kinetic 

energy is given by (A.90) must include an interaction energy term of 

the same structure as (A. 89). Tbe reason is obvious. The kinetic 

energy E is larger than a e n, because e, is a quadrat- 

k k ^ k k k 

ically increasing function of k; since E p = Z tl , the sum of 

k ^ k ^ 

G times p weights the higher momenta more heavily than the sum 
k k 

with n^. Consequently^ the expectation value is character- 
ized by a higher "kinetic energy" than . Since the two 

expectation values are equals the former must also yield a correspond- 
ingly more negative potential energy. The difference in coefficients 
in the potential energy expansion leads to precisely this cancella- 
tion. 



We note as a matter of interest that (A. 89) and (A.90) can 
be obtained directly from using the BG expansion for the wave function 
(A. 72) in the expectation values of the kinetic and potential ener- 
gies. 



There are two other^ related^ problems in the BG theory 
which we shall discuss as they apply to infinite nuclear matter. 

One is the vanishing radius of convergence of the BG expansion as a 
power series expansion in the coupling constant^ g^ as the volume 
of the system becomes infinite. The other is the probable existence 



206 



of a superfluid ground state oeiow the norml state. 

The analyt.ic structure of irany-body perturbation theory has 

been studied by irany authors^ most of whom have concluded that it 

95 96 97 98 

probably diverges . ^ ^ ' However^ Katz^ has argued that uhe 

energy of every level of a large^ but finite^ many-body system can 
be obtained by analytic continuation of the BG expansion along pro- 
perly chosen paths in the complex g plane (where g is the strength 
of the interaction). He shows for a simple problem that the Brueck- 
ner ladder approximation (see Appendix B) is an approximation to the 
analytic continuation along a path which always leads to the normal 
state (the state in which no binding occurs). He argues that this is 
true in general^ but this has not yet been rigorously proved. The 
essence of his argument is that if one performs a partial summation 
of certain diagrams in every order of g^ then much of the diver- 
gence of the expansion can be taken care of and the resulting expan- 
sion is effectively in terms of some other parameter (such as the 
density) and consequently may have a larger radius of convergence. 
Considerable further study is indicated^ but the preliminary results 
are promising. 

A related argument that perturbation theory might be 
invalid is that nuclear matter may exhibit a phenomenon similar to 
superconductivity. Bethe^ Brandow and Petschek^ review the experi- 
mental and theoretical grounds for this assertion^ and point out that 
at most the energy gap associated with such a phenomenon is only 
1 MeV^ and its effect on the average energy per nucleon is likely to 
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be less than 




.008 MeV for = 1.5 F' 



-1 



(A. 91) 




arbitrarily); and the factor 3/3 is the statistical probability of 
having a pair of nucleons in a state of even relative angular momen- 
tum. Thus we conclude that ’’superconductivity pairing;” while of 
interest for the detailed level structure of even-even nuclei; has a 
negligible influence on the average binding energy. 



apply to the ground state energy of an extended fermion system for 
which the unperturbed wave function is a determinant of those plane 



tonian is given by (A.l). 

To calculate the nth order contribution of to energy 

in accordance with the Brueckner-Goldstone linked- cluster expansion 
(A. 73), we draw n horizontal broken lines (called vertices; and 
representing two-body interactions) at different levels. The two 
ends of each line are called points . We connect the 2n points with 
every possible combination of particle and hole lines subject to the 
conditions that at every point one line ’’comes in” and one ’’goes out” 
and that there occur only ’’linked graphs” -- those in which there is 
no sub-graph which is not connected to the rest of the graph. A 



D. IKE ENERGY EXPANSION -- GRAPHICAL EVALUATION 



The following rules for employing the graphical method 



waves whose wave number is less than p^ and for which the Hamil- 

■^F 
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.1 

i ’ 
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particle line is a line directed upward and a hole line is directed 
downward; in our figures the direction of the line is indicated vrith 
an arrow when ambiguity is possible. Every line is then labelled in 
all possible ways (i.e.^ with all possible momenta). A line which 
closes on itself is a hole line (a consequence of Wick's theorem -- 
see Eq. (A. 64 ) ) . 

The contribution of a particular linked graph is the 
product of four factors : 



where rn and n are lines entering the vertex on the left and right 
respectively and k and I are the lines leaving (on left and right 
respectively). Thus for 



for each of the n-1 intervals between successive vertices^ each 
propagator being the reciprocal sura of the kinetic energies of the 
hole lines intersected by any horizontal section between the vertices 
minus the kinetic energies of the particle lines, Thus^, for the 
propagator at a section of a graph which looks like this: 



1. One of these factors is —v. 



2 kX;ran 



from each vertex 




we have the contribution ^rv 

2 xz;wy 



2. The second factor is the product of the ’’propagator” 
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we have a factor (e +e -e -e ) 

k f m 



where = p^^/2ra. 



L<+H 

3 . The sign factor is (-l) where L is the nianoer of 
closed fermion lines and H is the number of hole lines in the 
graph. Thus^ for 




2+4 

we have a factor (-1) = +1 (note that k is counted twice since 

it is “hroken'’ by the interaction with the hole z) . 



4. The final factor is a product of expectation values of 

the number operator, il , for every hole and (l-n ) for every 

K. m 

particle, except that two or more particles or holes with identical 

momenta contribute only one term by virtue of the iderapotency of the 

number operator (i.e., because n^^ = This latter rule is 

necessary if the results are to be extended to finite temperatures, 

when the n are replaced by the temperature-dependent Fermi func- 
k 

tions . 



In labelling the lines, the exclusion principle is ignored 
in intermediate states. The Brueckner -Golds tone expansion is obtained 
only if this is done. This has two effects; (l) all intermediate 
sums are unrestricted except that they must be to states outside the 
Fermi sea; and, (2) diagrams such as the fourth order diagram (4e) of 
Fig. 1 (which explicitly violates the exclusion principle) must be 
included. 



Through third order, the ground state energy is given by 
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the following terras (corresponding to the diagrams of Fig. 1^ as 
indicated) : 
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(A. 92) 



A "self-energy insert" as written above (in brackets) car- 
ries a factor one instead of ~ because ve mst also include terms 
of the form expansion. Since 

equal to include it by using the above equation 

and the weight factor one. 
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APPENDIX B 



THE BRUECKNER K-MATRIX APPROXIMATION 



A. DERIVATION 



In this Appendix the Brueckner K-raatrix equations are 



derived and their application to nuclear matter discussed. Exten- 
sive references to early papers by Brueckner and his collaborators^ 
as well as by several other authors who studied the theory in its 



which are reported the first quantitative calculations of the 
properties of nuclear matter based only on the two-nucleon potential. 
The derivation given below is simpler than the original one because 
we have as our starting point the BG expansion. All that is neces- 
sary to obtain the K-raatrix equations (in momentum space) is to 
perform selective summations of some of the terras in this expansion. 

A detailed discussion of the partial summation of the perturbation 
series with "reaction matrices" can be found in a paper by Toboc- 



graras" -- the two-body scattering diagrams^ indicated through third 
order in Fig. 13- This series can be summed by using a reaction 
matrix_, t ^ defined by 



o 

early stage s^ can be found in the Brueckner -Garamel paper (BG) in 



man. 
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The first problem is to sum the series of "ladder dia- 
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= V. . , . + E V. . — 1 t . (B.i) 
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III II 



A very large class of diagrams can be summed by replacing every v 
vhich appears in the BG expansion by t with the diagrams thus 
implicitly summed dropped from the explicit series. This procedure 
is particularly useful for hard core potentials (for which the 
matrix elements of v are infinite) because the matrix elements of 
t are finite. 

In terms of the t-matrix^ the BG expansion (A. 92) is; 



£iE(n, e) = 



mn (, 
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n. n, (l-n )(l-n ) 
K m^ ' n' 



£. +e .-e -e ) 
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X {E(t., N+t! ^/..N-t'. /.x-t'. /.^)n.i + 
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+ (hole-hole and 3-Body cluster of 0(t3)) + O(t^) 
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(B.3) 



Eq. (B,2) is obtained as follows from the diagrams of the first few 
orders in the BG expansion. The first term is the sum of the simple 
ladder diagrams. The second term is derived from the lowest order 
self -energy insert^ 3(B) of (A. 92);, By replacing each vertex v 
with the sum_, t ^ of ladder diagrams. The replacement of the terms 
in the Bracket by t’ instead of t is a consequence of the 
shifted energy denominator for those terms due to the excitation 
energy of the other particles (so that; e.g.; diagram 4(d) of Fig. 1 
will be properly described). The energy shift; 6E ; is discussed in 
f'orther detail later. The order of the indices of the t-matrix 
elements above should be noted. Such order is required of the left- 
hand term in the products above so that the energy denominators are 
properly specified in the diagrams summed by the t -matrices. 



in Fig. l4. We note that to every hole and particle line of every 



Another class of diagrams which can be sunmied is indicated 



term in the BG expansion there can be attached; as a "self-energy 



Fig. 13- "Ladder diagrams" contributing to the t-matrix:. 



Fig. l4. (a) "Self-energy" diagrams which are summed when 
the propogator includes the "self-consistent" single particle 
energies. 

(h) Definition of the schematic notation of (a). 



Fig. 15 . Typical diagrams which are summed when the 
propogator of Fig. iL and Eq. (B.4) occurs between two v 



interactions . 
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insert^ ” an infinite set of diagrams^ with each inseri^ion leadi.ng to 
another diagram in the overall BG expansion. Furthermore, as ve see 
in Fig. l4^ self-energy diagrams can be inserted any number of times 
on any given line. The reason for defining the insert on the hole 
line as indicated in Fig. l4, violating the exclusion principle, 
will be seen later. Such terms do occur in the BG expansion^ of 
course: the exclusion principle is to be neglected when labelling 

the lines. All possible terms of the sort indicated in Fig. ik can 
be obtained by redefining the ’’propogator" as 
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where 
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ki; (k^)V 
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Note that is analagous to of (2.3^) without the rear- 

rangement term. To see that this definition of the propogator 
reproduces the series indicated in Fig. l4^ expand the denominator 
as 



^ = 1 - X + 



1+x 



(B.6) 



to obtain 
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Thus^ inserting the above pror.-.;gatcr b*;; tween ^wo v interactions 



sums all terms such as those indicated in Fig. 15* There is a 
restriction which will be discussed shortly. Next; to continue the 
process; one defines a new reaction matriX; K ; incorporating the 
modified propogators: 
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K. . , . = V. . , , + ^ V. . K , ■ , 
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The BG expansion (A. 92) or (B.2) then becomes 
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The diagrams which this approximation sums are indicated through 
fourth order in Fig. 1 (along with two third order diagrams which 
it does not include; the hole-hole and three-body cluster diagrams). 

The restriction mentioned above is concerned with the 
denominator of the terras occur ing in the definition of the '^self- 
consistent” in (B.9)* The problem involved is the proper treat- 
ment of terms such as ^(d) of Fig. 1; and is best illustrated by 
an example. The contribution of ^(d) to the interaction energy; 
aE ; is 

(B.ll) 
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where -E^ is obviously e, +e.-e -e . The term ir ^urentheses is 

^ Iz ^ m n 

just one of the terms from the definition of V exceet for ehc 
, occurrence of -E ' (which is the excitation energy of the remainaer 
of the diagram at the point where the self-energy term is inserted). 
If we try to account for such terms by modifying the definition of 
the K-matrix to include the term -E’ in the denominator ^ we find 
that either we must compute the K-matrix for the full spectrum of 
possible excitation energies^ or we must use some average -E ' in 
the denominator. The latter choice truncates an otherwise infinite 
series of equations by treating only approximately the fourth and 
higher order diagrams such as in Fig. 1. The use of -E ' in 

the denominator violates energy conservation in the definition of the 
K-matrix in order that energy be conserved in the particular ground 
state term being described^, and the K-matrix is then described as 
being computed ’’off the energy shell." 

Another method for treating the energy denominators also 
exists. Eq. (B.ll) can be written 

un,(l-n )(l-n ) n (l-n )(l-n ) 

, ^ n m^^ n^ .. j ^ r ^ ^ s 

-‘’jaVimn ( ''mn;(ki;)Lj?s''jn;rs ''rs;(jn)J 
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(B.12) 

where 6E = e - e . . Thus, we can properly treat this diagram if 

m J ir ir o 

we define the K-matrix for particles outside the Fermi sea by 
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and their self-consistent potential energy hy 



V (E) = 2 



j 




(B.-4) 



where 2 



(=a;^ +<ii/) is a parar;ieter in the equations which allows us 

iC A.' 



to use as the particle energies in (B.8) quantities relatea to the 
energy of the holes coupled to the excitations (i.e.; a quantity 
which represents the dependence of the particle's energy on the 
energy of the associated holes for the purposes of the above treat- 
ment of these complicated denominators). Eqs. (B.I 3 ) and (B.i 4)^ 
used in (B.IO)^ will generate^ among other terms^ Eq. (B.12). 

This latter formulation is advantageous if we are going to 
use an average value for the excitation energy instead of attempting 
to solve exactly. The reason is that the second method of treating 
the particle energies treats a larger portion of the energy denomi- 
nators exactly; because of this^ (B.I 3 ) and (B.1^) are used as the 
definitions of the particle energies in the K-matrix calculations of 
Brueckner et. al. The average single particle excitation energy is 
usually taken to be 



of O; the situation is not the same. For either diagram 

.;lonc^ C,E should again be the interaction energy of the original 
linoS;, out when we take the two diagrams indicated together^ we have 
(louvxing only at the propagators): 



oE = X ' -(jj y = A ^ u 

m j 



J 




(B. 15 ) 



Wiuh the hole self-energy insert^ such as ^(e) and 4(f) 



1 



e, H-e.-e -e e . -e -e -e -e e, 't'C , -e -e 

k X m n j k a. ra n r s k ^ 'in n 



e. +€.-G -e e .+e, +2e ,-e -e -g -g g .+g -g -g 
k i- rn n j k ^ ni n r s j k r s 



(g, +G,-G -G ) G .+G -G -G 

^ k a; m j k r s 



(b.i6) 



This is just the result we would obtain evaluating the insert "on 
the energy shell" (i.e.^ with 6E = 0 ). This proof that hole 
energies should be computed on the energy shell has been extended to 
all orders of perturbation theory by Bethe^ Brandow and Petschek. 

Incidentally, the reason for including only the dlagi-ams of 
Fig. l4 in the definition of the single particle energ;>^ should now be 
clear: their inclusion can be effected in a simple and natural way. 

One reason these terms are so easily included is because the only 
multiple scattering appearing in them is particle -particle scat- 
tering. 

The "rearrangement energy" diagrams of Fig. 2 , which cor- 
respond to the derivative terms in (2.3^)^ have not been swamed by 
the propogators defined above. They can be included, however, if 
the single particle energy (B.9) Includes a derivative term such as 
the "rearrangement' term in (2.3^): 



n'=e +SK. /.xn.+ K., / ., n . 

P P j JPJ(JP) J jk J Jk;(jk) 
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As pointed out by Brueckner and Ctoldruan, the last term can 
evaluaucU (in principle) during the numerical solution of the 



(B.lTa) 



be 

rC- 




f 

.X 



matrix: equations by making a definite shift in tx^^- ^.o_^jU-Lution of thu- 
Fermi gas near the desired momentum and so determining rK/cn_ from 
the finite shift in the K-r;ntrk:. iiie additional compurationa-i 
effort required would be considerable^ however. The derivative term 
above corresponds to altering the definition of the "self -energ;,' ” : 
inserts of Fig. ih to include the second order Pauli -principle vio- 
lating inserts on the particle lines and the "non-violating" hole 
inserts. The latter insertions would have to be computed "off- 
energy-shell" and the former "on-energy-shell" (following argiorsents 
identical to those of the previous paragraphs). To see how the terms 
in Fig. 2 are picked up by using (B.lTa)^ expand the derivative term: 



6n 



K., . = Z K 

jn;jK: xan 



(1-n )(l-n ) 



P 



P 



■mn;jk i i > ' 

, TW — oj — ^ 

,1 k m n 



= -2 E 



(1-n )K 

n pn; jk 



I t t ! 

^ JJ "HiJ — Jj 

J k p n 



■ 1 (1-n )(l-n )K 
mn n' ' rr/ mn; jk 



2 _ 6 _ 
6n 




t , I 

"TW, 



-- • (B.lTb) 

The first term on the right yields Fig. 2(a) (for ,_oj ^ ) and 

Fig. 2(d) (for |oj > p^ )• This term would he obtained by a first 

order nuiTierical evaluation of the derivative in (B.lTa). The second 

\.crn. in (B.lTo) would be obtained by iterating this proced-ure^ and 

roaas oo terms corresponding to Fig. 2(c). However^ there exist 

o.ircc other diagrams related to Fig. 2(c) in the same manner that 

22 

h(f) of Fig. 1 is related to ^(e). Brueckner^ Gammel and Kubis 



nave shown that their total conuribution to uE is only half of the 



"on-energy-shell" third order insert Involved in j.''ig- 2(c), aiid the 

numerical calciolation would have to O'j modified accordingly. 

22 

Erueckner^ Ganimel and rCubis have also zho\ra that the 
rearrangement terms contribute only 1.5 Mev (repulsion) to the inter- 
action energy; IE. Therefore; the additional complexity involved in 
computing them as indicated above is probably not justified by the 
slight improvement to be gained for most purposes. The derivative 
term in (B.lTa) was not included in any of the calculations discussed 
in this dissertation. 

One final feature of the K-matrix formulation must be men- 
tioned. The single particle energies defined by (B.lTa) are not 
identical to the true single particle energies defined by (2.3^) 
because the former are calculated ’'off -energy- shell" in the two 
cases in which a singular denominator would be involved. This is the 
proper procedure for the K-raatrhv calculations because all the energ- 
ies involved in the energy expansion are real (barring pairing lead- 
ing to superfluidity). Therefore; the single particle energies 
appropriate to K-matrfx calculations are not the true energies (which 
have imaginary terms if away from the Fermi surface because of finite 

lifetime effects); and the K-matrtx energies will not; therefore; 

8 

satisfy the Bethe-Hugenholtz-Van Hove theorem that E. = -(p ). 

Av r 

To check this theorem; it is therefore necessary to compute the 
single particle energies separately; and "on-energy-shell. " This 
distinction between the K-matrix and the actual single paruicle 
energies must be borne in mind in the discussions of the nuclear 
. matter and the finite nucleus calculations. 



The final set of equations for the Brueckner approximation 
is given in Chapter (2.1l) e;c. seq . 

A more direct derivation of uhe K-matrix approximation is 

possible with the alternate linked -cluster expansion described in 

Appendix A in which the unperturbed Hamiltonian is 'Che s-um of the 

kinetic energy operator plus an effective single particle potential^ 

V ; and the interaction Hamiltonian is a difference of v and V 

interactions (A. 77). The energy denominators in the BG expansion 

are then (E^ - H^) ^ where is now the sum of the kinetic energy 

and the effective potential. The set of graphs one obtains must then 

include all possible . V interactions as well as v interactions^ 

and V is chosen so that its graphs cancel as many v graphs as 

possible. Choosing V = E v / v leads to the Hartree-Eock 

r;m ^ rn;(mn) 

2 

approximation as we have mentioned earlier. Choosing V to be the 
” self-consistent” energy ( 2 . 13 ) or ( 2 . 17 ) as appropriate leads to 
Brueckner's K-matri:c approximation. 

B. BRUECI'C^iER-GAI^L APPROXIMATION 
1. Reduction of the K~Matrix Equation 

As pointed out in Chapter the nucleon-nucleon poten- 

tial which is best justified on theoretical grounds is a Y'okawa 
potential (with spin orbit and tensor components) with a repulsive 
core v/hose potential is very large (effectively infinite). ‘This 
.ringular potential renders usual pertirrbation theory wortlMess (be- 
cause the matrix elements of the potential are singular) Ux'h compli- 



V 













’■ 



i 




cates the prohleia ±n terr.is oi ohe rc.aCtion uaorix. In ul 

treat the core^ it is best to transform the problem from momentuiii 
space to conf igiiration space. As we shall see^ one consequence of 
the added complications is that we will be unable to obtain the off- 
diagonal elements of the K-matrix. However^ because the energy is 
defined in terms of the diagonal elements; this will not be uoo 
serious a defect. Its principal effect is to prevent exact calcu- 
lations of higher order corrections. 

The details of the reduction of the K-matrix equation are 
lucidly discussed by Brueckner and Gammel'^ (BG). We shall therefore 
present only the essential details. 

2. Transformation to Coordinate Space 

The reduction to coordinate space is done with plane wave 
basis states. Total momentum is conserved; so that in (2.19); for 
instance; 



£k * 2^ = -Em £n = £ ' 



(b.i8) 



where P is the total moment'om. The relative momentimi is defined as 



~ - p^) • 



(B.19) 



Since the v's conserve total momentum; the K's do alsO; and the 
total momenta appear as parameters in the equations. For example; 
Fq. (2.12) becomes 



2^6 



K(P,E,6E). , , = 



V, t , + 






^ ^ k" E-u.p_^(Z)-u;p (E)-6E 



(B.20) 



where 



X! = ^, + uj 
k ; 



(B.21) 



k = ■2'(:o^-£j (B.23) 



P, = iP i k" . 



--J ■ 



and the exclusion principle is enforced hy the step function 



(B.24) 



f(P,k") =1 if P_^ > pp and P_ > 
= 0 other%^rise . 



(B.25) 



For the calculation of particle energies^ Z is merely a parameter^ 

and is needed only for the range 2^ ^ to 2^ 

Pk=0 Pk=Pp 

We now introduce a wave matrix Q through the defining 

equation 

K = VQ . (B.26) 

In matrix notation 



Q 

K = V + V K , 
E-H 



(B.27) 



and therefore 



i = 1 



_Q. 

E-H 



VQ 



(B.28) 



From (i.io) one obtains with a little manipulation the equation for 
one true wave function Yp terms of the plane-wave basis 



f luictlons; 
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= (r.ajk) = (rjk) + (r| ^ VQ|k) 



- cp,(r) . 



T i A ") (B. 29 ) 

k k 

(r"|v:r') V v(^') • 



However j v is a local potential and Q/(E-H) is diagonal in tnoraen- 
tum space,, so that (B.29) reduces to 






P,k' 



P,k' 



(B.30) 



vhere the Green’s function is defined hy 



Gp,,^(r,r') . 



^ — ' I 

k" hu:jp (2)-u;p (E)-cE 



(B.31) 



Thus,, (B.26) gives 



(k'jKjk) = jdryr' Z (k'|r ' ) (r ' | v [r ' ) (r ' |k" )(k" jr ) (r |Q|k) 



k" 



= <7,.,(r) v(r) Vp(r) 



(B.32) 



3- Partial Wave Expansion 



The next step in the reduction of the K-matrix equations 
is the partial wave expansion. The employment of this technique is 
an approximation since the partial wave expansion is rigorously cor- 
rect only when the energy denominators in e.g. (B.31) £^nd the Pauli 
principle (B.25) do not depend on the angle Between P and k” . 

inis is the case for two-body scattering^ where f(P^k”) = 1 and 
2 

P (Z) = P^ /2M ,, hut it is not true in the many-hody case for 



K. 





P 0 . One then has two choices; (l) assume P - 0 and proceed 
ricorously from there;, with that as the only additional approximation 
or^ (2) treat the angilLar dependence of the total moment'um in some 
average fashion. The dependence of the results on the total momen- 
tum has heen found to he jiriall/ and either approximation will intro- 
duce errors which are expected to he smaller than other uncertainties 
of the method (e.g.^ the higher order diagrams in the BG expansion 
which are neglected). The second procedure is expected to he the 
better approx irrat ion;, and it is used in the BG and Ell calculations. 

To decouple the dependence of the Green’s function on P and k" 
we use the angular average of the quantities affected. Thus (B.25) 
becomes 



f(P,k’') = 0 






= 1 



k"k-|p^-x) ^ 
k"P 



> Pp 

otherwise 



(B.33) 



and^ for use in calculating P_ foi' the excitation energies in 

(B.31) 

p 1 ” ± (i//3)k(p,k")Pk" . (b.3^) 



'The latter substitution removes the angular dependence between P 
and k ” so that the summation over k" reduces to an integral over 
the ::m.gnit'..acs of k” alone. 

‘Bne partial wave expansion then proceeds exactly as in the 
.^sual two-body scattering problem^ and has been treated in consider- 
able v...^ail by Brueckner and Gammel.^ 



The plane v/avu basis fuic- 



cxre 



^^9 



tions;, 




expanded in partial vaves^ j^(kr) . In the presence of the tensor 
force^ the orbital angular niorrienturn is not a constant of the 
motion^ hut J ^ the total angular .aorrientum^ is. The expansion is 
recast (via Clehsch -Gordon coefficients) in terms of the total angu- 
lar momentum^ J ^ and the spin^ s ^ and involves ^,(kr) for 



X = J and ^ = J i 1 and the corresponding eigenfunction of J ^ 



^ also involves the coupled states noted above. The two solutions 
which are generated from the orthogonal unperturbed solutions are 
defined so that "under the action of uhe tensor force 





and 



(B.35) 




Js Jmjs Js dir.js 

J+l.J-l J-1 J-M,J+1 J+1 



The angular moment-um expansion of the Green’s function is 



G(r,r') = Z (2Z+1) G^(r,r') Y°(r,r') [n/(2X+l)] 



J, 

2 



with 



Gp j,(r,r' ) 



1 



CO 




(B. 36 ) 



Z-uJp (2)^p (S)-6E 



we ha''."o used 



(2n)‘kdk' 



V 



\ 




\ ! 
i 




and have done the integration over angles of ic" . Suhstituring ohe 
appropriate partial wave expansions and the Green's function expan- 
sion into (B. 30 ) for V-o ^ and then integrating over angles of 

r,K 

r and doing those summations which can be done irrnied iately leads to 
the following equation for the .'^‘^(P^k^r): 



U,^/^(P,k,r) = + b-- 1 Jr'^dr' ' )V_^ ' ) 



U_^_^/^(P,k,r') . (B. 37 ) 

Ihe V^, are defined in Chapter III, (3.17) • Foi" s = 0 , only 

2 =£’=£"= J is possible, and (B.37) has a very simple appearance. 
For s = 1 , the only allowed values of the orbital quantum nuinbers 
are J or J ± 1 ; the latter possibility leads to pairs of 
coupled equations for the U(r) for 1^3. 



4. Treatment of the Hard Core 



Because the procedirre for handling the core, where V(r') 
is infinitely repulsive, is similar for all £ , we suppressed the 
indices to obtain 

00 

U(r) = UQ(r) + 4n j G(r,r ' )v(r' )U(r' )r'^dr' . (B. 38 ) 

b 

We separate the integral into two parts, 0 to r^ (the radius of 
uhe hard core potential) and r^ to infinity. The latter integra- 
tion causes no trouble. The first integral presents a problem be- 
cause U(r'^r ) = 0 and therefore V(r')U(r') is indeterminate 
c 

within the core. In analogy with the treatment for the usual 



V 










scattering problem^ ve make the repiaceraent 



V(r')U(r') = o(r'-r^) (3-39) 

where X is chosen to rnalce U(r') vanish at the core. Jiiis substi- 
tut ion is exact for two -body scattering^ but leads to a error 

for the many-body problem (because it cannot be sho\m that the equa- 
tion for U(r) which we are about to derive vanishes inside ehe 
core). Be the and Goldstone^'^^ and Erueckner and Ganimel^ have sho\m 
this error to be negligible for hole energies (less than Ol^/o of the 
K-matrix). The error in particle energies is discussed further in 
Chapter IV. Putting (B.39) into (B. 38 )^ we find 

CO 

U(r) = U (r) + 4nr ^G(r,r )X + 4' J G(r,r ’ )V(r ' )u(r ’ )r '^dr ’ . (B.40) 

r 

c 

The contermediate  state  in  a  linked  graph  as  the  part  of  the  graph 

below  that  intermediate  state  would  be  an  unlinked  part.   The  inter- 
action energy,   AE,   is  given  by  (A.4o),  and  is  obviously 

AE=  lim „E(«  ,«     „\.        H   ...  H 


a   -  0  cv~o'  IE-H  +  ina  I      I  E  -H  +2ia 
o  o  o  o 


HT  _,  J-    .      H_  $  )  .  (A. 73) 

IE-H  +1Q-  I  o'  v     ' 

o  o 


Here  T.     means  summation  over  all  connected  graphs  leading  from  § 
c  ° 

to  <±>    (i.e.,  linked  graphs  with  no  external  lines).   This  equation 
is  referred  to  throughout  this  paper  as  the  Brueckner- Golds tone 
linked- cluster  expansion  (BG  expansion).   In  the  absence  of  a  degen- 
erate ground  state  or  of  an  effective  attractive  interaction  at  the 
Fermi  surface  (which  would  lead  to  singularities  in  some  of  the  above 

denominators),  the  restriction  to  intermediate  states  other  than  § 

o 

means  that  all  the  intermediate  state  energies  will  be  greater  than 
E  ,   and  we  can  take  the  above  limits  by  setting  ca  =   0  as  no  zero 
energy  denominators  can  occur.   Equations  (A. 72)  and  (A. 73)  can  then 
be  written 


■L"     O   O 
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^        o  o 


In  Section  3  of  this  appendix,  the  rules  are  given  for 
calculating  the  terms  in  the  energy  expansion,  and  the  explicit 
series  is  indicated  through  third  order. 

6.   Inclusion  of  Effective  Single -Particle  Potential 

2 
Goldstone,   in  his  proof  of  the  linked-cluster  expansion, 

defined  the  unperturbed  Hamiltonian  as  a  sum  of  the  kinetic  energies 

and  of  an  effective  single -particle  potential,  V. 

H  =  2  (e.+V.  )  =  T  +  V  (A. 7*0 

0  j_    1   1 

so  that  the  interaction  Hamiltonian  is 

H  =   2   v. .  -  Z   V.   .  (A. 75) 

1  i  <  j   ^   i  1 

In  second-quantized  notation 

H  =  2  e  a  *a  (A. 76) 

o   n  n  n  n 

where  E   is  now  the  sura  of  the  kinetic  energy  and  the  "effective 

n 

potential, "  and 

H.  =  i  2  v  a  *a  *a  a     -  2  V         a  *a-     .  (A. 77) 

I       2  rs;mnrsnm  r;mrm  s  ' 

The  proof  proceeds  excatly  as  before,  except  that  one  now  obtains  a 
series  of  graphs  with  the  V  interaction  and  in  the  denominators  of 


199 


k2 

every  terra  one  has  the  energies  e,  =  r—  +  V,   instead  of  the  kinetic 

k   2m    k 

2 
energies,   k  /2m,   alone.   The  matrix  element  V     is  illustrated 

.below: 


One  then  defines  V,  in  such  a  way  that  the  graphs  generated  by  the 
V-interaction  cancel  as  many  v-graphs  as  possible.  For  example,  the 
Hartree-Fock  approximation  is  obtained  by  choosing 


V    =  E  v   f      v  .  (A. 78) 

r;m    n  rn;(rnj  \      >    / 


The  sum  is  over  all  unperturbed  states,   Y   .   The  states  Y   are 

n  n 

determined  by 


(T+V)  Y   -  E  Y   .  (A. 79) 

n    n  n  v    ' 

(A.  78)  and  (A.  79)  are  "the  Hartree-Fock  self -consistent  equations. 
With  this  definition,  to  first  order 

AE  =  -  E  v   ,   .  n  n  -  E  V  .  n   .  (A.80) 

2    ki;(ki)  k  £   k  k;k  k  v    ' 

Now 

k         '       k 
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so  that  to  first  order  we  have,  using  (A. 78)  and  (A.80): 


k2 


E  =  E  +AE  =  Z^-  +  ^SV1  .  n,  .  (A. 82) 


2m   2    k;k  \ 


We  shall  discuss  later  how  this  procedure  is  applied  in  the  Brueckner 
theory. 

C.   COMMENTS  OR  THE  BG  EXPANSION 

There  have  been  several  other  derivations  of  the  linked- 

2 
cluster  perturbation  formula  for  many-fermion  systems.   Goldstone 

has  also  derived  it  using  time -independent  perturbation  theory. 

00 
Hugenholtz   uses  an  expansion  of  the  resolvent 

R(z)  =  (H-z)-1  .  (A.83) 

The  resolvent  is  related  to  the  development  operator  used  by  Gold- 
stone  : 

o 
R(z)  =  -ij*  U(t)  exp(izt)dt     for  Im  z  <  0 

—  00 

(A.810 

=     ij     U(t)   exp(izt)dt  for     Im  z  >  0   , 

o 

and  the  methods  used  by  the  two  authors  are  therefore  closely 

20 
related.   As  pointed  out  by  Thouless,    the  expansion  of  U(t)   is 

easier  to  manipulate,  since  we  generally  have  to  deal  with  products 

of  functions  rather  than  with  the  convolutions  of  functions  which 

Lse  in  the  expansion  of  R(z).   The  resolvent  has  more  direct 

physical  interpretation,  since  the  poles  of  its  matrix  elements  give 
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the  eigenvalues  of  the  Hamiltonian. 

89 
Bloch  -'  has  used  a  combination  of  time -dependent  and  time- 

.  independent  theory,  involving  the  use  of  both  R(z)  and  U(t). 

90 
Hubbard^  has  used  a  time -dependent  procedure  which  is  almost  iden- 
tical to  Goldstone's,  but  indicates  several  intermediate  steps  that 

Goldstone  leaves  out. 

91 
Kohn  and  Luttinger-^  later  examined  the  theory  through 

fourth  order  with  a  finite  temperature  theory  developed  by  Bloch  and 

92 
DeDominicis . '       The  Kohn-Luttinger  investigation  revealed  that  taking 

the  limit  N  -*  °°  before  taking  the  limit  T  -  0  leads  to  certain 
"anomalous"  terms  in  second  and  higher  order  for  "non- spherical" 
systems.   Using  temperature -dependent  Green's  functions,  Luttinger 
and  Wardyj  have  demonstrated  that  the  anomalous  terms  are  cancelled 
identically  by  the  change  in  chemical  potential  from  \i       to  u.  to 
all  orders  for  spin  —  fermions  under  the  conditions  we  have  pre- 
scribed for  our  investigation,  namely:   a  normal  system  interacting 
via  an  isotropic  two-body  interaction  and  characterized  ^oy   a  spher- 
ical unperturbed  Fermi  surface.   In  other  words,  the  BG  expansion 
(which,  in  their  context,  is  an  expansion  in  terms  of  u.  )  is  valid 
for  such  a  system.   Kohn  and  Luttinger,  who  had  reached  the  same  con- 
clusion for  the  first  few  orders  of  perturbation  theory,  have 
ascertained  that  the  tensor  force  does  not  create  an  anomalous  con- 
tribution in  second  order,  and  as  pointed  out  by  Bethe,  Brandow  and 

q 
Petschek, y     they  probably  do  not  produce  anomalous  contributions  in 

any  order,  though  the  extension  to  higher  order  has  not  been  proved. 
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Because  we  shall  not  be  concerned  with  either  finite -temperature 
theory  or  with  systems  for  which  the  anomalous  terms  contribute,  we 
refer  the  reader  to  the  original  papers  for  further  details. 

The  Brueckner-Goldstone  procedure  leads  to  the  lowest  state 
which  can  be  reached  adiabatically  from  the  chosen  configuration. 
Until  now  we  have  assumed  this  configuration  to  be  spherical,  and  for 
the  "normal"  system  the  BG  expansion  leads  to  the  ground  state.   Sup- 
pose, however,  that  there  was  some  other  configuration  of  the  "unper- 

k2 

turbed"  Fermi  surface  (where   H  =  Z   e,  V,  -  Z   (77-  +  V,  )   is  the 

v        o   k  k  k   k  K2xa         k' 

unperturbed  Hamiltonian,   V,   being  the  effective  potential  acting  on 
the  particle  k).   Then  the  BG  expansion  from  the  spherical  Fermi 
surface  would  lead  to  some  state  other  than  the  ground  state.   Our 
formalism  can  be  trivially  extended  to  a  non-spherical  starting  con- 
figuration, however,  if  we  know  that  configuration  in  advance.   We 
merely  utilize  the  definition  of  h  ,   and  recognize  that  its 

.K 

expectation  value  must  be 

k2 
nk  =  1   state  k  occupied  (eR  =  —  +  VR  ^  ep) 


(A.85) 


0   state  k  unoccupied  (e  >  e  ) 


If  we  do  not  know  the  shape  of  the  unperturbed  ground  state,  we  should 
introduce  a  new  equation  which  allows  us  to  vary  the  shape  of  the 
unperturbed  distribution  until  a  minimum  total  system  energy  is 
obtained.   This  variation  would  not  be  too  difficult  to  introduce 
formally,  but  in  practice  it  would  be  very  difficult  to  evaluate.   In 
any  situation  in  which  the  shape  of  the  Fermi  surface  is  the  sole 
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cause  of  the  non-cancellation  of  the  "anomalous  diagrams"  of  Kohn 

91 
and  Luttinger,    this  procedure  is  all  that  is  required  to  avoid 

.  them.   Further,  it  may  well  be  that  this  procedure  is  the  easiest 

way  to  rigorously  extend  to  higher  orders  the  proof  that  tensor 

forces  do  not  produce  anomalous  contributions.   However,  either  the 

direct  computation  of  the  anomalous  terms  or  the  above  variational 

calculation  will  be  difficult. 

A.  Klein   has  suggested  just  such  a  procedure  as  the  above, 

with  the  surface  being  determined  by  the  additional,  self-consistent 

equation 

2 

n  =  S-  +  v(Pp)  =  (al)Q  =  d^(Q) 

=  (2n)l   _^_(|)  (A.86) 

where  u.  is  the  chemical  potential  and  the  uj  in  P-Fr(aJ)   represents 
its  dependence  on  angle . 

One  of  the  persistent  myths  about  the  Brueckner  many-body 
theory  is  that  there  is  something  assumed  or  approximated  when  one 
uses  the  unperturbed  Fermi  distribution  instead  of  the  true  momentum 
density.   This  is  not  the  case  for  any  system  for  which  the  power 
series  in  the  interaction  potential  converges  (which  is  another 
question  again).   As  we  have  seen,  the  BG  linked-cluster  expansion 
is  a  rigorously  correct  perturbation  theoretic  expansion  for  the 
energy  of  the  zero -temperature  normal  state  which  meets  the  symmetry 
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requirements  outlined  earlier.   The  occurrence  of  the  n,   is  a  con- 
ic 

sequence  of  taking  the  expectation  value   ($  ,  HY)   instead  of 
(Y,HY).   Either  expectation  value  will  yield  the  correct  energy,  but 
the  potential  and  kinetic  energy  terras  in  the  two  will  be  quite  dif- 
ferent.  The  expectation  value  between  the  states  Y  has  been  shown 
to  lead  (see  Eq.  (A.  59))  "to  the  following  expression  for  the  inter- 
action energy: 

(y^y)  =  ae'  =  ^m0  |  i^g  M « (a.87) 


($,Ua(~,-«)$) 


which,  to  second  order  in  v,   is 


ATlt        1     -O  I!"1       V  (I"?    )(l~P    ) 

2  kJ;  Wi(kl)^i   a  -  0  kimn  kx;r- 


;mn 


e,  +e  -e  -e  +1Q1 
k  £  m  n 


v 


(A.88) 


W;(kx)pkp,e  . 
The  kinetic  energy  expectation  value  is 


(Y,E  Y)  =  S  e.  (Y,rLY)  =  E  e,  p,  .  (A. 89) 

v  '  o  '   k  k  v  '  k  '        k  kHk  v    y/ 


The  above  forms  differ  from  the  BG  expansion 


E     +AE  =  Ze1n1    +  —  2  v.  „    /,  „>   +  —     2     vn   . 
o  k     Kk       2  k^j^kjj)        2k^ffin    k,o;mn 


(A.90) 


(1-n   )(l-n    ) 

m           n     v        /.     viin 
mn;(kx)Kje 

(e,  +e    -e    -e    ) 

k     ^     m     ny 

in  second  order,  and  higher.   Further,  from  (A.87)  it  is  apparent 
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that  the  difference  in  factors  increases  in  the  higher  orders.   Of 

course;  the  two  expansions  must  give  the  same  energy,  and  we  need 

-only  expand  the   p   in  terms  of  ri  ,   using  (2.22),  to  see  that  the 

sum  of  (A. 89)  and  (A.90)  reduces  to  the  BG  expansion  in  terms  of  n,  . 

However,  any  theory  which  obtains  an  expansion  in  which  the  kinetic 

energy  is  given  by  (A.90)  must  include  an  interaction  energy  term  of 

the  same  structure  as  (A. 89)-   The  reason  is  obvious.   The  kinetic 

energy  2  e  p   is  larger  than  2  e  tl      because  e,   is  a  quadrat- 
ic k  k  j,  k  k  k 

ically  increasing  function  of  k;   since  Up   =  2  n,  ,   the  sum  of 

k  K   k  K 

e   times  p  weights  the  higher  momenta  more  heavily  than  the  sum 
with  xl.      Consequently,  the  expectation  value   (Y,HY)   is  character- 
ized by  a  higher  "kinetic  energy"  than  ($  ,  HY)  .   Since  the  two 
expectation  values  are  equal,  the  former  must  also  yield  a  correspond- 
ingly more  negative  potential  energy.   The  difference  in  coefficients 
in  the  potential  energy  expansion  leads  to  precisely  this  cancella- 
tion. 

We  note  as  a  matter  of  interest  that  (A. 89)  and  (A.90)  can 
be  obtained  directly  from  using  the  BG  expansion  for  the  wave  function 
(A. 72)  in  the  expectation  values  of  the  kinetic  and  potential  ener- 
gies. 

There  are  two  other,  related,  problems  in  the  BG  theory 
which  we  shall  discuss  as  they  apply  to  infinite  nuclear  matter. 
One  is  the  vanishing  radius  of  convergence  of  the  BG  expansion  as  a 
power  series  expansion  in  the  coupling  constant,   g,   as  the  volume 
of  the  system  becomes  infinite.   The  other  is  the  probable  existence 
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of  a  superfluid  ground  state  below  the  normal  state. 

The   analytic   structure   of  nany-body  perturbation  theory  has 

been  studied  by  many  authors ,  most  of  whom  have  concluded  that  it 

95  96  97  93 

probably  diverges.   '^  ; ^   However,  Katz^  has  argued  that  the 

energy  of  every  level  of  a  large,  but  finite,  rnany-body  system  can 
be  obtained  by  analytic  continuation  of  the  BG  expansion  along  pro- 
perly chosen  paths  in  the  complex  g  plane  (where  g  is  the  strength 
of  the  interaction).   He  shows  for  a  simple  problem  that  the  Brueck- 
ner  ladder  approximation  (see  Appendix  B)  is  an  approximation  to  the 
analytic  continuation  along  a  path  which  always  leads  to  the  normal 
state  (the  state  in  which  no  binding  occurs).   He  argues  that  this  is 
true  in  general,  but  this  has  not  yet  been  rigorously  proved.   The 
essence  of  his  argument  is  that  if  one  performs  a  partial  summation 
of  certain  diagrams  in  every  order  of  g,   then  much  of  the  diver- 
gence of  the  expansion  can  be  taken  care  of  and  the  resulting  expan- 
sion is  effectively  in  terms  of  some  other  parameter  (such  as  the 
density)  and  consequently  may  have  a  larger  radius  of  convergence. 
Considerable  further  study  is  indicated,  but  the  preliminary  results 
are  promising. 

A  related  argument  that  perturbation  theory  might  be 
invalid  is  that  nuclear  matter  may  exhibit  a  phenomenon  similar  to 
superconductivity.   Bethe,  Brandow  and  Petschek-^  review  the  experi- 
mental and  theoretical  grounds  for  this  assertion,  and  point  out  that 
at  most  the  energy  gap  associated  with  such  a  phenomenon  is  only 
1  MeV,   and  its  effect  on  the  average  energy  per  nucleon  is  likely  to 
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"be  less  than 

p 

£EA   =  4  i^i_  -   .008  MeV  for  p_  =  1.5  F_1       (A. 91) 
Av   o  cu  F 

PF 

where  uu    is  the  Fermi  energy,   4  7  MeV  for  p  =  1.5  F    (chosen 
Pp  F 

arbitrarily),  and  the  factor  3/8  is  "the  statistical  probability  of 
having  a  pair  of  nucleons  in  a  state  of  even  relative  angular  momen- 
tum.  Thus  we  conclude  that  "superconductivity  pairing,"  while  of 
interest  for  the  detailed  level  structure  of  even-even  nuclei,  has  a 
negligible  influence  on  the  average  binding  energy. 

D.   THE  ENERGY  EXPANSION  --  GRAPHICAL  EVALUATION 

The  following  rules  for  employing  the  graphical  method 

apply  to  the  ground  state  energy  of  an  extended  fermion  system  for 

which  the  unperturbed  wave  function  is  a  determinant  of  those  plane 

waves  whose  wave  number  is  less  than  p_  and  for  which  the  Hamil- 

XF 

tonian  is  given  by  (A.l). 

To  calculate  the  nth  order  contribution  of  H   to  energy 
in  accordance  with  the  Brueckner-Goldstone  linked- cluster  expansion 
(A. 73);  we  draw  n  horizontal  broken  lines  (called  vertices,  and 
representing  two-body  interactions)  at  different  levels.   The  two 
ends  of  each  line  are  called  points.   We  connect  the  2n  points  with 
every  possible  combination  of  particle  and  hole  lines  subject  to  the 
conditions  that  at  every  point  one  line  "comes  in"  and  one  "goes  out" 
and  that  there  occur  only  "linked  graphs"  --  those  in  which  there  is 
no  sub -graph  which  is  not  connected  to  the  rest  of  the  graph.   A 
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particle  line  is  a  line  directed  upward  and  a  hole  line  is  directed 
downward;  in  our  figures  the  direction  of  the  line  is  indicated  with 
an  arrow  when  ambiguity  is  possible.   Every  line  is  then  labelled  in 
all  possible  ways  (i.e.,  with  all  possible  momenta).   A  line  which 
closes  on  itself  is  a  hole  line  (a  consequence  of  Wick's  theorem  -- 
see  Eq..  (A. 6k)). 

The  contribution  of  a  particular  linked  graph  is  the 
product  of  four  factors : 

1.  One  of  these  factors  is  — v,  „     from  each  vertex. 

2  k^;mn 

where  rn  and  n  are  lines  entering  the  vertex  on  the  left  and  right 
respectively  and  k  and  I  are  the  lines  leaving  (on  left  and  right 
respectively).   Thus  for 

w  / \  X 

we  have  the  contribution  77V 

2  xz;wy 

2.  The  second  factor  is  the  product  of  the  "propagator" 
for  each  of  the  n-1  intervals  between  successive  vertices,  each 
propagator  being  the  reciprocal  sura  of  the  kinetic  energies  of  the 
hole  lines  intersected  by  any  horizontal  section  between  the  vertices 
minus  the  kinetic  energies  of  the  particle  lines.   Thus,  for  the 
"oropagator  at  a  section  of  a  graph  which  looks  like  this: 

k  &    m  k     i(\  n 
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-1  2 

we  have  a  factor  (e  +e  -e  -e  )~  ,   where  e,  =  p,  /2m. 

k  I     m  n   '  k    k  ' 

T  I  IT 

3.   The  sign  factor  is   (-1)  where  L  is  the  number  of 

closed  fermion  lines  and  H  is  the  number  of  hole  lines  in  the 
graph.   Thus,  for 


J 


n  m> 


k 


we  have  a  factor   (-1)    =  +1  (note  that  k  is  counted  twice  since 
it  is  "broken"  by  the  interaction  with  the  hole  l) . 


k.      The  final  factor  is  a  product  of  expectation  values  of 
the  number  operator,  il     ;  for  every  hole  and  (l-n  )   for  every 
particle,  except  that  two  or  more  particles  or  holes  with  identical 
momenta  contribute  only  one  term  by  virtue  of  the  idempotency  of  the 
number  operator  (i.e.,  because  n   =  n  ).   This  latter  rule  is 
necessary  if  the  results  are  to  be  extended  to  finite  temperatures, 
when  the  n   are  replaced  by  the  temperature -dependent  Fermi  func- 
tions. 

In  labelling  the  lines,  the  exclusion  principle  is  ignored 
in  intermediate  states.   The  Brueckner-Goldstone  expansion  is  obtained 
only  if  this  is  done.   This  has  two  effects:   (l)  all  intermediate 
sums  are  unrestricted  except  that  they  must  be  to  states  outside  the 
Fermi  sea;  and,  (2)  diagrams  such  as  the  fourth  order  diagram  (^e)  of 
Fig.  1  (which  explicitly  violates  the  exclusion  principle)  must  be 
included. 

Through  third  order,  the  ground  state  energy  is  given  by 
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the  following  terms  (corresponding  to  the  diagrams  of  Fig.  1,  as 
indicated) : 


E  =  '£  e.  n 
k     k  k 


^^     +  2W    Vk^(kl)Vi  (H  I  Z   (vkX;U'VkXUk)\nP 
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A  "self -energy  insert"  as  written  above  (in  "brackets)  car- 
ries a  factor  one  instead  of  —  because  we  must  also  include  terms 

of  the  form  v,  .  /.  .  \,  etc.,  in  the  expansion.   Since  v,  .  f,   .  \   is 
kj;(kj)'  kjj(kj) 

equal  to  v   /  ■,,      we  can  include  it  by  using  the  above  equation 
Jk;  l^jk; 

and  the  weight  factor  one . 


APPENDIX  B 

THE  BRUECKNER  K -MATRIX  APPROXIMATION 

A.   DERIVATION 

In  this  Appendix  the  Brueckner  K-matrix  equations  are 
derived  and  their  application  to  nuclear  matter  discussed.   Exten- 
sive references  to  early  papers  by  Brueckner  and  his  collaborators , 
as  well  as  by  several  other  authors  who  studied  the  theory  in  its 
early  stages,,  can  be  found  in  the  Brueckner-Gammel  paper   (BG)  in 
which  are  reported  the  first  quantitative  calculations  of  the 
properties  of  nuclear  matter  based  only  on  the  two-nucleon  potential, 
The  derivation  given  below  is  simpler  than  the  original  one  because 
we  have  as  our  starting  point  the  BG  expansion.  All  that  is  neces- 
sary to  obtain  the  K-matrix  equations  (in  momentum  space)  is  to 
perform  selective  summations  of  some  of  the  terms  in  this  expansion. 
A  detailed  discussion  of  the  partial  summation  of  the  perturbation 

series  with  "reaction  matrices"  can  "be  found  in  a  paper  by  Toboc- 

99 
man.  y^ 

The  first  problem  is  to  sum  the  series  of  "ladder  dia- 
grams" --  the  two-body  scattering  diagrams,  indicated  through  third 
order  in  Fig.  13-   This  series  can  be  summed  by  using  a  reaction 
matrix,   t  ,  defined  by 


(1-n   )(l-n   ) 
m ' v        n ' 

t .  .    ,   ,    =  v.  .    ,„    +2..V..        ; v        .   .    +  L     v.  . 

ljjki  ij;kx      mn    ij;mn  e.+e.-e    -e        mn;ki       mn      ij;mn 
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(1-n  )(l-n   )  (1-n   )(l-n   ) 

X       v  V  ,    . 

e. +e    -e    -e        mn:rs  e+e-e    -e       rs:k^ 

k     a     m     n  k     X     r     s 


(1-n  ) (1-n  ) 

v.  .  .  ,   +     2  v.  . —  t       .  ,      .  (B.l) 

ijjk*    mn  ijjmn   ek+e ; -£m_en  mn ; 


A  very  large  class  of  diagrams  can  be  summed  "by  replacing  every  v 
which  appears  in  the  BG  expansion  by  t  ,   with  the  diagrams  thus 
implicitly  summed  dropped  from  the  explicit  series.   This  procedure 
is  particularly  useful  for  hard  core  potentials  (for  which  the 
matrix  elements  of  v  are  infinite)  because  the  matrix  elements  of 
t  are  finite. 

In  terms  of  the  t -matrix,  the  BG  expansion  (A. 92)  is: 


n,  n,(l-n _J(l-n   ) 

atti/  \  1     n      .  1     V     4-  ~  4- 

EU'Sj   ~  *&  \Z;(kJl)\nJl  -  2kVmn;kX  ~~~  7T  Vi^ki)      X 

ran  CWVV 

x     (  E  (t',     ,  „  v   +  t!  .    /  ..x    -  tl      ,  .    x    -  t'.      ,  .    x  )n.j   + 
j        jk;(jk)  j^;(ji)  jm;(jm)  jn;(jn)'    j 

+      (hole-hole  and   3-body  cluster  of  0(t3))  +   0(v) 

(B.2) 

where 
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Eq.  (B.2)  is  obtained  as  follows  from  the  diagrams  of  the  first  few 
orders  in  the  BG  expansion.   The  first  term  is  the  sum  of  the  simple 
ladder  diagrams.   The  second  term  is  derived  from  the  lowest  order 
self -energy  insert,,  3(h)  of  (A.  92),  by  replacing  each  vertex  v 
with  the  sum,   t  ,  of  ladder  diagrams.   The  replacement  of  the  terms 
in  the  bracket  by  t'   instead  of  t  is  a  consequence  of  the 
shifted  energy  denominator  for  those  terms  due  to  the  excitation 
energy  of  the  other  particles  (so  that,  e.g.,  diagram  4(d)  of  Fig.  1 
will  be  properly  described).   The  energy  shift,  6E  ,  is  discussed  in 
further  detail  later.   The  order  of  the  indices  of  the  t -matrix 
elements  above  should  be  noted.   Such  order  is  required  of  the  left- 
hand'  term  in  the  products  above  so  that  the  energy  denominators  are 
properly  specified  in  the  diagrams  summed  by  the  t-matrices. 

Another  class  of  diagrams  which  can  be  summed  is  indicated 
in  Fig.  Ik.     We  note  that  to  every  hole  and  particle  line  of  every 
term  in  the  BG  expansion  there  can  be  attached,  as  a  "self -energy 


Fig.  13.   "Ladder  diagrams"  contributing  to  the  t -matrix. 


Fig.  l4.  (a)  "Self-energy"  diagrams  which  are  summed  when 
the  propogator  includes  the  "self-consistent"  single  particle 
energies. 

(t>)  Definition  of  the  schematic  notation  of  (a). 


Fig.  15.   Typical  diagrams  which  are  summed  when  the 
propogator  of  Fig.  Ik   and  Eq.  (B.4)  occurs  between  two  v 
interactions. 
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insert, "  an  infinite  set  of  diagrams,  with  each  insertion  leading  to 
another  diagram  in  the  overall  BG  expansion.   Furthermore,  as  we  see 
in  Fig.  l4,  self -energy  diagrams  can  he  inserted  any  number  of  times 
on  any  given  line.   The  reason  for  defining  the  insert  on  the  hole 
line  as  indicated  in  Fig.  1^,  violating  the  exclusion  principle, 
will  be  seen  later.   Such  terms  do  occur  in  the  BG  expansion,  of 
course:   the  exclusion  principle  is  to  he  neglected  when  labelling 
the  lines.  All  possible  terms  of  the  sort  indicated  in  Fig.  Ik   can 
be  obtained  by  redefining  the  "propogator"  as 


1   -r  (B.4) 


en+e.-o  -e      uu  '  +uj  ,  '  -u,  '  -to 
k  X  m  n      kXmn 


where 


V  =  ek  +  f  *ki;(ia)Vi    •  (B-5) 

Note  that  &  '   is  analagous  to  u)   of  (2.3^-)  without  the  rear- 
rangement  term.   To  see  that  this  definition  of  the  propogator 
reproduces  the  series  indicated  in  Fig.  1^-,  expand  the  denominator 


=  1  -  x  +  x2  -  •  •  •  (B.6) 


1+x 


to  obtain 


k  Z        m   n       k  X  m  n       k  I     m  ny 


S  {  j  (tjk;(jk)  + 


+  t.,  ,..s    -  t.   /.  n  -  t.   /.  x)n.  }  +  •••  (B.T) 
ji;(ji)    jm;(jm)    jn;(jn)'  j 
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Thus,  inserting  the  above  propogator  between  two  v  interactions 
sums  all  terms  such  as  those  indicated  in  Fig.  15-   There  is  a 
restriction  which  will  be  discussed  shortly.   Next,  to  continue  the 
process,  one  defines  a  new  reaction  matrix,   K  ,  incorporating  the 
modified  propogator s: 

(1-n   )(l-n   ) 

K. .1,=v..,,+     2  v.. K       ,    .      ,  (B.8) 

ij;k£  ij;k^    ^  mn      ij;mn^    I+uj    ,         ,  _^    ,      mn;k4 

k   i   m   n 
with 

V  =ek  +  5Kjk;(Jk)nj=ek  +  \  •  (B-5) 

The  BG  expansion  (A. 92)  or  (B.2)  then  becomes 

AE  =  ikZAi;(kx)V;  +  °(K3>  '  (B'10) 

Trie   diagrams  which  this  approximation  sums  are  indicated  through 
fourth  order  in  Fig.  1  (along  with  two  third  order  diagrams  which 
it  does  not  include,  the  hole-hole  and  three-body  cluster  diagrams). 

The  restriction  mentioned  above  is  concerned  with  the 
denominator  of  the  terms  occuring  in  the  definition  of  the  "self- 
consistent"  V,  in  (B-9)'   The  problem  involved  is  the  proper  treat- 
k 

ment  of  terms  such  as  h(d)      of  Fig.  1,  and  is  best  illustrated  by 

an  example.   The  contribution  of  4(d)   to  the  interaction  energy, 

<AE  ,   is 

(B.ll) 

n,  xi, (1-n  )(l-n  )  n.(l-n  )(l-n  ) 

i  y  k  xv   !i/x    n/  j    ry  v    s 

"2klVkX;mn  ,  ,2     Vmn;  (kX)LjrsVjn;rs  Trs;(jn)J 


where  -E   is  obviously  e. +e  ,-e  -e   .  The  term  in  parentheses  is 

k  Z     m  n 

just  one  of  the  terms  from  the  definition  of  V   except  for  the 

n  ■ 

,  occurrence     -Z   (which  is  the  excitation  energy  of  the  remainder 
of  the  diagram  at  the  point  where  the  self -energy  terra  is  inserted). 
If  we  try  to  account  for  such  terms  by  modifying  the  definition  of 
the  K-matrix  to  include  the  term  -E'   in  the  denominator,  we  find 
that  either  we  must  compute  the  K-matrix  for  the  full  spectrum  of 
possible  excitation  energies,  or  we  must  use  some  average   -E   in 
the  denominator.   The  latter  choice  truncates  an  otherwise  infinite 
series  of  equations  by  treating  only  approximately  the  fourth  and 
higher  order  diagrams  such  as  h(d)      in  Fig.  1.   The  use  of  -E   in 
the  denominator  violates  energy  conservation  in  the  definition  of  the 
K-matrix  in  order  that  energy  be  conserved  in  the  particular  ground 
state  term  being  described,  and  the  K-matrix  is  then  described  as 
being  computed  "off  the  energy  shell." 

Another  method  for  treating  the  energy  denominators  also 
exists.   Eq.  (B.ll)  can  be  written 

n,n„(l-n   )(l-n   )  n   (l-n   )(l-n   ) 

i  „  k:  >iv        irr  v        n  _  1  r  s  l 

2ki    ki;mn   (£  _£    }2     mn;(k^)Ljrs   jn;rs  _£  rs;(jn)J 

mn         kjJmn  k  £  r  s 

(B.12) 


where  6E  =  e   -  e .  .   Thus,  we  can  properly  treat  this  diagram  if 
we  define  the  K-matrix  for  particles  outside  the  Fermi  sea  by 


(l-n  )(l-n  ) 

K.   .   =  v    .  +  S  v.     v    .  (B.13) 

jn;jn    jn;jn    rs  jn;rs  ^,  .  _^  .  _6E  rs;jn 
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and  their  self-consistent  potential  energy  by 

V  (E)  =  E  K.  .  .    ,(S)n.  (B.14) 

nv     j   jn;(jn)v  y  j  ' 

where  2   f=a;  -hi;   )  is  a  parameter  in  the  equations  which  allows  us 
to  use  as  the  particle  energies  in  (B.8)  quantities  related  to  the 
energy  of  the  holes  coupled  to  the  excitations  (i.e.,  a  quantity 
which  represents  the  dependence  of  the  particle's  energy  on  the 
energy  of  the  associated  holes  for  the  purposes  of  the  above  treat- 
ment of  these  complicated  denominators).   Eqs.  (B.I3)  and  (B.i4), 
used  in  (B.10),  will  generate,  among  other  terms,  Eq.  (B.12). 

This  latter  formulation  is  advantageous  if  we  are  going  to 
use  an  average  value  for  the  excitation  energy  instead  of  attempting 
to  solve  exactly.   The  reason  is  that  the  second  method  of  treating 
the  particle  energies  treats  a  larger  portion  of  the  energy  denomi- 
nators exactly;   because  of  this,  (3.13)  and  (B.l4)  are  used  as  the 
definitions  of  the  particle  energies  in  the  K-matrix  calculations  of 
Brueckner  et.  al.   The  average  single  particle  excitation  energy  is 
usually  taken  to  be 


6E=^'-oj.'eeA^^    _^  (B.15) 

m   j        PF     p=0  y/ 

With  the  hole  self -energy  insert,  such  as  4(e)  and  k(f) 
of  Fig.  1,   the  situation  is  not  the  same.   For  either  diagram 
alone,  6E  should  again  be  the  interaction  energy  of  the  original 
lines,  but  when  we  take  the  two  diagrams  indicated  together,  we  have 
(Iol     only  at  the  propogators): 


. 


e.  +e  „-e    -e      e  .n-s,  +2e  „-e    -e    -s    -5      e,  -i-e  ,-e    -e 
k     X     m     n     j     it       imnrskim     n 


e  +e.-e  -e   e  .+e  +2e  ,-e  -e  -e  -e   e .+e  -e  -s 
k  i     m  n  j  k   Xmnrsjkrs 


2 
(en+e„-e  -e  )   e  .+e.  -e  -e 

k  i     m  n    j  k  r  : 


(B.16) 


This  is  just  the  result  we  would  obtain  evaluating  the  insert  "on 
the  energy  shell"  (i.e.,  with  6E  =  0  ).   This  proof  that  hole 
energies  should  "be  computed  on  the  energy  shell  has  "been  extended  to 
all  orders  of  perturbation  theory  by  Be the ,  Brand ow  and  Petschek. 

Incidentally ,    the  reason  for  including  only  the  diagrams  of 
Fig.  Ik-   in  the  definition  of  the  single  particle  energy  should  now  be 
clear:   their  inclusion  can  be  effected  in  a  simple  and  natural  way. 
One  reason  these  terms  are  so  easily  included  is  because  the  only 
multiple  scattering  appearing  in  them  is  particle -particle  scat- 
tering. 

The  "rearrangement  energy"  diagrams  of  Fig.  2,  which  cor- 
respond to  the  derivative  terms  in  (2.3^-),  have  not  been  summed  by 
the  propogators  defined  above.   They  can  be  included,  however,  if 
the  single  particle  energy  (B-9)  includes  a  derivative  term  such  as 
the  "rearrangement' term  in  (2.3^-): 

w  '  =  e  +  2  K.   /  .  xii.  +  E  n.n.  7 —  K..  ,  .,  s  .     (B.17a) 
P     P   j   JP;(JP)  J    jk  J  ™%     Jk;(jk) 

21 
As  pointed  out  by  Brueckner  and  Goldman,    the  last  term  can  be 

evaluated  (in  principle)  during  the  numerical  solution  of  the  K- 
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matrix;  equations  "by  making  a  definite  shift  in  the  population  of  the 
Fermi  gas  near  the  desired  momentum  and  so  determining  6K/6n   from 
the  finite  shift  in  the  K-matrix.   The  additional  computation 
effort  required  would  be  considerable,  however.   The  derivative  term 
above  corresponds  to  altering  the  definition  of  the  "self -en      : 
inserts  of  Fig.  14  to  include  the  second  order  Paul i -principle  vio- 
lating inserts  on  the  particle  lines  and  the  "non-violating"  hole 
inserts.   The  latter  insertions  would  have  to  be  computed  "off- 
energy-shell"  and  the  former  "on-energy-shell"  (following  arguments 
identical  to  those  of  the  previous  paragraphs).   To  see  how  the  ter 
in  Fig.  2  are  picked  up  by  using  (B.lTa),  expand  the  derivative  term: 


,  (i-n  )(l-n  ) 

o   _  m     n 

K.,   .,  =  -^—     2  K 


6n   ^'^       6n  ran   ^  Jk  tu  .  W  ' -^  ' -^  ' 
p  p  j   k   m   n 

(!-n  )K    -i  2  o  K 

=  -2E  n  pn-jk    +  1  (1-n  )(l-n  )K     2  J-  (u,  . '^  •- 

nu,  '-wo  '-U)  '-u>  '    *n    n     m  mn^k  6n    J   k 

j   k   p   n  p 

-   '-oo  ')_1  .   (B.lTo) 

m   n  J  v     ' 

The  first  term  on  the  right  yields  Fig.  2(a)  (for   |p|  ^  p   )  and 
Fig.  2(b)  (for   |pj  >  p   ).   This  term  would  be  obtained  by  a  first 
order  numerical  evaluation  of  the  derivative  in  (B.17&).   The  second 

■m  in  (B.17b)  would  be  obtained  by  iterating  this  procedure,  and 
lead.:,  to  terms  corresponding  to  Fig.  2(c).   However,  there  exist 

three  other  diagrams  related  to  Fig.  2(c)  in  the  same  manner  that 

22 

4(f)  of  Fig.  1  is  related  to  4(e).  Brueckner,  Gammel  and  Kubis 

have  shown  that  their  total  contribution  to  AE  is  only  half  of  the 
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"on-energy- shell"  third  order  insert  involved  in  Fig.  2(c),  and  the 
numerical  calculation  would  have  to  "be  modified  accordingly. 

Brueckner,  Garamel  and  Kubis  '"  have  also  shown  that  the 
rearrangement  terms  contribute  only  1.5  Mev  (repulsion)  to  the  inter- 
action energy,   AE.   Therefore,  the  additional  complexity  involved  in 
computing  them  as  indicated  above  is  probably  not  justified  "oy   the 
slight  improvement  to  be  gained  for  most  purposes.   The  derivative 
term  in  (B.lTa)  was  not  included  in  any  of  the  calculations  discussed 
in  this  dissertation. 

One  final  feature  of  the  K -matrix  formulation  must  be  men- 
tioned.  The  single  particle  energies  defined  by  (B.17a)  are  not 
identical  to  the  true  single  particle  energies  defined  by  (2.3^-) 
because  the  former  are  calculated  "off -energy- shell"  in  the  two 
cases  in  which  a  singular  denominator  would  be  involved.   This  is  the 
proper  procedure  for  the  K-matrix  calculations  because  all  the  energ- 
ies involved  in  the  energy  expansion  are  real  (barring  pairing  lead- 
ing to  superfluidity).   Therefore,  the  single  particle  energies 
appropriate  to  K-matrix  calculations  are  not  the  true  energies  (which 
have  imaginary  terms  if  away  from  the  Fermi  surface  because  of  finite 
lifetime  effects),  and  the  K-matrix  energies  will  not,  therefore, 

o  ^„ 

satisfy  the  Bethe-Hugenholtz-Van  Hove  theorem     that  E.   =  -(p„). 

Av       r 

To  check  this  theorem,  it  is  therefore  necessary  to  compute  the 
single  particle  energies  separately,  and  "on-energy-shell. "  This 
distinction  between  the  K-matrix  and  the  actual  single  particle 
energies  must  be  borne  in  mind  in  the  discussions  of  the  nuclear 
matter  and  the  finite  nucleus  calculations. 
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The  final  set  of  equations  for  the  Brueckner  approximation 
is  given  in  Chapter  II,  (2.1l)  et.  se q . 

A  more  direct  derivation  of  the  K-matrix  approximation  is 

possible  with  the  alternate  linked -cluster  expansion  described  in 

Appendix  A   in  which  the  unperturbed  Hamiltonian  is  the  sum  of  the 

kinetic  energy  operator  plus  an  effective  single  particle  potential, 

V  ,  and  the  interaction  Hamiltonian  is  a  difference  of  v  and  V 

interactions  (A. 77).   The  energy  denominators  in  the  BG  expansion 

are  then  (E   -  H  )  ,  where  E   is  now  the  sum  of  the  kinetic  energy 
v  o    o  o 

and  the  effective  potential.   The  set  of  graphs  one  obtains  must  then 
include  all  possible  .  V  interactions  as  well  as  v  interactions, 
and  V  is  chosen  so  that  its  graphs  cancel  as  many  v  graphs  as 


possible.   Choosing  V    =  2  v   ,      s 

r;m   n  rn; (mn; 


2 
approximation  as  we  have  mentioned  earlier.   Choosing  V  to  be  the 

"self-consistent"  energy  (2.13)  or  (2.17)  as  appropriate  leads  to 

Brueckner' s  K-matrix  approximation. 

B.      BRUECKNER-GAMMEL  APPROXIMATION 

1.      Reduction  of  the  K-Matrix  Equation 

As  pointed  out  in  Chapter  III,  the  nucleon-nucleon  poten- 
tial which  is  best  justified  on  theoretical  grounds  is  a  Yukawa 
potential  (with  spin  orbit  and  tensor  components)  with  a  repulsive 
core  whose  potential  is  very  large  (effectively  infinite).   This 
singular  potential  renders  usual  perturbation  theory  worthless  (be- 
cause the  matrix  elements  of  the  potential  are  singular)  and  compli- 
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cates  the  problem  in  terms  of  the  reaction  matrix:.   In  order  to 
treat  the  core,  it  is  best  to  transform  the  problem  from  momentum 
space  to  configuration  space.  As  we  shall  see,  one  consequence  of 
the  added  complications  is  that  we  will  be  unable  to  obtain  the  off- 
diagonal  elements  of  the  K-matrix.   However,  because  the  energy  is 
defined  in  terms  of  the  diagonal  elements,  this  will  not  be  too 
serious  a  defect.   Its  principal  effect  is  to  prevent  exact  calcu- 
lations of  higher  order  corrections. 

The  details  of  the  reduction  of  the  K-matrix  equation  are 

o 

lucidly  discussed  by  Brueckner  and  Gammel  (BG).  We  shall  therefore 
present  only  the  essential  details. 

2.   Transformation  to  Coordinate  Space 

The  reduction  to  coordinate  space  is  done  with  plane  wave 
basis  states.   Total  momentum  is  conserved,  so  that  in  (2.19),  for 
instance, 

£k+££  =*m+£n=£  '  (B'l8) 

where  P  is  the  total  momentum.   The  relative  momentum  is  defined  as 

£  =  ifev  "  ?  )   •  (B-1?) 

Since  the  v:s  conserve  total  momentum,  the  K's  do  also,  and  the 
total  momenta  appear  as  parameters  in  the  equations.   For  example, 
Eq.  (2.12)  becomes 
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v  .   «  K(P,E,5E)  ..  f(P,k") 
K(P,Z,6E)  ,    =  v  ,    +  Z^-^ ^^ ,    (B.20) 

K       2-Wp+(^)-CUp  (2.J-0E 


where 


2  =  cuk  +  u»x  (B.21) 


.  (2)  =  e  +  Z  K(P,2,6E=A)1  ,n.  ;      k  =  iCp-P.)   (B.23) 


n  ^   ' 

P±  =  s£  ±k"  ,  (B.24) 

and  the  exclusion  principle  is  enforced  "by  the  step  function 

f(P,k")  =1    if  P+  >  PF  and  P_  >  pF 

=  0    otherwise.  (B.25) 

For  the  calculation  of  particle  energies,,   2  is  merely  a  parameter, 

and   is  needed  only  for  the  range     2u        rt     to     Z& 

Pk=0       pk=pF 

¥e  now  introduce  a  wave  matrix  Q  through  the  defining 
equation 

K  =  VQ  .  (B.26) 

In  matrix  notation 

K  =  v  +  v  -2-  K   ,  (B.27) 

E-H 

and  therefore 

Q  =  1  +  -§-  vn        .  (B.28) 

E-H 

From  (B.28)  one  obtains  with  a  little  manipulation  the  equation  for 

the  true  wave  function  Y  ,(r)   in  terms  of  the  plane-wave  hasis 

r }  K 

ctions> 
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Vp^(r)  =  (r;Q|k)  =  (r|k)  +  (r|  ^L   VDJk) 


=  cR-(r)  +   Sw  jdr<J'dr"(r|k")(k"|  =i=  |0(k"|r")   (3.29) 


(r"|v|r')  -y'  .  (r') 

r  }  is. 


However,   v  is  a  local  potential  and  Q/(E-H)  is  diagonal  in  momen- 
tum space,  so  that  (B.29)  reduces  to 


vP;k(r)  =  cpk(r)  +  Jdr'G^k(r,r')v(r')Vp^k(r')  ,  (B.30; 

where  the  Green's  function  is  defined  "by 


cp  „(r)cp  ,(r')f(P;k") 

Gpk(r,r')=  2- '- : .  (B.31) 

k"  Z^p  (S)-u)p  (2)-6E 

Thus,  (B.26)  gives 


(k'|K|k)  =  Jdrfdr'  2  (k'|r ' )  (r  *  |v|r '  )(r '  |k"  )(k"  jr)(r  |Q|k) 
k" 

=  fdrca,,(r)  v(r)  y,.(r)  .  (B.32) 

3.   Partial  Wave  Expansion 

The  next  step  in  the  reduction  of  the  K-matrix  equations 
is  the  partial  wave  expansion.   The  employment  of  this  technique  is 
an  approximation  since  the  partial  wave  expansion  is  rigorously  cor- 
rect only  when  the  energy  denominators  in  e.g.  (B.31)  and  the  Pauli 
principle  (B.25)  do  not  depend  on  the  angle  "between  P  and  k"  . 
This  is  the  case  for  two-body  scattering,  where  f(P,k")  =  1  and 
(2)  =  P ,  /2M  ,   but  it  is  not  true  in  the  many-body  case  for 
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P  /  0  .   One  then  has  two  choices;   (l)   assume  P  =  0  and  proceed 
rigorously  from  ther^e,,  with  that  as  the  only  additional  approximation 
or,  (2)   treat  the  angular  dependence  of  the  total  momentum  in  some 

average  fashion.   The  dependence  of  the  results  on  the  total  momen- 

3 
turn  has  been  found  to  "be  small/  and  either  approximation  will  intro- 
duce errors  which  are  expected  to  be  smaller  than  other  uncertainties 
of  the  method  (e.g.,  "che  higher  order  diagrams  in  the  3G  expansion 
which  are  neglected).   The  second  procedure  is  expected  to  be  the 
better  approximation,,  and  it  is  used  in  the  BG  and  BM  calculations. 
To  decouple  the  dependence  of  the  Green's  function  on  P  and  k"  ; 
we  use  the  angular  average  of  the  quantities  affected.   Thus  (B.25) 
becomes 

f(P,k")  =  0  k"2  +  i-P2  -  p/ 

=  l  k"  -  iP  >  PF 

.  n2  i-q2    2 
=     2  *"-F      otherwise  (B.33) 

k"P 

and,  for  use  in  calculating  P_^  for  the  excitation  energies  in 


(B.31) 


P,,2  -  fP2  +  k"2  ±  (l//3)f2(P,k")Pk"  .  (B.3^) 


The  latter  substitution  removes  the  angular  dependence  between  P 
and  k"   so  that  the  summation  over  k"  reduces  to  an  integral  over 
the  magnitudes  of  k"  alone. 

The  partial  wave  expansion  then  proceeds  exactly  as  in  the 
L  two-body  scattering  problem,  and  has  been  treated  in  consider- 
able    LI  by  Brueckner  and  Gammel.0  The  plane  wave  basis  func- 


229 


m 
tions,  cp  (r)  =  exp(ik*r)  x     (x  "s  are  the  spin  functions),  are 

expanded  in  partial  waves,   j.(kr)  .   In  the  presence  of  the  tensor 
force,  the  orbital  angular  momentum  I      is  not  a  constant  of  the 
motion,  hut  J  ,   the  total  angular  momentum,  is.   The  expansion  is 
recast  (via  Clehsch-Gordon  coefficients)  in  terms  of  the  total  angu- 
lar momentum,  J  ,  and  the  spin,   s  ,   and  involves  j.(kr)   for 
I   =   J  and  &   =  J  ±   1  and  the  corresponding  eigenf unction  of  J  , 
F.      J'J  .  A  similar  expansion  for  the  coordinate  space  wave  function 
ty  also  involves  the  coupled  states  noted  above.   The  two  solutions 
which  are  generated  from  the  orthogonal  unperturbed  solutions  are 
defined  so  that  under  the  action  of  the  tensor  force 

1   F   Jnijs  _        Js    Jmjs  Js    JmjS 

JJ-1  J-l       J-l, J-l   J-l       J-l, J+l   J+l     ; 

and  (B.35) 

„       JmTs        TT  Js,_,       JmTs    ,    TT  Js_,       Jm-s 

F  l)_*U  F  J+TJ  F  d 

d J+l  J+l  J+l, J-l        J-l  J+l, J+l        J+l 

The  angular  momentum  expansion  of  the  Green's  function  is 
G(r,r')  -  2  (2i+l)  G^(r,r')  Y°(r,r<)  [4ff/(2X+l)]*  , 


with 

0  ,   °°  k"2dk"  j.(kr)  j,(k"r')  f(P,k") 

4k(r;r')=4  J - •      (B.36) 

P'k        2^2  I  2-wp  (2)^p  (S)-6E   • 

We  have  used 

(2ir)~3rdk" 


k" 


230 


and  have  done  the  integration  over  angles  of  k"  .   Substituting  the 
appropriate  partial  wave  expansions  and  the  Green's  function  expan- 
sion into  (B.30)  for  vp  i,(r)  >      anci  then  integrating  over  angles  of 
r  and  doing  those  summations  which  can  be  done  immediately  leads  to 

To 

the  following  equation  for  the   U.  ,  "(P,k,r): 

Vu  ,  Js(P,k,r)  -  Jx(to)«ijtl  +  knL   Jr'2dr.  G^k(r,r  ■  )V,  ,,„ Js(r  ■ ) 

Xj 

U^„Js(P,k,r')  .    (B.37) 

Jq 

The  V,   „  '   are  defined  in  Chapter  III,  (3-17) .   For  s  =  0  ,  only 
I  =  Z1    =  I"   =  J  is  possible,  and  (B.37)  has  a  very  simple  appearance, 
For  s  =  1  ,  the  only  allowed  values  of  the  orbital  quantum  numbers 
are  J  or  J  ±   1  ;   the  latter  possibility  leads  to  pairs  of 
coupled  equations  for  the  U(r)  for  I   ^  3  • 

h.      Treatment  of  the  Hard  Core 

Because  the  procedure  for  handling  the  core,  where  V(r') 
is  infinitely  repulsive,  is  similar  for  all  I  ,  we  suppressed  the 
indices  to  obtain 

CO 

U(r)  =  UQ(r)  +  kri   [  G(r,r '  )v(r '  )U(r '  )r  ,2dr '  .  (B.38) 

0 

We  separate  the  integral  into  two  parts,   0  to  rQ  (the  radius  of 
the  hard  core  potential)   and  r   to  infinity.   The  latter  integra- 
tion causes  no  trouble.   The  first  integral  presents  a  problem  be- 
cause U(r'^r)  =  0  and  therefore  V(r,)U(r')   is  indeterminate 
within  the  core.   In  analogy  with  the  treatment  for  the  usual 


^3± 


scattering  problem,  we  make  the  replacement 

V(r')U(r')  =  X   c(r'-r)       r'<r  (B-39) 

where  X      is  chosen  to  make  U(r')  vanish  at  the  core.   This  substi- 
tution is  exact  for  two-body  scattering,  but  leads  to  a     1  error 
for  the  many-body  problem  (because  it  cannot  be  shown  that  the  equa- 
tion for  U(r)  which  we  are  about  to  derive  vanishes  inside  the 
core).   Be  the  and  Goldstone  '   and  Brueckner  and  Gammel  have  shown 
this  error  to  be  negligible  for  hole  energies  (less  than  01c/o   of  ohe 
K-matrix).   The  error  in  particle  energies  is  discussed  further  in 
Chapter  IV.   Putting  (B.39)  into  (B.38),  we  find 

CO 

U(r)  -  U  (r)  +  4nr  2G(r,r  )X  +  kn   J  G(r,r ' )V(r ' )u(r ' )r ,2dr '  .   (E.40) 

r 

c 

The  condition  U(r  )  =  0  then  fixes  X    .  We  set  r=r   in  (B.40) 
and  solve  for  X    .   Substituting  this  solution  back  into  (B.40) 
yields 

U(r)  =  s(r)  +  h-u       F(r,r')V(r')U(r,)r'  dr'   ,  (B.4l) 


r 

c 


where 


s(r)  =   UQ(r)  -  Uo(rc)G(r,rc)/G(rc,rc)   ,  and 

P(r,r«)  =  G(r,r')  -  G(r,rc)G(rc,r')/G(rc,rc)  .  (B.42) 


itoring   indices,    we  have 

CO  _ 

u.rJs(P,k,r)   .  4^r)iu,   *  4n  j  4;k(r,i-)V,,..,Js(r0u,,„Js(P)l^) 


r 


c 


r'2dr'  (3.^3) 
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with 
JL 


p,Xr)  =  J^)-j,(kr)G^k(r;rc)/G^k(rc,rc)  (B.kk) 


5-   Determination  of  the  K-Matrix  Elements 

We  find  the  diagonal  elements  of  the  K-matrix  ~~oy   substitut- 
ing our  partial  wave  expansions  into  (B.32).   We  can  perform  the  sum- 
mation over  projections  of  the  spins  explicitly,  and  after  some 
algebra  of  Clebsch-Gordon  coefficients  and  a  treatment  of  the  core 
similar  to  the  treatment  for  the  wave  functions,  we  obtain 

J+1      f-J,2(krJ       ,»2    9  J+1 

(k  K  k)  =2  Z     CT„  -[-rr —  +  hn  i  r  drsf  .  (r)  2 

The  first  term  on  the  right  is  the  (repulsive)  core  contribution  (G 
is  negative  at  the  core).   Note  that  the  sum  over  m   has  been  per- 
formed and  yields  the  same  factor  (one)  for  both  singlet  and  triplet 

states.   The  coefficient  CT    is  the  statistical  weight  of  the 

Jis 

state  and  s   is  the  spin.   In  infinite  nuclear  matter  we  assume  that 

the  number  of  neutrons  and  protons  are  equal  and  that  the  Fermi 

momenta  for  neutrons  and  protons  are  equal.   Further,  we  assume  "Che 

nuclear  potential  to  be  charge -independent;   K  is  therefore  inde- 

.;.  of  T  ,   the  z-component  of  isotonic  spin.   Thus,  for 
z ' 

:,    the  energy  of  a  proton  with  entum  must  be  equal 


to  the  energy  of  a  neutron  with  the  same  momentum.   Finally,  the  only 
dependence  of  the  K's  on  m   was  through  certain  Clebsch-Gordon 
coefficients,  so  the  sum  of  m   from  -1  to  1   (for  the  triplet 
state)  could  be  done.   The  product  of  spin,  isotopic  spin  and  space 
exchange  is   -1   (Pauli  principle),  so  the  exchange  term  contributes 
a  factor  0  or  2  for  like  particles  depending  on  the  state.   To 
assist  us  in  assigning  the  proper  statistical  weights,  we  classify 
the  possible  states  of  two  nucleons  as  indicated  in  Table  IX. 


Spin 

Orbital 
State 

Isotopic 
Spin 

Possible  Particle 
Pairs 

Weight 

Singlet 

Even 

Triplet 

N-P,  N-N,  P-P 

3 

<— 

(2J  +  1) 

Triplet 

Even 

Singlet 

N-P 

1 
2 

(2J  +  1) 

Singlet 

Odd 

Singlet 

N-P 

1 
2 

(2J  +  1) 

Triplet 

Odd 

Triplet 

N-P,  N-R,  P-P 

1 

3 
2 

(2J  +  1) 

Table  IX.   Possible  states  of  2  nucleons  and  their  contributions 
to  the  statistical  weights. 


Contributing  to  the  statistical  weights  noted  above,  there  is  a  factor 
two  for  two  particles  per  momentum  state  and  the  usual   (2J  +  l) 
factor.   To  assign  the  proper  weight,  we  need  only  look  at  the  contri- 
butions for  a  given  particle,  say  a  proton: 


K(proton)  =  2(2 J+l)  \    y   X  2  X  2  (K  .      ) 


j 


IS 


nglet' 


even 


proton 


+  i  x  2  x  2 


<X    .           )                 +  i  x  2  :   (K                 )   -r  (K    .              ) 

triplet           ,              h-  smc^ex.  singlet  j 

j  j            -proton  ~  neu- 

odd           L  even  odd              tron 


+  \   X  2.(Ktri-olet)  +  ^trlpletl   +    }  '      <B"t7) 

,,      neutron 
even        odd 

The  factors  are:  r-  (for  the  number  of  spin  states ),   2   (number  of 

particles  per  momentum  state),  and  2   (exchange,  for  proton  only). 

The  sum  over  m   was  performed  in  (B.46)  and  yielded  one  for  singlet 

and  triplet  states.   Therefore,  the  "average"  value  of  the  sum  over 

the  triplet  states  was  l/3>   which  multiplied  by  the  triplet  state 

probability,   3/V   just  gives  the  factor  r-  which  is  indicated 

above.   The  C_„   are  thus 
JJls 


cT,  =  i  car  + 1)  :ins^"eLen  or 

JXs   2  triplet -odd 


1  /„_   .,  \   singlet -oda  or 
=  77  (2J  +  1)   ,  .  °.  , 

2  triplet -even 


(B.48) 


The      C  in  Eq.    (2.7)   of  BM  differ  from  the  above  by  a  factor  of 

J  iis 

3/2:   this  factor  has  been  included  in  the  numerical  factors  in 
Eq.  (2.8)  of  that  paper. 

6.   Single  Particle  Energies 

Equations  (B.22)  and  (B.23)  for  the  single  particle 
energies  now  become 

^f^V(p)  (B.49) 
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where 


V(p)   =EK  n  (B.50) 

q   p,q;p,q    q.    ' 

K  being  commuted  on-energy  shell   (6E  =  0)      for      |p|^  p_,     and 

off -energy  shell      (6E  =  A)      for      |p|>  p      •      The   average  binding  energy 
per  particle,      E     ,      is  then  given  by 

r-^F     2,      r   -p  1      ,    s-, 

Pa?[  5"-  +  p  V(p)] 

EAv=      °  „  '      2 •  <B-5D 

r^F    2, 

J  P  dp 

o 

The  factor  —  is  simply  a  consequence  of  the  fact  that  V(p)   is  the 
potential  between  pairs'  of  parti cles,  and  the  integral  sums  over 
pairs  twice. 


7-   Computational  Procedure 

3 
The  Brueckner-Gammel  computation  solved  these  equations  by 

iteration  for  S,   P  and  D  states  as  follows: 

1)  A  table  of  to  (p  <  p  )  and  u>  (Z)(p'  >  p  )  was. 
P  P  ■*• 

formed,  with  the  initial  guess  of  uj   and  uo  ,(Z)   just  the  kinetic 

p       p 

2  2 

energies  p  /2M  and  p'  /2M.   Five  p  values  were  selected 

(0.1(0.2)0.9  P-n)  and  a  three  by  five  matrix  of  p'   and  2  values 

F 

(p'  =  1.1(0.5)2.1  p^  and  2  varying  between  cu     and  2ou   ). 

For  p'  ^2.6  x>   ,    ou   (Z)  was  always  approximated  by  the  kinetic 

^F   p 

energy  alone,   p'  /2M,  an  approximation  which  was  checked  and  found 
to  introduce  negligible  error  si nee ,  in  this  approximation, 
V(P')  „7^0, 


2-6 


2)  The  Green's  functions  (B.36)  and  (B.k-5)   were  computed 
by  numerical  integration  to  a  very  large  value  and  an  approximate 

,  analytical  correction  was  used  for  the  remainder  of  the  integral. 
The  Green's  functions  were  required  for  every  entry  in  the  energy 
table,  for  every  value  of  r  and  r'   used  in  the  numerical  solu- 
tions, and  for  every  magnitude  and  angle  of  q  in  (B.50)  with 
respect  to  p   (five  each). 

3)  The  wave  functions  (B.^3)  were  computed  by  replacing 
the  integral  equations  by  sets  of  simultaneous  linear  equations  and 
solving  them  by  matrix  inversion. 

k)     The  K-matrix  equation  (B.46)  was  then  integrated 
numerically. 

5)  Finally,  the  single  particle  energies  (B.^9)  and  the 
mean  energy  (B.50)  were  computed,  and  the  energy  table  was  updated 
for  the  next  major  iteration. 

The  next  iteration  began  with  step  2  above,  and  continued 
until  the  new  energies  agreed  sufficiently  well  with  the  old  ones. 
Five  iterations,  starting  with  the  kinetic  energies  as  a  first  guess, 
sufficed  to  make  the  new  energy  table  agree  with  the  old  one  to  one 
part  in  10  .   It  must  be  emphasized  that  the  most  difficult  part  of 
the  computation,  and  the  most  time  consuming,  was  the  computation  of 
the  many  Green ' s  functions . 

We  have  discussed  the  above  computational  details  to  empha- 
size the  magnitude  of  the  computational  problem  for  the  very  accurate 
solution  of  Brueckner's  equations.   The  results  of  the  computation 


are  discussed  in  Chapter  IV. 


such  that 


APPENDIX  C 
TRANSFORMED  BRUECKNER-C-OLDSTONE  EXPANSION 


In  the  text  it  is  shown  that  AE(o,w)_,-,   can  be  defined 


AE(p,v)BG  =  AE(n;e)BG  (C.l) 


where  AE(n, s)    is  the  Brueckner-Goldstone  linked- cluster  expansion 

for  the  interaction  energy  of  a  system  of  interacting  Ferrnions  in 

their  ground  state.   AE(o,w)    has  the  same  functional  for... 

J3G 

E(n, e)    with  the  true  densities  (given  by  (2.23)  instead  of  the 
Ferrni  step  functions,   n,   and  the  energy  variables  w  in  place  of 
the  free  kinetic  energies,   e  .   In  this  Appendix  we  prove  that 

w.  =  e.  -  Ae.  +  0(v")  (C.2) 

k    k     k 

where  Ae,   is  given  by  (2.31)  and  the  correction  by  the  last  terra  of 
k 

(2.75)-   Further,  we  shall  prove  that 

AE(p,e)  no  self-energy  =  AE(n, e)-  +  0(v  )  .         (C-3) 

terms 

2  k 

We  shall  actually  show  that  the  errors  are  0(t  )   and  0(t  ) 

respectively,  where  t   is  the  t-rnatrix  defined  by  (B.l). 

Now  let  us  look  at  the  correction  term  in  (2.75)-   We  will 

3.  Taylor  series  expansion  about  A.  =  0.   To  expand 
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^J 


fltk 


6AE(p(\'),w(X')) 
1   -     6Pi,(a')  A< 

w  =  e  -As  -An    d\  'I —  (C.U) 

o    ^   6A3(p(;-,'),wQ-  ')       An, 
6w,  U')  K 


k 


we  need 


,      ^  d.p,(X)    c      dw  (x)   , 


6AE(p(\),v(\)) 

1°]^"    6AE(p(Q,v(x))~   ^V^ 

6w.(\) 

J 

from  (2.73);  (2.75)  and  (2.22).   Thus,  if  we  expand  the  integrand  in 
(2.75)  about  X  -   0  and  integrate,  we  obtain 


wn  =  en  -  A^  -  An,   X,   7 — —r-r     L    •  •  •  2  An.  ••"An.   tt 
k    k     k    "k  ^=1  (X+l).'   j     j    Jx      J  m=l 


6AE(n,e) 
6n. 

in  0     \     k 


6n.      c  Aw    >!      oe  .  y  An 


6AE(n,e)        j       k 

m     — r^ — ; — -         m 
oe 


(C.6) 


Jm 


From  (2.22)  and  (2.31) 


J         6n . 


Thus,  the  £   =  1  term  in  the  above  correction  terra  is 


-,  s  .^  is, 

An^I  An.  'J iJ-  ,_*  (c.6) 

*  2  j   J   6n    An.  6.  y  A^ 


-,            c  An, AS,.   R 

-  2  ^An.  - —  As, -= —  An.  - 

d         l  j  6n.  k    A     6n .   k 

J  An,,     j 


c  As  .As.   j 

-  As.  -rf-  As,  +  — i-i  -£-  An,  '  .  (C-9) 

J  6s .   k     .     6s .    k  j 

J         Ank     j 


To  evaluate  (C.9)>  we  need  the  following  expressions 

As.    =  -r—  AE(n,e)   =  E  t.  .    ,      x    n,  +    ...  (C.1C 

k       6il  J  ^     ki;(kij     i  v 


(1-n    )(l-n   ) 
t.  .   .       =  2     t        .  .  ^ 2__.  t       1       (6     +6      -61     -6,    )    (c.ll 


6s        ijjkjfc      mn      mn;ij    ,  s2     mn;kj£        mq     nq     kq     iq 

q  ^ek  V  m~V 


(which  is  obtained,  from   (CIO)    ay  expanding  the   t -matrices  and  doing 

the  differentiation),    and 

n   fl-n   )(l-n    ) 
An     =  -n       St  ,     pr  t 


q  imi     mn;qe      ,      +,    _£    _£    f     mn;(qi) 

q     1     ra     n 


ii-^vu  yf^ifWo*---  (c-i2) 

v    k     £      q     ny 


With  the  above  equations,  we  can  easily  verify  that  all  but  the  last 
.  of  (C-9)  are  of  order  t   and  that  the  last  term  is   0(t  ), 


proving  (C.2). 

In  order  to  demonstrate  (C.j),  we  note  that  t. 
'AE(p,e)  without  self -energy  terms  is 


iB(P'°  ter^slf"energy  =  2kyU;(m  Vi  + 


+  hole -hole  term  and         , 

3-body  cluster  of  0(tJ)+0(t')  .  (C.13) 


Since  the  zero  order  p    is   n.   (see  (2.23) )}    the  third  order  terms 

included  in  (C.13)  are  the  same  as  the  corresponding  terms  in 

AE(n,e)_   .   The  third  order  self -energy  term  must  therefore  he  shown 

to  come  from  the  first  term  on  the  right  in  (C.13)  if  the  equation  is 

to  be  proved  correct  to  fourth  order.   Using  p.  =  n.  +  An,   and 

rk    k 

(C.12)  for  Ael  ;   we  obtain 

r  S  t,  „  /  n  v  n.  n  „  +  —  S  z,   „  , .  ,  n  n  An  „  +  7-  2  t.  „  / .  „  >  An.  n ,  +  0  ( t  ) 
2  la  :a;(U)  k  I       2  kjl    kX;(k,£)   k  4   2^  U;(k£j   k  i    v   ; 


-,  n  ..  (l-n  )(l-n  ) 

-St        n  n    -St       -:  i    m/v   ny 
2k,  kX;(ki)   kn2  "  2k^mnmn;k^  ,  *2     rr.n;(kx)  X 

^£k V W 


x  i  S(t .,  /  ..  x  +  t .  n   1  .  x  -  t .   /.\-t.   /  .  v  )n.  \   .  (C.l4) 

L  -^  Jk;(jk)    jJJ;(ji)    jm;(jm)    jnj(jn)/  jJ 

J 

A  re-  -       nt  of  terms  and  a  change  of  summation  indices  was 
required  "uo  obtain  the  last  term.  Vie   have  again  used  the  fact  that 

pi:      ^  to  n   in  lowest  order.   The  last  term  above  is  just 

k 

-order  self-energy  term  in  (CT);  so  that   AE(p,s)   without 


self -energy  terms  is  indeed  equal  to  E(n, s)--  through  third  Drder, 

-DLt 

proving  (C.3).   There  is  a      .-ence  in  fourth  order  which  wou 
lead  to  an  error  in  the  rrean  energy  of  nuclear  matter  estimated  to 
of  the  order  of  2  MeV. 


APPENDIX  D 
COMPARISON  OF  PUFF  EQUATIONS   AND  BG  ] 

In  this   appendix  the   second  order  difference  betw 
Puff  equations  and  the   SG  >n  are   evaluated   in  the   1 

cd,     =   e,     .      Using   (6.46),    this   difference  may  be  written  (in  the   above 
limit )   as 


#2  ■ 


-k 


-1     1  3 


Ot. 


-e    -e 

,     m     n 


P        lo  ^7 


ud 


°'1    ki 


- 


:P 


F 
all  mn 


ki;mn 


v 


Ti+e,  +e  . -e    -e 
'     k     I     m     n 


mn;(kx) 


1=0 


1 

+  — 


^     v, 


2  ki^-o     k^;mn   e, +e   -s    - 
■°   ^p  k     i     m 

mn>p_^ 


mn;(ki)  J 


(D.l) 


where 


p   =4     2     1 

k<p 


(D.2) 


75 
The  Yamaguchi  S-state  separable  potential   (see  Appendix  E)  has  been 

used  to  evaluate  this  difference.   Taking  the  first  integral  first, 

we  have 


•4p   -   v 

d   *>       p;p 


^%v  ,    dp  dp'  dP.AjC(p)C(p)dpdp,dp, 
p2-p'2  P  ;P  -  -   -     2Mo  J    p2  -  p'2  -    ~  - 

(D.3) 


integrals  over  angles  can  be  done  immediately.   Choosing  p  as 
the  polar  axis  (and  then  doing  the  integral  over  angles  of  p  )  leaas 
to 


fdo     dQ     =       4rr  n  <  p_,  -  -  P 


p>/pF2-|p2  (DA) 


otherwise 


pP 

1  . 

where     "b  =  p_,  +  —  p   .      The  integral  over  the  angles  of     P     gave     4~ 

The     p'      integration  is    just      -J(p,p)      of  Appendix  E   (E.ll) 


C2(p')dp 


J  2       ,2 

P   -P 


=      -  J(p,P)    •  (D.5) 


The  density,   p  ,      is  given  by  (D.2)  and  is  just  4(4tt/3)p-,0  •   There- 
fore,, the  integral  to  be  evaluated  is 


12rr\2       rP-o     2/    x    2  p2(pF-p)    2         , 

-   2  C     ±£2L-  J  F   <T(p  p  cLp  j     J  P  clPJ  p,P) 

2M_   3      o  o 

Pp, 


-2/PF   "P      2 


2_   2 
°+  J'  '  P^dP   cos  a  J(p,P)  (D.6) 

2(pp-p) 


where  C^   is  the  appropriate  statistical  factor  (3/2  for  singlet  and 

triplet  states)  and  where   cos  a     is  given  by 

2  2  12 
PF  -P  -  k  P      a2  -  p2 
cos  a  =     ■ =       -    .  (D.T) 

pP  pr 

The  first  of  the  integrals  in  (D.l)  is 


iim    _  k£  s_  f  c2(P)c2(v)(J^'2)  _  6^ 

n  -  o  an  J  2        2  ~  ~     ~     m    -,  • 

11  2Mp   ol1  T]  +  p     -  p*  p^    o 


■D     rTO     4- 

"  °  2(pT,-p 


2,     .    2        ■-f»2(pT?-p)    2  •      Pw   ~P      2 

C   (p)p  dp  ,  *        PdP+        •    *  P  dP  cos  & 


2     2   2 
^  lira  a   r.   p'^clp'(a  -p'  )     n 

2  -„,2VQ2   ,2^  y 


v^-  ° 6T|  -o  cn+p -p«  )(p  +p^)' 

We  do  the  p'   integration,  keeping  only  the  principal  part 


lira     2_  krr    P^°  (a    -P'     )p'    dP* 

Ti^0^      Jo  (eV2)2(WV2) 


(D.8) 


2      .2v     ,2 


lirn     o_     ^_    4tt    p  (a   -p '    )p '    dip'  ,        v 

"n-oan  sg2  2^  (32+p,2)(^p2_p,2)  • 

This  integral  is  easily  evaluated  by  contour  integration.   Closing 
above,  we  obtain  for  the  principal  value 


2^2 
lim  0  3  ct     (a  +3^)3 


2n 


"  2  2   2,  2  2,  h 
a  p  -33  (a  -p  )-8 


71  -°    °W  3(pV^)    3(3V)3L 

(D.10) 

The  remaining  integrals  in  (D.8)  are  the  same  as  those  in  (D.7). 
Thus,  the  integrands  can  be  combined  to  yield  the  following  kernel: 

2 

■>P)  =  p  o  o  aV  -  332(a2-p2)  -34  :  +  J(p,P)       (D.ll) 

3(3V)3  L 

J(p;P)   is  given  by  (E.l$))-   The  last  two  integrals  were 


performed  numerically  on  the  CDC-l6o4  computer  at  the  University  of 
California.,  San  Diego : 

S       P™    °    (3  +P  )      ° 


2ypF  -P 
+  J       P  dP  cos  a  F(p,P)    .  (D.12) 

2(pF-p) 

The  res-alt  was   -59  MeV  for  p  =  lA8  P"   .   The  value  of  the 
second  Born  approximation  (the  negative  of  the  integral  over  j(p,p) 
alone)  was   -8  MeV.   However,  it  must  be  expected  that  the  inclusion 
of  higher  order  corrections  (in  particular,  of  the  self-consistent 
denominators)  will  considerably  reduce  the  above  difference,  and 
therefore  this  value  is  not  quantitatively  meaningful  so  far  as  the 
error- analysis  of  the  Puff  approximation  is  concerned.   It  does  indi- 
cate that  the  second  order  differences  do  not  vanish  or  cancel  iden- 
tically, however. 


APPENDIX  E 
EVALUATION  OF  MOMENTUM  DENSITY  WITH  SEPARABLE  POTENTIAL 

In  this  appendix  we  evaluate  the  momentum  density 

n    (1-n    )(l-r;    ) 

=  1       St  ■"'  m  t 

Pq  iTm     qi;mn    ,      +£    _g    _£    }2        °rnn;(qi)   -;-    ...        k 

q  I     m  n' 


(E.l) 

Vi(l_nn) 
-  ^  t.  „  ^ t   ,n  x  +  . .  .      k  >  p_ 

Uk  V  q~  V 

to  second  order  in  the  t -matrix  defined  in  Appendix  B  (B.l).   We  use 

75 
the  Yarnaguchi   two -"body  separable  potential 


(P'|v|p)  =       {~X/f  =   -  (^C(p)C(p')  (E.2) 

OV)OV2)      M 


acting  in  singlet  and  triplet  S-states  only,  with  the  following  val- 
ues of  the  parameters: 

XQ  =   14.95  »3         XT  =  33.45  a3 

,3S  =  5-4  a  3T  =  6.26  a  (E.3) 

a  -   O.2316  F 

The  above  parameters  were  chosen  to  fit  the  appropriate  equations  in 

which  sums  are  directly  converted  into  integrals  without  the  usual 

-3 
factor   (2rr)   .   Therefore,  we  shall  use  the  same  convention  through- 
out .       iendix;  where  appropriate. 
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Although  (S.l)  cannot  be  Ived  f 

because  of  the  extreme  difficulty  of 

elements  of  the  t -matrix,  it  is  not  very  difficult  oo  solve  with  a 
separable  potential.  The  integral  equation  to  be  solved  uo  obtain 
the  off -diagonal  t -matrix  elements  '. .  : 


(p-Mp)  -  (p'Mp)  ♦  m  j  d3P"  (p'Hp-XpW 

ip-4pi>%     p  "p" 


(e.u: 


It  is  easily  shown  that  the  integration  over  the  angles  of  p"   leads 
to 

PdQ   „      =     ^n  p"  >  p     +  -  P 


=     °  P"  </p/  "  ^p2  (E.5) 

,,12  2 

P     +  4  P     -  PF 

=     4rr - —     =     4:r   cos  a  otherwise    . 

p"P 

To  solve  for  the  t-matrix,  we  assume 

(p'jt|p)  =  A(p'|v|p)  .  (E.6) 

m  (E.4) 

A  =  1  +  (-X)A    '  ^(g")d^"  =  1  +  \AT(p)  (E.T) 

-    p2-p"2 
p"  >P-n 

whe  re 


J(p)=    i^sgif  .  (  . 


p  -p 


p  \>vv 


The  solution  of  (E.7)  is 


A  =  ±—  (E.9) 

l-XJ(p  ) 


so  that 


U/M)C(;o')C(p) 


(p'tP)=  -ww   ^vp;  (E>10) 


l-XJ(p. 


Explicitly,  we  must  evaluate 


J(P)  =  J(P,P)  -  «m|^_  cos  g  ^tp") 

,-V-ips     p"   "p 

■ 


where 


p"2cLp"  +  W   x    — :|^  P"2dp"  (E.ll) 

Pt?"  o  P   P"  -P 


P"2  +  |  P2  -  Pp 
cos  a  = — 


p"P  (E.12) 

In  the  second  integral,  we  note  that  p"  is  never  less  than  p  in 
.•  calculations  (this  can  be  verified  from  our  final  equations 

fact  that  we  will  extrapolate  to  the  densities  at  momenta  of 
).   This  being  the  case,  the  integrals  involved  are 
'd  integrals,  and  we  obtain 


00  2  co      o 

imp  ?'"dp"  =      im    a        i      '   i-    ■-"-  " 

T>    02+p"2)2(p"2-p2)  332    L  sV  "  Jb    (p"2-p2) 


where 


Jb     (32-:-p"2)    -  J 


2    L  r2^   2     l2.&     b-p 

33        3  +P 


rr3        „  -lb 


2      2 

3    -"O       /TT  -1    b 

(-  -  i:an       - 

P 


0V>2   L    20         2 


b(32^p2) 


2(32rt2)  j 


Similarly,  defining 


•F 
for  the  first  integral  in  (E.l 


'  (-o"2-a2)C2(p,,)-ol,2d-p"    4n  pb  ■.•./■■J-a2)p"dp" 

p"P  (p"2-p2)      "  P  ±    (P"2-P2)(32-P"2)2 


(S.13) 


b  =  pF  +  |  P  .  (E.14) 


/p  2  -  i  P2  (E.15) 


r^(P"2-a2)p"dp' 


P  _2  J„   ,  „2   2W„2 


dp 


a   (p"  -p  )(P  -P"  ) 


(E.16) 


In  our  computations,   p  is  always  less  than  or  equal  to  a  so  that 
none  of  the  integrals  are  singular  (for  p  =  a,   the  above  integral 
vanishes).   Therefore,  we  may  separate  the  above  integral  into  two 
integrals.   For  the  first  we  have 


P     .o2    I  n2 


t>  -         n„2 

P   3 


p2p' 


idp' 


-  P2  Ja  -  p2+p"2       (p"2-P2)  J"  J 


4rr     3 
P 


3p2lgVL2 


2  2      2  2  2      2- 

2.2+2^2     2jj 


o  !  *7r  ^n 


3   +a 


p    -a 


2^ 


2      2  2      2 

1        i~    2„      p    +b  2„      b    -p 

"2 — g  j  P    ^n     2 — 2  +   p  ~ 


(3   +P    )p"  3   +P     L  3  %a< 


2      2  J 
a   -p 


o2    -x2  o2^2        2A 

8   +b  3    (b   -a    J 

-   Xn  ^~ — -  + 


2     2  ,'2  ,2, ,2     2s 

3   -ha  (3  +b    ,(3  +a   ) 


(3.17) 


and.  for  the  second 


}fL  _2_  J      ~a        f 
P  2    L  Q2      2  Ja 

33         3  +P     a 


eV 


,,2      2 

P      ~P 


i  *2l 
-J    P" 


HI  O 


7T  Xn 


P     332   L  32+P2  L2        3  V2 


_  ±  ^n  _p 

2   ^      ,,2      2 


a 


P      "P 


b     -, 

j  J 


2     2 

3   +b 


>,2     2 

b   -a 


2  2     2 

2rra                   1       .  b   -p 

„,Q2      2s  1      2      2  L  2      2  ^n  "g- 2  J    ~      2  ,2w-._      27~J  '  (E.l8) 

P(3   +P   )        3  +P  a   -P  3   +a  (3  +o    )(S  +a   )        v           ; 
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d.-jd. 


Collecting  terms  (E.13),  (E.1T)  and  (E.l8),  we  have 

1  2   2     2   2 

<UP>Pj    =  — 2 — 2~ 2    L2P      ^a   "P  '  V/n     2 — 2   j£n     2     2> 
(3   +p    )              -  3   +a  a   -p 


♦    (32^)(b2-aa)         ,  ^  (I  .   fcn-l  |) 

3+1)  J  ^3  ^  P 

•u    /n2      2^    - 

+   £    f-n    ^-2    _    £    U    +P     )     L 

2  "    b"5  "  2  (32+b2)  J 

2      2  2      2 

-      P    'P       fn  fan"1    ^    -    £    *n    £±P-  +    a    ~P 

* —  Vo   -    ^n       — ;   -r  —  jcn  7——  +  


4-TT 


,2     2^2    L  ^2        —       3'        2  ~"  b-p 

(p    +p    J  S3  oP 


2      2  2      2 

Xn  2_±_  _   Xn  ^__P„    ,  ;    .  (E.i9) 

3   +a  a   -p 


We  have  removed  two  terms  by  using  the  fact  that 

b2  -  a2  -  bP  =  0  (E.2C) 

from  the  definitions  of  b  and  a  ((E.lA)  and  (E.15)). 

Let  us  now  look  at  the  equation  for  p   =  p(k  )   for 

p(k  )  =  1  -  2  C  f      d3k„        d3k  d3k  t* 
'   q  sJ  i,  i      I      u  «       m   n   qk;mn 

k  I  ^p^      k  !>pu-, 


lknl>pE 


t 


(e  +«,-«  -«  )2   •"m;<W       (E'21) 

v  q  X  m  n' 


C   is  the  statistical  factor  (equal  to  3/2  for  both  singlet  and 
s 

triplet  states  by  the  same  arguments  which  led  to  (B.4S)  and  the  sum 
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is  over  the  singlet  and  triplet  states.   We  transform  to  center  of 
mass  and  relative  coordinates  defined  oy 


P  =  k  +k  =  k  +k 
~~   ~q  —I       -nn   ~n 


2p  =  k  -  k 


2p'  =  k  -  k   .  (E.22) 

~    — m   ~ n 


By  this  transformation 


t    „  =   t  ,   =  (p'tp)  (E.23) 

and 

Pd3k  d3k  d3k   =   "d3p '  d3k  (E.24) 

£    m    n     -   ^     2 

|kJ^PF  Ip'4PI>P7 

!kJ,|knl>PF  |kJ<pF 

where  we  have  used  conservation  of  total  momentum  to  remove  one 

integral. 

The  integral  over  k   can  be  converted  into  an  integral 

z 

over  p  and  P  by  the  following  transformation  (see  Fig.  lo) 

2  2 

k   dk  sin  8  d  9  dcp-p  dp  sin  y   d  y   d  x  •  (S.25) 

Now 

2 
k   +  p^  -  2pk  cos  y  =  T"  (E.2o) 


so  that,  for  fixed  jp|   and  k  ,  we  have 


Fig.  l6."  Diagram  illustrating  the  transformation  (E.25) 


Fig.  17.   Diagram  used  to  obtain  integration  limits  in 
Eq.  (E.28). 


Fig.  18.  Diagram  used  to  obtain  integration  limits  in 
Eq.  (E.30):   (a)  P  <  pF  -  kq  ;   (b)   P  >  pF  -  kq  . 


16 


8 


^>o 


2pk  sin  Y  d  y  -  —  •  (E.27) 

.Thus 

p  dp  sm  y  d  Y  a  X  =  ^^ •  (3.2o) 

4k 

Returning  to  (E.24)  and  doing  the  dX  integration,  we  have 

f  d3k  d3k  d3k  =  ^—   P  d3p'      fpdp  PpdP   .       (2-29) 

q 

I  k  I  <  p^  I  p  '±p  j  >  p_,    Ik  -2p  I  <  p^ 

Ik  L  I  k  |>  p_ 


Let  us  now  look  at  the  various  limits  of  integration.   From  Fig.  IT 

we  see  that  the  angular  part  of  the  p '   integration  can  be  done 

immediately ,    leaving 

p  +-  P    ,2   P2     2 


F  2    P   +  X 


-    is.,. 


d-V   -   hn\ p'  dp'  + 

/2 —       P'P 


2 
+  Imf      p'  dp'  .  (E.30) 

PF  +  2  P 
The  p  and  p  limits  can  be  determined  from  Figures  18(a)  and  18(b): 

pF"kq      kn   +  ^  +   k 

jpdpJPdP  =  PdP  J  .o  pdp  +  J  H  PdP 

1 !    "  r,    1 °  °  k     -  7T  p_  -  k 

k   -2p   <  p^  q.       2  F  q      . 


q.     ■r|      AF 


1    ,.  ,2        1  „2vl/2 

-  (k^  +  k     -  -  P   )   ' 

r        q     p^    •       (E.31) 

kq  *  2 


2  57 


We  can  now  do  the  p'   integration  explicitly.   From  (E.19),  (-• 
and  (E.IO)  we  have 

H(p,P)  =  Q(p,P){lmrb  C°S  "f^'^'    *   tor"c2(g')p:af  .-(E.32) 
1   a    (p2-p<2)2  %       (p2-p'2)2  ' 

where  cos  a     is  defined  by  (E.5)  and 

2  ^ 

G(p,P)    =     X   °   (P) p      •  (E.33) 

(l-\j(p,P)) 

Thus 

,2^, 


H(p,P)   =  G(p,P)  — p  ~pnJ      ; — 2 — 2V 

dp  a  (p1 


■p 


+  4nf  cVvV;_  _  , 


J            /     ,2  2,      j 

D       Cp    -p  ) 

The   term  in  brackets   is   just     J(p,P),      (E.ll).  Using   (E.19),    we 
obtain 

„/      _A        _/      _n    ;      2F(p,P)            kr\                  1      ,tt  ,       -1  b 

n(p,p)   =  G(P;P)   - )fh^  +       0          ,P      -  —  {■-  -  tan       -  + 

L     (3V)       (32+P2)2t-     23     2  P 


2      2  2      2 

\   +b  ,      b    -p 

%>  *n  b-p    "   2P  V"  n2     2  "   ^n     2      2  y        .7.2     '2x 

1                        p   +a  a   -p              2P(b   -p    ) 


1  ,    b+P       1  r '     3  +b       „    b-p   "n         1         ,_  2    2  „    x    " 

^  Xn  b^  "   2P  (^  ^2-2    -   Xn  "2—2  >»  "  — 2~ 2,(b    "a   "2o^J  / 


=   G(p,P)   \-J~To  [23    <tan        3    "   2}   +  ^in  b^f  +  2P 

(3  +p  )  . 

^n  b2-^    ,n  ^"^   "  )    2F(P^P) 
a  -p       3  +a       (3  +p  ) 

We  have  again  used  (E.20).   Thus  we  have  the  following  equation  for 


the  momentum  density  below  the  Fermi  sea: 

p 

.    P(k )  =  i-z--i1rF<ipdPj(l    2Pdp  h(p,p)  + 
s    q   ^°  |k  -|| 

1  q   2' 

PdP   J    pip  H(p,P)    .  (E.36) 

F    q      k  -  — 

The  lower  limits  on  the  p  integrals  have  been  changed  to  absolute 

values  because  the  integrand  is  even  in  p  and  thus  the  integral 

from  (k  -  —  P)   to   Ik  -  —  pl   vanishes. 
v  q   2  '  '  q   2   ' 

For  k  >  p  ,      we  have  from  ( S . 1) 


p(k   )   =  2  C     M2    [  d\     d3k     d3k        It 

HV    q;        „      s  J  k  1  n      '    qnj 


lkkMkJ^pF        (p2-p'2)2 

lknl>PF 

=  zcs^-  ; d3P PdPp-dp-  g(p^)^(p')  .  (e.3t) 

s         vq       ±  (p-p*  ) 

|p*   ±2  PI>PF 
|P  ±  I  PNp 

With  the  aid  of  figures  similar  to  Figures  17  and  l8;  we  can  see  that 
the  integration  limits  should  be  as  follows : 

.  k   -p_  k     +  i  P  .  2pF 

P(k )  =  s  c  2- 1  ( r q  "  pdP  ;  ^   2  pldpI  +  j  pdp 

4        "o  kq--P  -PF 


k     +  =■  P 

q        2 

dp '  x 

<-■  y 

1  ,2        ,2        1  _2 
=.    k^  +  k     -  -  P 

2  f       q.     ^ 


pp  "  I  p    2,  „,    ^  p,   ,N         /pF2~  ¥  pd  k?  -    r-  '=■  p2 


,.  F  "  2        .-2 


r%r        ?  dpG(p,p)c  (P-)  +  ^ 

v       «J  /    Z        .A  x  2 


(P2"P«2)2  PF"|P  PP' 


G(o,P)C2(p')p2d^         .  ,        ox 

,  2    t2s2         y  J   •  ^°o; 

(P   -P      ) 


Again  we  can  do  the  p '   integrations .   Defining 


e_  =  k   -  i  P 
1    q.   2 


f  =  k  +  i  P 

q.  2 


we   obtain  from  the   first     p '      integral : 

h  (-o  p)  -  Gf-o  p}  -iL  JL  -  _ 1_  '  r  p'dp'    ■  +  f     p'dp' 

^ip.Pj    -   CHp-,PJ  2  2      2  ^  J         g  ,    J  p       ,2  y  J 

op      dp  3   +p  e1  P   -p  e2     p   +p 

2        2 

o        p_  .  1  1    .       -P    -?! 


(E.39) 


G^p^PJ        Q        q  1      0     9  j     0  i.n 


332  ap2  l  eV  -  2       "7^ 
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1         "  B   +f 


c-(p,p)     ,       if.     3  +f 


2*    V  02      2  yj  J 

3   -^ 


,2 


2  J2.  Jl     2  (f   -e 
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tt  in  ^ a    "   ^n 


x     -"P 


,2      2N2    L   n2      2  "        2        2        A  2      2J  _ 

(S   -i-p    )  3    -p  ~        3   +el  e±   -p  2 

I  — t^t; ^ — o  +     — o ^ — o — T"     •  (E-- 

L     2      2w,2      2,  2w    2    „2uj  v  ; 

^e      -p    )(t    -p    )  (B   +e      )(B  +1    J 


The  second  p'   integral  is  the  same  as  the  first  except  that  e.   is 
replaced  by 


e2  =^  PF  +  kq  -  -  P   .  UA1) 


Therefore,  we  may  write  (for  k  >  k_,) 

q         F 


s  q        o  "-    o 


'^2"  *  ^  2 

+  j  cos  a'1   p  dp     j   H ,(p,P) 

"D     -    —   P 

PF     2  r 


1  p  2      1   _2 

2pF  _   PF"  2  P  I  ^  "  IT  p 

+  J         PdP  :j  p2dp  +  J  cos  a'   p  dpj  H   (p;P)j  (E.42) 

VPF  °  PF"2P 

where     H   (p,P)      is   the   same   function  as     H   (p;P)     with     er      in  place 


of     e       and 


2          2        12 
P-n     -   P      -  -  P 
cos  a'    =  — ! .  (EA3) 


The  remaining  integrals  were  evaluated  numerically  on  the 
CDC-l6o4  computer  at  the  University  of  California  at  San  Diego  with  a 
standard  integral  routine  which  performed  each  integral  by  progres- 
sively doubling  the  number  of  points  taken  until  agreement  between 
next-to-last  and  last  values  of  the  integral  were  within  prescribed 
limits   (±  0.01$  for  the  inner  integral  and  ±  . 1$  for  the  outer 
integral  (i.e.,  the  density  itself)). 


One  problem  doe.,  iccur  in 
function  G(p,P),  which  Li     'actor  in  the  kernel; 
pole  corning  from  the  deuteron  bound  state).   The  prj 
integral  is  easily  taken,  however;  because  the      Larity  .     -Eli- 
gible effect  on  the  overall  result  and  the  kernel  can  be  r 
with  a  constant  in  the  region  of  the      larity  with  neg_ 
error,  the  constant  being  varied  until  the  value  of  the  integral 
changes  negligibly  with  further  variation.   The  resulting  particle 
density  is  indicated  in  Chapter  VII,  Fig.  10. 


APPENDIX  F 
BASIS  FUNCTIONS  AND  RADIAL  WAVE  FUNCTIONS 


Fig.  19.   Basis  functions   s.(kr),  Eq.  (^.8): 

a)  k  =  0.1  pF  ; 

b)  k  =  0.5  PF  } 

c)  k  =  0.9  pf  ; 

d)  k  =  1.8  pF  . 


Fig.  20.   Radial  wave  functions  U . . ,  '  ,   Eq.  (^.10): 

k  =  0.1  pF  :   a)  I   =   0  ;   b)  I   =  1  ;   c)  jfc  =  2  ; 

k  =  0.5  PF  :   d)  i   =  0  ;   e)   1=1;   f)  i  =  2  ; 

k  =  0.9  PF  :   g)  I   =   0  ;   h)   4  =  1  ;   i)  Z    =   2  ; 

k  =  1.8  pF  :   J)  1=0;      k)  1=1;      i)  1=2. 
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APPENDIX  G 

Nuclear  Matter  Calculations  and  Phenomenological  Potentials 

K.  A.  Brueckner 
and 
K.  S.  Masterson,  Jr. 
(Physical  Review,  128,  2267  (1962)) 


ABSTRACT 

The  properties  of  nuclear  matter  predicted  for  several 
different  phenomenological  potentials  by  the  reaction  matrix 
theory  of  Brueckner  have  been  calculated.   The  calculations 
have  shown  that  potentials  which  give  supposedly  equally 
good  fit  to  scattering  data  do  not  necessarily  lead  to  iden- 
tical nuclear  properties.   Other  approximation  methods  have 
been  studied  to  determine  their  accuracy,  with  particular 
emphasis  on  the  iterated  Born  approximation,  and  on  comparison 
with  the  Moszkowski-Scott  separation  method  and  with  the  ap- 
proximations of  Mohling  and  of  Puff. 

I.   INTRODUCTION 

In  a  series  of  previous  papers,   methods  have  been  developed  for  the 
determination  of  the  properties  of  nuclear  matter.   This  theory  has  been 

applied  by  Brueckner  and  Gammel   (hereafter  referred  to  as  BG)  to  extended 

2 
nuclear  matter  using  both  Gammel-Christian-Thaler  potentials  and  one  of 

3  h 
the  sets  of  Gammel-Thaler  potentials.     The  latter  were  modified  slightly 

to  give  correctly  the  low  energy  scattering  parameters  and  deuteron  prop- 
erties.  Accurate  numerical  solutions  of  the  equations  of  the  theory  gave 
a  mean  binding  energy  of  -15-2  Mev  and  equilibrium  spacing  of  1.02  fermi 
for  the  modified  Gammel-Thaler  potentials,  in  good  agreement  with  semi- 
empirical  values  for  the  binding  energy  ranging  from  -I5.83  Mev  reported 


by  Green  to  -1~J .Ok  Mev  obtained  by  Cameron,  and  with  the  equilibrium 
spacing,  rQ  =  ( 1.07  —  0.02)  deduced  from  high-energy  electron-nucleus 
scattering. 

A  detailed  discussion  of  the  K-matrix  theory  and  the  method  of 
applying  it  to  extended  nuclear  matter  is  contained  in  BG.   Consequently, 
we  shall  indicate  here  only  the  basic  equations,  and  in  the  next  section 
introduce  our  additional  approximations. 

In  BG,  the  K-matrix  from  which  the  energy  is  computed  is  defined 
by  the  equation 

k..,=v..,„+x:         v . .  1  K      ,  „  / ,  ,  n 

ij,k£  ij,k£        m^n  ij,mn        +E   _E»_E*    mn,k£    .  (1-1) 

'  k  I     m  n 

Pra  >  PF 
Pn  >  PF 


In  this  equation  E   and  E   are  self -consistent  energies  for  particles 

moving  in  the  Fermi  gas  and  E  and  E   are  energies  appropriate  to 

o  o         m       n 

virtual  excitations  above  the  Fermi  surface.   The  single  particle  potential 
is  determined  from  the  diagonal  elements  of  the  K-matrix  by  the  relation 


y(p.)  =  E  (K. .  . .  -  K. .  ..)  (1-2) 


with  the  sum  over  all  filled  states.   Finally,  the  average  binding  energy 
per  particle  is 


PF 


E 


=  -V  }     ^  L  ir  +  ^v)  J    • 


av  ="3~  J    y^i   aT  T  ^'  J   •  (1-3) 


PF     0 


by  Green  to  -17-04  Mev  obtained  by  Cameron,  and  with  the  equilibrium 
spacing,  r  =  (1.07—0.02)  deduced  from  high-energy  electron-nucleus 
scattering. 

A  detailed  discussion  of  the  K-matrix  theory  and  the  method  of 
applying  it  to  extended  nuclear  matter  is  contained  in  BG.   Consequently, 
we  shall  indicate  here  only  the  basic  equations,  and  in  the  next  section 
introduce  our  additional  approximations. 

In  BG,  the  K-matrix  from  which  the  energy  is  computed  is  defined 
by  the  equation 


K..,=V..,„+E     V..        1       K   ,  „  /-,-,% 

j,mn  =— — p^g*  mn,kje  .  (1-1) 

k  f   m  n 


m,  n 

V.  . 
ij,mn 

'm  > 

PF 

'n  > 

PF 

In  this  equation  E,   and  E   are  self -consistent  energies  for  particles 

moving  in  the  Fermi  gas  and  E  and  E   are  energies  appropriate  to 

o  o         m       n 

virtual  excitations  above  the  Fermi  surface.   The  single  particle  potential 
is  determined  from  the  diagonal  elements  of  the  K-matrix  by  the  relation 


V(p.)  =  S  (K.  .  .  .  -  K.  .  ..)  (1-2) 


with  the  sum  over  all  filled  states.   Finally,  the  average  binding  energy 
per  particle  is 

,PF 


*av  =  -V  J    p'dp  L  lr  +  'v(p)  J 


av   =  — T~     J         1JUPL~     T   2"^'    J      •  (1-3) 


PF  0 


The  normal  density  is  assumed  to  be  determined  from  the  minimum  of  E 

av 

as  a  function  of  density. 

In  the  present  paper  we  use  an  approximation  of  the  Brueckner 
formalism  which  is  simpler  than  that  used  in  BG 

1)  to  investigate  the  properties  of  nuclear  matter  predicted  by 

the  theory  for  various  phenomenological  potentials  (six  Gammel-Thaler 

7  ft 

potentials  and  the  Breit  potential  ); 

2)  to  check  the  rapidity  of  convergence  of  successive  Born  approxi- 
mations; 

3)  to  obtain  a  comparison  with  the  results  of  the  separation  method 

9  10 
of  Moszkowski  and  Scott;     and, 

k)   to  check  the  accuracy  of  the  approximation  described  by  Bell 

12 
as  the  central  element  in  the  nuclear  matter  theories  of  Mohling   and  of 

13 
Puff  and  Martin.  J 


II.   SOLUTION  OF  THE  K-MATRTX  EQUATIONS 

In  the  investigations  reported  in  this  paper,  we  used  the  proce- 
dure of  BG  with  one  further  approximation:   we  have  assumed  that  the  dif- 
ference of  energies  in  the  denominator  of  Eq.  (l-l)  is  independent  of  the 
total  momentum.   Thus,  we  make  the  replacerm 

Ek  +  E£  "  EI  "  En  =  2  L  E(pkP  "  E*(pmn'  J  (2-1) 


with  p    and  p    the  relative  momenta.   This  approximation  is  accurate 

k£        mn 

if  E,   has  a  quadratic  dependence  on  p   or  if  the  relative  momentiim  is 
k  K 


large  compared  with  the  total  momentum.   Consistent  with  the  accuracy  of 
this  approximation,  we  replace  the  total  momentum,  which  enters  in  the 
treatment  of  the  exclusion  principle,  by  its  average  value  compatible 
with  a  given  value  of  relative  momentum,  k  .   This  is  easily  shown  to  be 

(4)    -Kfr-t:)     '*.    $       ,      *<*F.      <«> 


f     ~7T7Tk     Y 


(1  +  ^ 


For  k  >  p,_,  ,  we  have  set  P   =  0  .   These  simplifications  reduce  cons id - 
—  F  av 

erably  the  problem  of  solving  the  BG  equations  and  are  not  thought  to 
introduce  appreciable  errors  into  the  results,  particularly  since  we  are 
primarily  interested  in  comparisons  among  various  potentials  and  approxi- 
mation methods. 

We  quote  here  the  principal  equations  to  be  solved,  as  adapted 
from  BG: 

l)  Green's  functions: 


G  (r,r')  =  — p 
1  2tt 


k'^dk"  j£(k"r)dj6(k,,r')  f(P,k") 

~7        ;  (2-3) 

2  E(k)  -  E  (k")J 


for  on-energy-shell  propagation  and  with  (2[E(k)  -  E  (k")]  -  A)in  the 
denominator  for  off -energy-shell  propagation.   A  is  the  mean  excitation 
energy,  assumed  to  be  E(p?)  -  E(0)  .   The  Pauli  step-function,  f(P,k")  , 
is  that  given  in  BG  Eq.  (3*0  with  the  total  momentum,  P  ,  replaced  by 
P    of  Eq.  (2-2);  it  excludes  from  the  integrand  values  of  k"  not 


allowed  by  the  exclusion  principle. 

2)  Plane  wave  "basis  functions  and  Green's  functions  as  modified 

by  the  hard  core  potential  of  radius  r  : 

c 

j,(kr  )  G,(r,r  ) 

s  fkr)  -  J,(kr)  -   *:   ,C       \        C  (2-k) 

V      '  V      '  G„(r  ,r   )  >  v    ' 

I     c  c 


G,(r,r  )  G  (r  ,r») 
F^O-Q/r,,.)-  '^y      •  (2.5) 


As  shown  in  BG,  the  above  definitions  result  from  requiring  the  wave 
functions  (next  equation)  to  vanish  at  the  core. 
3)  Wave  functions: 


VJS(k'r)  ■  'l^V  4n  \  Jr'2to^,(r,r.)VrrJs(r')Uw„Js(r'),(2-6) 


-V       -V* 


Js, 


where  the  v"„Ii;„   (r')  are  the  phenomenological  two-body  potentials; 


4)  K-matrices: 


J+l      -  J?(kr  )       r  Q        J+l 


(k|K|k)«2  S   ^.{-A^L.  +  wJVdrs(kr)  S    V   Js(r)  U   Js(r)} 

(2-7) 


rc 


where  C.   is  the  appropriate  statistical  weight(s  being  the  spin);  and, 
JJL 

5)  Single  particle  potential: 


' 


PF"P  VP  2  2  ,   ? 

V(p)  =  —J       k'  dk'(k'|K|k')+  %  J      k'  clk'(k'|K|k')(li    l  k,   ) 
"   °                       "   |PF"P| 

-4—  (2-8) 


for  p  <  p   .   For  p  >   p  ,  the  first  integral  vanishes. 

r  r 

The  above  functions  are  graphed  for  various  values  of  their  para- 
meters in  Figures  1  through  h   respectively. 

III.   COMPUTATIONAL  PROCEDURE 

The  computations  were  performed  on  the  CDC-l60^  solid-state  digital 

Ik 

computer.   The  compiler  us^d  was  NELIAC,   and  initial  compilation  and  de- 
bugging was  done  on  a  Burroughs  220  at  the  U.  S.  Navy  Electronics  Labora- 
tory, San  Diego,  California.   Subsequently  the  problem  was  transferred  to 
the  computer  at  the  University  of  California  at  San  Diego,  on  which  final 
debugging  and  production  runs  were  made. 

The  computational  procedure  was  straightforward.   The  Green's  func- 
tions (Eq.  (2-3)  and  (2-5))  were  first  computed.   The  first  approximation 
for  the  energies  appearing  in  the  denominators  was 


E(k)    = 

k2 

2M       > 

k  <  Pp 

= 

2 

PF 
2M       ' 

k^p-F  \ 

E  (k")= 

k-2 

CM           > 

all  k"  . 

(3-D 


The  integration  was  done  numerically  to  an  intermediate  value  of  k,  k.    , 
and  the  integral  from  k .    to  infinity  was  replaced  by  an  analytical 
approximation  to  the  following  integral: 


-  JL   [    j.(k"r)  j.(k"r')  dk"  .  (3-2) 

2tt  i  l  l 

k.  , 

int 

Here  we  have  assumed  that  E(k)  «  E  (k"  -  k.  ,  )  and  E  (k"  ^  k.  ,  )  = 

'  int  int 

k"  /2M  .   On  subsequent   iterations,  for  k  ^  2.6p  ,    values  of  E(k)   and 

r 

E  (k")   from  the  previous  iteration  were  used  in  place  of  Eq.  (4-l)  (with 

E(k  >  p_)  =  E(p„))  .   For  k"  >  2.6  p   we  use  (as  in  BG) 

b  r  r 

2 
E*(k"  >  2.6pp)  =  ^  .  (3-3) 


Each  cycle  leading  to  a  new  table  of  E(k)  and  E  (k")   is  called  a  major 
iteration. 

The  wave  functions  were  then  computed  by  iteration  of  Eq.  (2-6). 
On  the  first  iteration,  the   s  (kr)  (Eq.  (2-4))  were  used  as  the  first 
guess.   On  subsequent  major  iterations,  the  wave  function  from  the  previous 
iteration  was  used  as  the  first  guess.  Each  wave  function  iteration  took 
about  one  second  (for  S,  P  and  D  waves). 

The  K-matrix  elements  (Eq.  (2-7))  were  computed  by  numerical  integra- 
tion from  r  =  r      to  r  =  r     where  r     was  chosen  such  that  contri- 
core         max         max 

butions  to  the  integral  from  higher  terms  were  negligible  (the  exponential 
behavior  of  the  V    S(r)   made  this  possible). 

AJ  %J 


The  potential  energies  (Eq.  (2-8))  were  then  computed  by  numerical 
integration  and  the  new  energy  table  was  formed,  with 

E(k)  =|j  +  v(P  =  k)  .  (3-4) 

The  binding  energy  was  then  computed  from  Eq.  (l-3)>  completing  the  major 
iteration.   Four  minutes  were  required  for  a  major  iteration  if  the  wave 
functions  were  iterated  five  times. 

In  the  computations,  all  of  the  meshes  used  for  the  numerical  inte- 
grations could  be  varied.   In  addition,  in  several  cases  both  Weddle's  rule 
and  Simpson's  rule  could  be  employed  for  the  first  seven  points.   Simpson's 
rule  was  found  to  be  adequate  in  all  cases,  and  was  employed  in  the  calcu- 
lations reported. 

The  following  meshes  (in  fermis  or  inverse -fermis)  yielded  agreement 
of  calculated  binding  energy  to  within  0.1  Mev  of  the  most  accurate  results 
obtainable  with  our  code: 

l)  Green's  functions  (Eq.  (2-3))  and  wave  functions  (Eq.  (2-6)): 

r,r'  =  0.4(0.05)  0.7(0.1)  1-5(0.2)  2.3(0.5)  h.3     (f)  ; 
k"  =  0(0.05)  10  (f'1)  for  G/rc,rc) 

=  0(0.2)  10  (f_1)  otherwise  .  (3-5) 

The  additional  precision  for  G»(r  ,r  )  was  desired  because  of  its 

JO      c   c 

importance  in  the  modified  Green's  functions  (Eq.  2-5))  and  in  the  core 
term  in  the  K-matrix  equation  (Eq.  (2-7) )• 


10 


2)  K-matrix  elements  (Eq.  (2-7)): 

r,rf  =  0.4(0.05)  0.7(0.1)  1.5(0.2)  2.3(0.5)  8.3  (f)    (3-6) 


with 


VV>Mk)-Ju,i1W  (3-7) 

for  the  following  values  of  k: 

k  =  0.1(0.2)  0.9  p_  on-  and  off -energy  shell  /.,  o\ 

=  1.0(0.4)  1.8  p_  off -energy  shell   . 

r 

3)  Potential  Energies  (Eq.  (2-8))  and  self -consistent  total  energies: 

k'  =  0(0.05)  1.8  pF  , 

p  =  0(0.2)  2.6  p^    .  (3"9) 

r 

h)     Mean  binding  energy  (Eq.  1-3)): 

p  =  0(0.05)  1.0  pF   .  (3-10) 

The  K-matrix  and  energy  tables  were  interpolated  quadrat ically  as  necessary. 

The  normal  computation  procedure  was  to  compute  Green's  functions, 
wave  functions  and  K-matrix  elements  for  each  value  of  k  ,  and  to  do  the 
energy  computations  after  all  the  K-matrix  elements  had  been  computed. 

In  order  to  investigate  the  rate  of  convergence  of  successive  Born 
approximations  and  to  evaluate  the  rate  of  convergence  of  the  wave-function 
iteration  procedure,  the  code  was  designed  so  that  K-matrices  could  be  cal- 
culated after  each  wave  function  iteration,  and  from  these  the  binding 
energy  was  computed.   Two  procedures  for  integrating  the  wave  functions 


11 


were  employed.  In  order  to  obtain  the  successive  Born  approximations,  two 
tables  of  wave  functions  were  used.  The  "old"  table  was  used  on  the  right 
side  of  Eq.  (2-6)  to  generate  a  "new"  table  (the  left  side  of  Eq.  (2-6)). 
In  order  to  increase  the  rate  of  convergence,  the  two  wave-function  tables 
were  replaced  for  the  remainder  of  the  calculations  by  a  single  table,  and 
the  integration  was  performed  with  the  same  table  used  for  both  sides  of 
Eq.  (2-6).   In  addition,  instead  of  starting  each  major  iteration  with 

as  the  initial  value  for  the  right  side  of  Eq.  (2-6),  as  was  done  for  the 
Born  approximations,  we  saved  the  wave  functions  from  the  previous  major 
iteration  as  the  "first  guess"  in  the  subsequent  major  iteration. 

The  above  procedure  was  used  for  angular  momentum  states  with 
I  =   0,  1,  and  2.   The  contribution  from  higher  states  has  been  previously 
shown  to  be  negligible. 


IV.   RESULTS 

A.  Application  to  the  Gammel-Thaler  and  Breit  Potentials 
As  a  check  on  the  method,  we  first  determined  the  energy  and  equi- 
librium density  of  nuclear  matter  using  the  Brueckner- Gammel-Thaler  (BGT) 
potential  previously  used  by  BG.   The  result  was  a  binding  energy  of  -l6.9 
Mev  at  r  =  1.00  fermis,  compared  to  the  BG  values  of  -15.2  Mev  at 

r  =  1.02  fermis.   This  difference  gives  a  measure  of  the  error  introduced 
o 

by  the  approximations  of  this  paper.   In  figures  1  through  h   we  present 


L2 


some  of  the  intermediate  quantities  computed  (Green's  functions,  modified 
"basis  functions,  wave  functions,  K-matrices,  and  self-consistent  single- 
particle  potential)  for  the  BGT  potential  with  r  =1.00  fermi 
(pF  =  1.52  f"1)  . 

To  determine  the  variation  of  nuclear  properties  with  various  phe- 
nomenological  potentials,  we  have  calculated  energy  and  equilibrium  density 
for  a  set  of  Gammel- Thaler  (GT)  potentials  and  for  the  Breit  potential. 
The  Gammel-Thaler  potentials  differ  from  each  other  primarily  in  the  central- 
tensor  force  ratio  and  the  magnitude  of  spin-orbit  force  in  the  triplet  even 
states.   They  give  equally  good  fit  to  the  binding  energy  and  electric  quad- 
rupole  moment  of  the  deuteron  and  to  the  triplet  neutron-proton  scattering 
length,  as  well  as  good  fits  to  scattering  data  up  to  about  90  Mev.   Their 
parameters  are  given  in  Table  I.  Except  where  otherwise  noted,  the  BGT 
odd  state  potentials  were  used  in  place  of  the  GT  odd  state  potentials  be- 
cause of  a  different  core  in  the  latter.   This  substitution  was  checked  and 
was  found  to  introduce  negligible  error . 

The  Breit  potential  is  of  the  form 

V  =  V(2)+  VQ  +  VTS12  +  VLS(L-S)  +  Vq[Q12  -  (L-S)2]  .        (k-l) 

The  operator  [Q,„  -  (L*S)  ]  has  the  value  -L(L  +  l)  for  uncoupled  states, 

(2) 

J  =  L,    and   is   zero  otherwise.      V         is   the  one-pion  exchange  potential, 

v(2)  -  K  Xfl)-  ZfS)  i  {  U(l)-  £(2)+  s12U  +  |  +  \)\  V  ♦  «(1)-  ^.W}. 

•J  X 

where  u   is  the  pion  mass,  and  x  =  or  (in  units  where  c  =  h  =  l)  . 
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The  delta-function  term  can  be  neglected  in  actual  computations.   The 

2  2 

coupling  constant,  f  ,  is  given  in  terms  of  the  related  constant,  g_  , 

"by 

12    2    n   2   ^0 

Wf    =  go  (  a?  }  ~^2   '  ^-3) 


■where  M  is  the  nucleon  mass.  All  the  other  potentials  on  the  right  side 
of  Eq.  (k-2)   have  the  form 


V  =  E  an  e_2x/xn   .  (k-k) 

n 


The  values  of  a   are  listed  in  Table  II.  For  singlet  even  states, 

gQ  /  lk   =  0.9^  .   It  is  unity  otherwise.  All  potentials  have  a  hard  core 

corresponding  to  x  =  0.35  •  For  singlet-even  and  triplet-odd  states  the 

neutral  pion  mass  is  used,  and  for  singlet-odd  and  triplet-even  states  a 

weighted  mean  of  charged  and  neutral  picn  masses  is  used  in  the  proportion 

of  two  to  one.  With  m-   =  135  Mev  and  p.   =  139-59  Mev  ,  this  has  the 

n0  n+ 

effect  of  requiring  two  core  radii,  0.5116  fermi  for  the  first  and  0.5002 

fermi  for  the  second  group  of  states. 

Curves  of  binding  energy  vs.  r  for  the  Gammel-Thaler  and  the 
Breit  potentials  are  given  in  Fig.  5«   The  binding  energy  and  equilibrium 
spacing  for  these  potentials  are  given  in  Table  III.  We  also  include  in 
this  table  the  binding  energy  for  the  various  potentials  at  r  =  1.00 
fermis,  including  the  effect  of  some  modifications  to  the  Breit  potential 
and  (for  comparison)  to  the  BGT  potential. 

These  results  for  the  Gammel-Thaler  potentials  show  the  considerable 
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sensitivity  of  the  binding  energy  and  density  to  the  central -tensor  force 
admixture  of  the  Gammel-Thaler  potentials,  the  energy  varying  from  -l4.1 
to  -22.3  Mev  and  the  spacing  from  0.90  to  1.08  fermis.   The  potentials 
with  stronger  central  forces  give  greater  binding  at  higher  density.   The 
results  also  indicate  that  the  even-spin-orbit  force  has  negligible  effect. 

The  results  obtained  for  the  Breit  potential  show  even  more  sensi- 
tivity to  the  potential  form,  since  the  binding  energy  -8.3  Mev  at  a  spac- 
ing of  1.28  fermis  is  quite  far  from  the  empirical  value.   The  considerable 
difference  between  the  results  of  the  Gammel-Thaler  and  Breit  potentials 
appears  to  be  due  to  these  features  of  the  Breit  potential: 

a)  larger  core  radius, 

b)  strong  odd-state  repulsion, 

c)  quadratic  spin-orbit  terms,  and 

d)  weaker  even  triplet  central  force. 

These  changes  were  introduced  to  give  an  improved  fit  to  high  energy  scat- 
tering data  and  to  match  the  one-meson  exchange  potential  at  large  separa- 
tion.  Breit  and  his  co-workers  point  out,  however,  that  this  potential  is 
not  unique,  and  that  several  features  of  the  potential  were  to  some  extent 
arbitrary.   It  is  also  probable  that  the  condition  of  matching  the  meson 
potential  should  not  be  literally  interpreted  for  distances  inside  2  or  3 
fermis.   If  this  condition  is  altered,  a  weaker  even-state  tensor  force 
could  be  used,  with  a  corresponding  increase  in  the  even  triplet  central 
force.   The  results  of  the  calculations  of  the  present  paper  point  clearly 
to  the  need  for  further  investigation  with  the  goal  of  determining  a  truly 
unique  potential. 
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B.   Convergence  of  Successive  Approximations 
Eq.  (l-l)  for  the  K-matrix  and  Eq.  (1-2)  for  the  single -particle 
potential  energy  can  "be  solved  by  successive  approximation.   It  has  "been 
suggested  that  to  a  good  approximation  the  energy  can  be  obtained  from 
first  and  second  Born  approximations  applied  to  the  long-ranged  part  of 
the  interaction  after  the  repulsive  core  has  been  separated  and  treated 
more  exactly. 

To  study  the  accuracy  of  various  approximations  to  Eqs.  (l-l)  and 
(1-2),  we  have  first  used  the  procedure  of  BG  to  treat  the  effects  of  the 
repulsive  core,  obtaining  the  equations  quoted  in  Section  II.  A  complete 
discussion  of  this  treatment  can  be  found  in  BG. 

In  solving  these  equations,  we  can  determine  the  effects  of  two 

Js 
types  of  successive  approximations.   Since  Eq.  (2-6)  for  U   ,   (k,r) 

JCJC 

was  first  solved  by  iteration  starting  from  s  (kr)  as  the  first  approxi- 

i 

mation,  it  was  easy  to  evaluate  the  energy  for  various  iterations  of  the 
wave  function.   This  we  term  the  first,  second,  etc.,  Born  approximation, 
although  this  term  is  not  strictly  correct  since  we  have  treated  the  core 
exactly. 

The  second  successive  approximation  is  in  the  evaluation  of  the 
Green's  function,   G  (r,r')>  Eq.  (2-3).  We  have  started  in  our  calculations 
with  the  first  input  for  E,   simply 

k2 
E(k)  = 


2M 


This  we  call  the  first  major  iteration.   In  successive  major  iterations, 
we  determine  v(k)   from  the  previous  major  iteration  for  (k|K|k)  . 
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A  typical  result  for  the  binding  energy  as  a  function  of  successive 
Born  approximations  for  the  wave  function  is  given  in  Table  IV.   The  re- 
sults of  successive  major  iterations  for  the  single  particle  energies  is 
given  in  Table  V.   These  results  show  that  the  K-matrix  must  be  computed 
to  at  least  third  order  in  the  interaction  and  that  the  self -consistent 
energy  must  be  determined  from  K-ma trices  which  themselves  have  the  single 
particle  energies  accurate  to  at  least  first  order  in  the  K-matrices. 

The  importance  of  using  energies  which  are  self-consistent  both  as 
a  function  of  phenomenological  potential  employed  and  as  a  function  of 
rQ   (e.g.,  of  Fermi  momentum)  is  illustrated  by  the  self -consistent  poten- 
tial curves  of  Fig.  6(a)  (in  which  we  show  the  V(k)  appropriate  to  several 
different  phenomenological  potentials  at  p  =  1.52  f  "  (r0  =  1.00  f)),  and 
Fig.  6(b)  (in  which  V*(k)   is  shown  for  several  values  of  p„).   To  test  the 

r 

dependence  of  the  calculations  on  V(k)  ,  we  calculated  at  several  densities 
the  binding  energy  for  the  BGT  potential  using  the  V(k)  which  was  self- 
consistent  at  the  energy  minimum  (r0  =  1.00  f).   The  result,  shown  in 
Fig.  7,  clearly  indicates  the  importance  of  the  self-consistency  requirement; 
there  is  no  sign  of  saturation  near  normal  density- -the  minimum  is  -23.2 
Mev.  at  rQ  =  0.79  f  . 

The  slow  convergence  of  the  Born  approximation  sequence  for  the  wave 
function  is  to  a  considerable  extent  due  to  the  non-central  forces.  For 
the  BGT  potential,  the  binding  energy  at  normal  density  (k  =  1.52  f"  ) 

r 

in  the  absence  of  the  even  tensor  force  is  -2.8  Mev  compared  with  -I6.9 
Mev  for  the  full  potential.   This  contribution  of  -l4.1  Mev  from  the  tensor 
force  is  to  be  compared  with  -9.0  Mev  determined  in  second  Born  approxima- 
tion by  Moszkowski  and  Scott. 
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C.   Comparison  with  the  Separation  Method  of  Moszkowski  and  Scott 

Scott  and  Moszkowski  have  determined  binding  energy  and  density  for 
the  BGT  potential  and  for  potential  4305  of  Gammel  and  Thaler  (see  Table 
i),  using  an  approximation  procedure  based  on  the  similarity  of  the  wave 

function  due  to  the  core  to  that  for  free  scattering.   This  method  is 

9  10 
described  in  detail  in  their  papers,     and  we  only  give  the  results  here. 

They  found  at  normal  density  binding  energies  of  -14.2  Mev  and 
-23.6  Mev  respectively  for  the  potentials  BGT  and  GT  ^305  (modified  to  in- 
clude the  BGT  triplet-odd  parameters).   They  included  contributions  from 
all  states  with  i  <  h    .      Their  results  for  just  S  ,  P  ,  and  D  waves 
were  -13*6  and  -22.8  Mev  respectively.   The  more  accurately  determined 
values  obtained  by  the  methods  of  this  paper  are  -l6.9  and  -21.0  Mev  for 
the  same  potentials.   In  addition,  the  same  calculation  fails  to  obtain 
saturation  for  the  modified  GT  ^-305  potential,  in  contrast  to  our  minimum, 
-22.1  Mev  at  r0  =  0.91  f •   Their  results,  and  ours,  are  shown  in  Fig.  8. 

In  Table  VI  we  present  a  breakdown  of  the  contributions  to  the  bind- 
ing energy  for  the  BGT  potential  as  computed  with  our  code  and  as  reported 
by  Scott  and  Moszkowski.    The  contributions  of  the  D-states  (and  prob- 
ably of   higher  states)  are  given  with  reasonable  accuracy  by  the  Mosz- 
kowski-Scott  method  (within  0.5  Mev).   However,  the  S-  and  P-state  contri- 
butions differ  from  our  values  by  -5-2  and  +2.3  Mev  respectively.  A  major 
portion  of  the  differences  is  probably  a  consequence  of  neglecting  higher 
order  terms.   It  should  be  mentioned  that  the  Moszkowski-Scott  method 
employs  a  relative  momentum  approximation  for  the  energy  dependence,  as  we 
have  in  this  paper.   Therefore,  their  results  are  more  properly  compared 
to  our  results  than  to  those  of  BG. 
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The  failure  to  obtain  saturation  for  GT  ^305  is  to  a  considerable 
extent  a  consequence  of  using  the  Brueckner-Garamel  self-consistent  V(k) 
for  the  BGT  potential  instead  of  a  properly  self -consistent  V(k)  .  As 
we  have  already  shown  (Fig.  6  and  Fig.  7);  the  dependence  of  the  computed 
nuclear  properties  on  the  self-consistency  of  the  single-particle  poten- 
tial, V(k),  is  very  marked. 

Kohler   and  Scott  and  Moszkowski   have  reported  a  "new  separation 
method"  which  converges  more  rapidly  than  the  method  used  to  obtain  the 
results  above.   However,  the  new  method  gives  less  binding  for  the  calcu- 
lations reported,  which  would  lead  to  even  poorer  agreement  with  our  results. 

D.   Comparison  with  the  Mohling-Puff  Approximation 
As  emphasized  by  Bell,  the  central  element  of  the  nuclear  matter 
theories  of  Mohling  and  of  Puff  is  a  scattering  operator  defined  by  Eq.  (l) 
of  reference  11,  which  differs  from  Eq.  (l-l)  as  follows: 

1)  The  excited  state  energies,  E.  are  replaced  by  p./2M  . 

2)  The  exclusion  principle  is  ignored  for  scattering  into  intermediate 
states. 

The  energies  E.   of  particles  in  the  Fermi  sea  are  determined  as  in  BG 
from  Eq.  (1-2).   This  approximation  method  is  clearly  a  large  departure 
from  the  BG  method.  Bethe  has  suggested  that  the  Mohling-Puff  approxima- 
tion may  nevertheless  be  quantitatively  accurate,  with  the  corrections 
arising  from  the  two  changes  approximately  cancelling. 

In  order  to  avoid  in  our  calculations  the  difficulties  of  a  vanish- 
ing denominator  in  Eq.  (l-l)  on  the  first  major  iteration  (in  which  all 
energies  are  approximated  by  kinetic  energies),  the  Pauli  exclusion 
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principle  was  invoked  for  this  iteration  only.   Because  the  initial  con- 
vergence of  successive  major  iterations  was  very  poor  (ten  iterations  for 
convergence  to  within  ^  0.2  Mev),  we  averaged  the  single -particle  poten- 
tials between  iterations,  and  obtained  the  sequence  indicated  in  Table  V. 
The  results  of  this  method  are  given  in  Fig.  9«   The  variation  of 
energy  with  density  is  appreciably  different  for  the  two  methods,  with 
the  Mohling-Puff  approximation  equilibrium  values  being  -18.6  Mev  at  0.90 
fermis  compared  to   our   value  of  -I6.9  Mev  at  1.00  fermis  for  the  BGT 
potential,  and  similar  disagreement  for  the  GT  4400  potential.   In  both 


cases,  the  value  of  r   at  the  energy  minimum  is  10fo  less  than  our  value. 


V.  CONCLUSIONS 

Our  results  indicate  a  definite  dependence  of  the  predicted  proper- 
ties of  nuclear  matter  on  the  choice  of  phenomenological  potential.  Al- 
though these  calculations  are  not  a  sufficient  criterion  for  selecting  a 
"best"  or  "proper"  potential,  they  do  emphasize  the  desirability  of  further 
investigation  in  phenomenological  potentials,  with  particular  emphasis  on 
a  criterion  for  uniqueness.   The  uncertainty  in  the  triplet-even  potential 
does  not  appear  to  have  been  resolved  satisfactorily  by  requiring  assymp- 
totic  match  to  the  one  meson  exchange  potential.   The  choice  of  the  radius 
of  the  core  is  also  still  somewhat  arbitrary  for  those  potentials  employ- 
ing a  hard  core.   Determination  of  the  optimum  core  size  from  experimental 
considerations  would  be  very  valuable.   Gammel  and  Thaler  considered  their 
singlet-even  potential  to  be  a  unique  solution  for  a  Yukawa  potential,  with 
r  =  0.4  f  ,  but  were  unable  to  differentiate  in  triplet-even  states  between 
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o 
cores  of  0.3,  O.k   and  0.5  f.   Breit  and  his  co-workers  state  that  the 

employment  of  hard  cores  was  arbitrary. 

Our  calculations  have  shown  that  the  integral  equations  of  the 
Brueckner  theory  can  he  solved  by  successive  approximation.   The  require- 
ments are  that  the  wave  function  iteration,  which  corresponds  to  success- 
ive Born  approximations,  be  carried  to  at  least  the  equivalent  of  the  third 
Born  approximation  for  reasonable  accuracy  (+0.5  Mev),  and  the  self -consist- 
ent single -particle  potentials  determined  to  first  order  in  the  K-matrix. 
The  sensitivity  of  results  to  the  tensor-central  force  admixture  demon- 
strates the  requirement  for  accurate  treatment  of  the  tensor  force. 

The  Moszkowski -Scott  separation  method  does  not  account  for  the 
effects  of  the  tensor  potential  or  the  S  and  P  state  contributions  to 
sufficiently  high  order  for  accurate  results,  largely  for  the  reasons 
stated  above.   However,  the  Moszkowski-Scott  calculations  do  give  good  quali- 
tative and  semi-quantitative  .(to  second  order)  results  in  a  simple  and 
intuitively  pleasing  calculation,  presumably  for  any  potential  provided  the 
self -consistency  requirement  is  met. 

The  Mohling  and  Puff -Martin  approximation,  as  we  have  employed  it, 
also  gives  semi -quantitative  results,  leading  to  errors  in  binding  energy 
and  equilibrium  spacing  of  about  10$>.   No  appreciable  reduction  of  the 
computational  complexities  results  from  this  approximation,  so  that  its 
utility  is  questionable. 
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FIGURE  CAPTIONS 

Fig.  1.   Green's  functions  for  BGT  potential  at  r  =  1.00  f: 

(a)  G~(r,r  )  for  several  values  of  k/p  ,  "both  on-  and  off -energy 

shell;  (b)  G  (r,r  )  for  1  =  0,    1,  and  2,  and  for  k/p  =  0.1  on-energy 
JO  C  r 

shell. 
Fig.  2.  Wave  functions  for  BGT  potential  at  rQ  =  1.00  f: 

(a)  for  k/pF  =  0.5  and  I  =   0;  (b)   for  k/p  -  0.5  and  £  =  1;    (c)  for 

k/p  =0.5  and  1=2. 
Fig.  3»  Diagonal  elements  of  the  K-matrix  for  BGT  potential  at  r0  =  1.00  f, 

(a)   S-states;   (h)  P-states;   (c)  D-states;   (d)  total.   Statisti- 
cal "weights  are  included. 
Fig.  h.     Self -consistent  single -particle  potential,  V(k),  for  BGT  potential 

at  rQ  =  1.00  f. 
Fig.  5»   Binding  Energy  vs.  r  for  the  phenomenological  potentials  of  Tables 

1  and  2. 
Fig.  6.  Variation  of  self-consistent  single -particle  potential,  V(k), 

(a)  with  choice  of  Gammel-Thaler  potentials,   at  r  =  1.00  f;  (b)  with 

Fermi  momentum,  p   ,  using  the  BGT  potential. 

r 

Fig.  7«   Binding  Energy  vs.  r  for  BGT  potential  using  self-consistent 

single -particle  potential,  V(k),  for  r  =  1.00  f.  at  all  densities. 
Fig.  8.  Binding  Energy  vs.  r  for  BGT  and  modified  GT  ^305  potentials  as 

computed  by  Brueckner  method  (this  paper)  and  by  the  Moszkowski-Scott 

method. 
Fig.  9*  Binding  Energy  vs.  r  as  computed  by  Brueckner  method  (this  paper) 

and  with  the  Mohling-Puff  approximation  (see  text). 


25 


rH 
1 

•H 

o 

o 

o 

O 

o 

o 

+              S 

LT\ 

LT\ 

LT\ 

LT\ 

ir\ 

LT\ 

i 

O      rH 

-4" 

J 

-1 

~t 

-=f 

-H- 

o 

o 

o 

d.      CD 

fi 

• 

• 

H          ^h 

H 

■H 

H 

H 

H 

H 

H 

H 

v — 

LT\ 

LT\ 

LTJ 

LT\ 

LT\ 

o 

■ 

• 

• 

• 

• 

• 

+           > 

LT\ 

i_r\ 

u  \ 

-4 

tr\ 

LT\ 

1 

O 

o 

O      (D 

CM 

CM 

O.I 

oo 

CM 

CM 

O 

OO 

t- 

^       S 

-3- 

i 

-P 
i 

1 

-4- 

i 

-H- 
1 

rf 

H 

H 

i 

+            'H 

CO 

w  e 

i 

i 

r— 

t- 

t— 

1 

h-H- 

r- 

t- 

>-q  ^ 

i 

i 

• 

• 

• 

1 

:± 

• 

• 

i      (U 

i 

i 

oo 

m 

oo 

1 

OO 

CO 

OO 

oo       q-t 

"-^ 

* 

o 

o 

O 

LTN 

t- 

+ 

o 

o 

O 

1 

H 

H 

CO 

o 

o 

o 

CO 

OO 

m 

rH  t> 

*\ 

-\ 

*x 

P3 

•s 

*N 

>        CD 

no        g 

o 

O 

LT\ 

1 

ITS 

1 

LT\ 
1 

o 

c^ 

t- 

t- 

H 

^^ 

CM 

oo 

t— 

•H 

oo 

t- 

_h- 

CM 

-H- 

+          £ 

CO 

P- 

LT\ 

ir\ 

CO 

rH 

EH    Pi 

H 

P-- 

-H- 

-P 

o 

CO 

1 

o 

o 

:i     (U 

CM 

ON 

o 

O 

CO 

LT\ 

u 

CO 

CO 

oo       ch 

rl 

• 

• 

H 

O 

H 

H 

o 

O 

oo 

o 

o 

VG 

OP 

t- 

-C+ 

»vO 

O 

r-\ 

* 

CO 

o 

-4 

-H/ 

M 

t- 

o 

o 

+   _     > 

• 

* 

Eh    d) 

CM 

H 

C'N 

op 

t- 

CM 

1 

CM 

CM 

>      S 

t- 

CM 

LT\ 

LTS 

vo 

CM 

Eh 

CM 

CM 

oo 

OJ 

H 

H 

i 

H 
i 

I 

l 

> 
oo 

H 

i 

•H 

oo 

-P" 

Ox 

P- 

On 

+       s 

co 

L0\ 

o 

rH 

-H 

LTN 

i 

o    P, 

rH 

LT\ 

Go 

On 

CM 

CM 

CJ 

O 

i     CD 

CM 

C\ 

o 

O 

-=J 

OO 

rt 

O 

i 

on        ch 

oo 

• 

i 

^ 

rH 

H 

CM 

i-i 

0  1 

CM 

rH 

i 

-H- 

+ 

CM 

Ox 

0> 

o    > 

t~- 

v£) 

r,  j 

-=f 

~t 

0\ 

1 

O 

>         CD 

• 

o 

• 

co       2 

t- 

vo 

t- 

P" 

-P 

o\ 

> 

-4 

o 

CO 

CM 

P- 
CO 

s 

t- 
CO 

1 

vp 

On 

H 

i 

rH 

O 

7 

oo 

rH 

1 

LTN 

CM 

H 

CO 

-=h 

H 

ri 

• 

cd 

CU 

O 

•H 

,£ 

P 

o 

o 

Lf> 

'  r\ 

o 

p 

II 

P 

o 

o 

O 

EH 

O 

o 

Eh 

O 

cd 

H 

CM 

CM 

f'j 

oo 

_* 

O 

o 

p 

-^ 

_h- 

-P 

pq 

-P 

-=f 

m 

r-{ 

Jh 

o 

1 

r-\ 

L fe„ 



_* 

Is- 


. 

TTJ 

rH 

m 

a; 

1 

qj 

;•  - 

CJ 

p 

§ 

OJ 

C'j 

ffl 

p, 

d 

o 

ra 
CD 

•H 

T) 

M 

id 

fl 

0) 

Qj 

H 

ra 
P 

rH 

T^ 

il) 

CI 

CD 

P! 

a 

P, 

iJ 

(D 

• 

V 

on 

I* 

Ti 

0) 

0.) 

g 

>. 

ra 

p 

r^ 

rH 

Cfl 

pq 

cd 

0 

t3 

•H 

•H 

>•, 

CD 

P 

Ti 

r^ 

+1 

P 

p 

cri 

CD 

•H 

rrt 

c 

P 

(1) 

bO 

o 

Oi 

C/J 

>H 

Pn 

ra 

?i 

ra 

•H 

CU 

CD 

> 

H 

rp 

P 

P 

a) 

Dfl 

Oi 

•H 

OJ 

P 

P^ 

■P 

rH 

CO 

P 

CI 

o 

1 

o 

ai 

Tp 

+j 

ra 

^p 

p 

o 

CU 

o 

0 

^ 

-p 

p 

ro 

FH 

cu 

P 

O 

CD 

x\ 

w 

pq 

P 

-p 

a; 

p 

•s 

p: 

w 

CD 

p 

P 

•H 

rH 

>\ 

hO 

1) 

CO 

H 

a 

p 

p 

o-. 

•H 

o 

pq 

ra 

P 

■H 

•H 

P 

ro 

cri 

cl 

-P 
0.1 

^ 

10 

p 

CJ 

rH 

P 

•H 

rH 

ai 

CD 

CO 

cri 

•H 

H 

H 

CJ 

P 

P< 

P, 

d 

•H 

>; 

H 

0) 

4' 

F^ 

CD 

H 

cd 

O 

00 

P( 

< 

,-< 

■ 

•H 

rH 

T3 

T) 

CD 

• 

OJ 

rH 

-P 

rH 

cri 

01 

1 

P 

n 

CJ 

■H 

TJ 

•H 

p 

i 

t! 

P 

p 

rH 

C! 

P 

0) 

a) 

•H 

P 

;  ■': 

+ 

o 

T-  ■ 

11! 

Mi 

Oi 

cd 

P, 

ri 

AJ 

CD 

p 

+■' 

cu 

ft 

P, 

P 

,a 

CU 

P 

P 

p 

CJ 

•H 

ra 

:■; 

P 

(n 

cu 

ffi 

rH 

0 

Ph 

rrt 

<H 

O 

ra 

TJ 

H 

o 

Cl 

H 

U) 

~.t 

p 

O 

p 

• 

1.1) 

o 

p, 

0' 

f: 

rH 

.P 

Q'i 

II 

0' 

4  ' 

rH 

> 

si 

o 

•H 

P 

(-H 

u 

P 

o 

l-l 

CD 

r  H 

cd 

EH 


26 


VO 

CO 

H 

• 

0- 

-4- 

O 

o 

o 

o 

i 

o 

O 

o 

o 

o 

•H 

LTN 

c— 

u 

ir\ 

CO 

VO 

CO 

H 

OJ 

OJ 

H 

VO 

VO 

H 

OJ 

on 

LTN 

CO 

o 

VO 

-3- 

H 

o 

H 
1 

O 

CO 

-3" 

LTN 

O 

o 

O 

H 
1 

-4 

UN 

co 

OJ 

LTN 

H 

LTN 

l>- 

ON 

en 

c- 

VO 

t- 

c— 

VO 

a1 

co 

en 

H 

LTN 

ON 

CO 

H 

H 

ir\ 

OJ 

no 

VO 

-d- 

CO 

-=f 

-* 

-=f 

fl 

UN 

-4- 
H 

o 

1 

LTN 

H 

VO 

LTN 
OJ 
H 

O 

H 
l 

t- 

1 

•H 

c 

CO 

w 

m 

CO 

CO 

-4- 

c- 

t— 

CO 

CO 

On 

H 

-p 

CO 

o 

ON 

t— 

LTN 

LTN 

ON 

C 

OJ 

H 

H 

ON 

O 

LTN 

O 

CO 

LTN 

OJ 

-* 

LTN 
H 

i 

LT\ 

o 

CO 

OJ 

CO 

CO 
1 

CO 

-Hr 
H 

CO 

H 

1 

o 

•H 
<H 

<+H 

0) 
O 

o 

-df 

CO 

<H 

co 

ON 

LTN 

O 

on 

VO 

o 

CO 

-3- 

O 

m 

t- 

O 

o 

LTN 

co 

co 

• 

• 

• 

• 

• 

• 

• 

93 

vo 

OJ 

t— 

CO 

o 

CO 

H 

CO 

O 

o 

2 

VO 

1 

H 

H 

' 

H 

H 
CO 
> 

1 

OJ 

CO 

OJ 

H 

rH 

LT\ 

CO 

CO 

CO 

OJ 

CO 

o 

t- 

t- 

CO 

• 

t- 

H 

E— 

CO 

O 

-4- 

t~- 

CO 

H 

• 

• 

• 

* 

♦ 

• 

* 

• 

CO 

_H/ 

O 

CO 

CO 

o 

H 

co 

t- 

O 

LTN 

•H 

OJ 

ON 

H 

1 

H 

CO 

1 

C— 

H 
1 

-P 

c 

CD 
-P 

o 

Ph 

hi 
OJ 

H 

co 

-+ 

co 

-P 

r3 

o 

co 

t- 

CO 

•H 

CO 

CO 

CO 

ON 

vo 

ON 

0) 

EH 

vo 

LTN 

OJ 

CO 

O 

VO 

CO 

Jh 

• 

• 

• 

• 

Ph 

£ 

H 

ON 

o 

-=f 

o 

o 

VO 

c- 

C— 

o 

O 

■H 

H 
1 

1 

LT\ 

ON 

1 

-4- 

H 

0 
-P 

O 

W 

01 

a) 

01 

CO 

ra 

LTN 

en 

fn 

OJ 

en 

OJ 

£ 

On 

en 

LTN 

•P 

o 

o 

• 

<D 

■H 

II 

H 

d 

o 

rH 

o 

o 

O 

O 

o 

O 

s 

•P 

£ 

OJ 

cO 

CO 

Ph 
H 

CO 

■P 

0 

;  -; 

H 

cti 

■H 

H 

-P 

£ 

i 

. 

+ 

CU 

CD 

+ 

+ 

I 

1 

I    ,    CO 

+ 

+  ,. 

u 

+     r* 

H 

+  1 

CJ 

a1 

o 

EH 

!-H 

V 

o 

Eh 

a1 

£ 

£ 

^ 

^ 

> 

CO 

> 

CO 

> 

(O 

> 

H 

> 

CO 

> 

CO 

Cvf 

> 

CO 

CO 
Eh 

27 


Potential 


Minimum 
"b  ind  ing 
energy 

(Mev) 


Equilibrium 
Spacing 

(fermi) 


Binding 

energy 

at  r  =1.00  f 
o 

(Mev) 


GT  4100 
GT  4200 
GT  4205 
BG 

a)  full 

b)  without  ~V  + 

c)  without  P  states 

d)  without  P  state  core 
GT  4305 

GT  4400 
Breit 

a)  full 

b)  without  P  states 

c)  without  P  states 
^V  +  and  XV  + 

q      q 

d)  without  P  state  core 

e)  without  P  and  D  core 


-14.1 

-16.1 
-16.2 

-16.9 


•18.8 
■22.3 

-8.3 


1.08 
1.01 
1.01 

1.00 


0.94 
0.90 

1.28 


-13.6 
-16.1 
-16.2 

-16.9 
-  2.8 
-18.1 
-23.1 
-18.4 
-20.8 

-0.3 

-9.2 

-12.7 

-14.6 
-15.2 


Table  III.  Binding  Energy  and  Equilibrium  Spacing  for  potentials  discussed 
in  paper.   Results  indicated  for  modified  potentials  are  calcu- 
lated with  a  single-particle  potential,  V(k),  self -consistent 
with  respect  to  the  modified  potential. 
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Major 

Born 

Binding 

Iteration 

Approx  ima t  ion 

Energy 

I 

1 

+1.304 

2 

-19-590 

3 

-25.97^ 

4 

-26.824 

II 

1 

+T.5T8 

2 

-8.337 

3 

-11.756 

4 

-12.022 

5 

1 
-12.046 

6 

1 
-12.049 

Table  IV.   Illustrative  binding  energy  sequence  for  successive 
iterations  of  the  wave  function  Eq.  (2-6).   Energies 
are  in  Mev. 
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■                                                                                                           1 

Binding  Energy  in  Mev 

Major 

Brueckner 

1 
Mohling-Puff 

Iteration 

Method 

Appr ox  ima t  ion 

1 

-32.963 

-2.110 

2 

-15.720 

-15.338 

3 

-16.936 

-17.55^ 

k 

-16.887 

-17.990 

5 

-16.892 

-18.01+5 

6 

-18.033 

7 

-18.017 

Table  V.   Iteration  sequences  for  Brueckner  method  and  for  Mohling- 
Puff  approximation  as  implemented  in  this  paper.   Calcu- 
lations are  for  BGT  potential  at  r  =  1.00  fermi.   The 

o 

self -consistent  potential,  V(k),  was  averaged  "between 
iterations  for  the  Mohling-Puff  approximation,  improving 
the  convergence  of  the  binding  energy  sequence  to  that 
shown. 
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Brueckner 

► 

Method 
(this  paper) 

Moszkowski-Scott  Method 

1st  order 

1 

2nd  order 

Total 

S  states 

-38. 7 

-28.6 

-k.9 

-33.5 

P  states 

+  0.6 

-  2.3 

+0.6 

-  1.7 

D  states 

-  7.5 

-  7.1 

— 

-  7.1 

Total 

-45.6 

-38.0 

-+.3 

-42.3 

Binding  Energy 

-16.9 

-13.6 

Tensor  Contribution* 

a)  self-consistent 

-14.1 

-  9.0 

b)  with  V(k)  above 

-16. T 

Table  VI.  Analyses  of  contributions  to  binding  energy  as  calculated  in  this 
paper  and  by  Moszkowski  and  Scott.  The  tensor  contribution  was 
calculated  by  setting  ^V  +  =  0  and  computing  the  binding  energy 

(a)  with  a  single  particle  potential  V(k)   that  is  self-consist- 
ent with  respect  to  the  modified  phenomenological  potential,  and 

(b)  with  the  single-particle  potential  V"(k)   with  which  the 
S,  P,  and  D  state  contributions  were  computed.   Moszkowski  and 
Scott  used  a  first-order  approximation  to  a  self-consistent 
V(k)   to  compute  the  tensor  contribution. 
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Properties  of  Finite  Nuclei 
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and 
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ABSTRACT 

oofi, 
The  properties  of  Pb    have  been  determined,  using 

the  Brueckner-Gammel-Weitzner  theory  of  finite  nuclei.   Self- 
consistent  solutions  of  the  Hartree-Fock  equations  as  modi- 
fied "by  Brueckner  and  Goldman  have  been  obtained.   The  proper- 
ties computed  include  binding  energy ,  mean  proton  and  neutron 
radii,  separation  energies,  spin-orbit  splittings,  nonlocal 
and  state -dependent  single -particle  potentials,  surface  depth 
of  density  and  potentials,  and  the  potential -density  rela- 
tion.  Semiquantitative  agreement  with  experiment  is  obtained, 
the  maximum  difference  between  theory  and  experiment  being 
of  the  order  of  15yo.  Revised  computations  for  Ca   are  reported 
to  permit  comparison  between  our  results  (with  an  improved 
treatment  of  the  rearrangement  energy)  and  those  previously 
reported  by  Brueckner,  Lockett  and  Rotenberg  for  0  ,  Ca  ,  and 
Zr9°. 


I.   INTRODUCTION 

In  a  series  of  previous  papers  by  K.  A.  Brueckner  and  co-workers, 
methods  have  been  developed  for  the  study  of  many-fermion  systems  and  have 
been  applied  in  detail  to  the  determination  of  the  properties  of  nuclear 

matter.  Approximate  extensions  of  these  methods  to  the  study  of  finite 

2 
nuclei  were  proposed  by  Brueckner,  Gammel  and  Weitzner,   and  the 


properties  of  0  ,  Ca  ,  and  Zr   were  calculated  "by  Brueckner,  Lockett  and 

o 

Rotenberg.  The  IBM  70^-  at  Los  Alamos,  on  which  these  computations  were 
done,  did  not  have  the  capacity  to  do  the  Pb  calculation,  and  the  prob- 
lem was  transferred  to  the  CDC-l60^  at  the  University  of  California,  San 
Diego.  A  better  approximation  of  the  rearrangement  energy  was  used.  This 
paper  reports  the  results  of  the  numerical  study  of  the  properties  of  Pb 
and  revised  computations  of  Ca  (to  permit  comparison  with  the  previous 
calculations  by  BLR). 


II.   COMPUTATIONAL  PROCEDURE 

BGW  and  BLR  discuss  the  procedure  for  extending  the  nuclear  matter 
calculations  of  Brueckner  and  Gammel  to  finite  nuclei  and  examine  the 
approximations  involved.   Therefore,  we  shall  confine  ourselves  to  stating 
briefly  the  pertinent  equations,  several  of  which  have  not  previously  been 
stated  explicitly. 

The  problem  is  essentially  that  of  solving  the  eigenvalue  equation: 

2 
Eicpi(r)  =  J^  cp.(r)  +  Jdr 'V.(r,r '  )cp.(r ' )  +  VR(r)cp.(r)   ,   (2.1) 

where  V.(r,r')   is  a  nonlocal  potential  derived  from  the  K-matrices  of 

re 
k 


the  Brueckner  theory  and  V„(r)   is  the  rearrangement  potential  discussed 


and  calculated  by  Brueckner  and  Goldman, 

The  computational  procedure  consists  of  calculating  a  set  of  radial 
wave -functions  R  .  .(r)  from  a  Saxon  well  with  approximately  correct 
radius  and  depth.   These  wave -functions  are  used  to  start  the  iteration 


procedure  which  consists  of  two  separate  parts,  HI  and  HII.   HI  takes  the 

wave -functions  and  computes  nonlocal  potentials  V..(r,    r ' )  .   From  these 

potentials  and  the  wave -functions,   R  . .(r)  ,  HII  generates  local  equiv- 

xvo  j 

alent  potentials  F  . .(r)  and  G  .  .(r)  ,  and  solves  the  Schroedinger 

xiXj  j  nx  j 

equation  for  a  new  set  of  wave  functions  (using  the  iterative  methods 
developed  in  BGW) .   The  new  wave  functions  are  then  used  as  input  for  the 
next  iteration. 

The  nonlocal  potential  computed  by  HI  is  given  by  Eq.  (9*0  °f  BGW: 

vjej(ri'ri>  =  vic)(ri'ri>  +  ijeviLS)(ri'ri)    >      J  °  z+i  >  l  *  ° 


vi°)(ri'ri)  -  iU+i)vf B)(rl9T{)    ,  j  =  i-i  ,  i  >  o 


(2.2) 


where,   by  Eq.    {k.Yj)   of  BLR 


vic)<ri'pi>  =  *  A*  Pi(^)CE1|v(c)|ri) 


-H£l+£i     rfrf"     P^iiWEj^lxi)      ,  (2.3) 


ixr  Xi 


(ls) 

with     M-  =  r,  •   r'     and     x  =  rJ    -  r       (See  Fig.   l).     V         (r, ,   r ' )      is  given 
by  a   similar  equation.      v"0(r,    r')    is  graphed   in  Fig.    2   (a)   for  r  =  1.0 
fermi. 

We   trace   the   integral   (2.3)  back  to  the  K-matrices  tabulated   in  BGW 
or  to  an  appropriate  Born  approximation  as  follows: 


1.   (r-lvlr' )  is  expanded  in  Legendre  polynomials,  and  the  first  two 
terms  are  retained  (Eq.  (4-9)  of  BLR): 

(rjvlr^)  =  (rjvlr^  +  x)  -  V^r^x)  +  V]L(r1,x)  cos  (r^x)  ,   (2.4) 

where  V-  and  V,   are  obtained  by  evaluating  (r,  |v|r,  +  x)  for  x 
parallel  and  antiparallel  to  r  : 

V0(r1>X)  =  lUrjJvlr-L  +  xr^  +  (r^V^-xi^)] 

V1(r1,x)  =  iC^lvl^  +  xr±)   -   (r±  Mr^-xi^)]   .  (2.5) 

2.  In  general,   (r, |v|r')  is  given  by  an  equation  of  the  form 

(r1|v|r^)  =  Jdr2  dr«  cp*^)^^^^)^)  63(  ^^  -  iLll)    (2.6) 

(Eq.  (77)  and  (78)  of  BGW).   The   (x   |ic|r*  )  are  the  matrix  elements 
tabulated  in  BGW.   The  delta  function  expresses  the  conservation  of  center 
of  mass  implicit  in  the  assumption  (discussed  in  BGW)  that  the  K-matrices 
have  a  negligible  dependence  on  the  total  momentum.   It  is  apparent  that 
r, >  r' >  r~  and  r'  must  form  a  parallelogram  (Fig,  l). 

3.  After  performing  the  r'   integration,  one  obtains  for  the  terms 
on  the  right  of  Eq.  (2.5) 


r12+  ^  r>  dr' 


vNC)^i'£i  *  x£i»  ■  l6n  J"  4  dri2  X,        „  ,-^T  fafca'^*  x 


r12-2 


X   C(r12|KJri2)S;e  +  3(r12|K|ri2)t>0)Central]  +  ^(r^r^ 


X 


X      [(r      IkIt'    )  +   3(r      IkIt'    }  +   fr      Ipclr'    )  + 

ur12|tV|Vs,e        ^r12|A|r12;t,o,  central        ^rl2|iMrl2;s,o 

+  3(r12|K|r^2)t^o^central]j   ^  (2/r) 


and 


v(LSVr     r     ±  xr   )   =  l6rr   f  r2  dr        f  12  12     12  M    .     x     2    )   x 

VN        ^1^1       X-V        ±DTT  J    rl2  rl2  J  I  .I      2xrno     u  2        ; 

0         |r12-2x|     12       rx 

X  {  1  V*2'*2>±  <rl2lKlri2»t,o,LS  +  I  V*e»*fi>±  X 

x  [(r12|K|ria)      +  (rjglKlr-g)     ]  }  .  (2.8) 


The  proton  potentials  are  given  by  similar  equations  with  H-.  and  Hp 
(the  density  matrix  elements)  interchanged.   These  equations  are  derived 
in  BGW  (Eq.  (89)  and  (90))  and  in  BLR  (Eq.  (^.15)).   The  factor  l6rr  comes 
from  the  $   integration  and  the  delta  function  in  Eq.  (2.6).   Note  that 
rp  and  r'   appearing  above  are  determined  by  r  ,   r '   and  the  variables 
of  integration,  including  x  and  the  sign  with  which  it  appears  in  the 
terms  on  the  left.  We  have  appended  the  subscript  "±"  on  H^  and  H_  to 


indicate  this  dependence.      The  density  matrix  elements  are  defined  by 
Eq.    (85),    (86)   and    (87)   of  BGW: 


V^'^P'  =  *        ,        W  r' PX    ^P      '  (2-9) 

nXj  22 


with  a  similar  equation  for  Hp  .   N     is  the  occupation  number  for  the 
state  (2j  +  1  for  full  shells). 

h*      In  the  computations ,  the  even  state  K-matrix  elements  were  used 
for  the  S  and  D  states  in  the  following  combination: 

with  a  similar  equation  for  (rnr,|K|r'  ),    .   For  the  D  states,  a  local 

12'  '  12  t,e 

equivalent  potential  was  calculated  by  hand  from  the  BGW  K-matrix  elements 
(see  BLR  for  the  reason  and  justification  for  this).   The  odd  state  central 
and  tensor  potentials  were  not  included:  they  cancel  each  other  almost  com- 
pletely. As  discussed  in  BLR,  the  even  spin-orbit  term  in  Eq.  (2.8)  was 
also  dropped  (its  experimental  justification  being  questionable).   For  the 
odd  state  spin-orbit  contribution  in  Eq.  (2.8),  and  for  the  even  state 
terms  outside  the  nonlocal  region  (e.g.,  outside  the  range  of  the  tables  in 
BGW),  the  Born  approximation  was  used.   The  Born  terms  were  calculated 
from  the  potentials  in  Table  I,  and  for  S  and  D  states  they  are 

6(r'  -  r  ) 
(r12|K|ri2)  =  V(ri2)    *J*       ,  (2.11) 


where,  in  terms  of  the  parameters  of  Table  I,  V(r)  is  of  the  form 


-|ir 
V(r)  =  V^-   .  (2.12) 

For  the  spin  orbit  term,  we  obtain  (using  only  the  P  state  contribution): 

V^LS^(r  ,r  ±xr  )  =  l6n  f  r2  dr   f  12  '    (±r)     12  ^  x 
VN   ^~1'~L  ~Ly       J  r12  r12  J  |    o,  I       2xrno 

0  |r     -2x|  12 

x  [  I  yEs>4>± + 1  v^^K^i^ x 

6(r     -r'    )        /      n  -M^^r1 

vr12  r12;        (LS)        e  %o  r12  ,  . 

4nr2  ^°  .^r'  '  (        3) 

12  ^t,o     12 

o 
The  factor  g  is  an  approximation  to  the  (l  -  r  •  rp  /  r  )  term  in  Eq.  (2.8). 

The  appropriate  expression  is  obtained  by  expanding  H(rp,r')  about  r 

and  ignoring  derivatives  higher  than  the  first  (which  is  justified  by  the 

near  locality  of  the  spin-orbit  K-matrix),  and  then  by  averaging  over  the 

angles  which  occur  in  the  subsequent  integrations.  This  procedure  leads 

to 

g  =  i  ^  cos  (x,  r12)(l  -  -^  )   .  (2.14) 

(ls) 

This  approximation  reduces  to  the  Thomas  expression  if  V      is  inde- 
pendent of  I    .  The  corresponding  proton  potential  £Eq>-~2vl3)  is  obtained 


•■ 


y 


by  interchanging  IL.  and  Hp  in  Eq.  (2.13). 

5.   The  core  contribution,  as  computed  from  Eq.  (5*0  and  (56)  of 
BGW,  is 

I      Ivl   1    ■  6(r12'rc)  6(rJ2-rc)   (1  -  h/l.OT)  ,0lO 

(*CM^=A —2 —    (1  -VrJ  >  ^•15) 

c 

with  A  =  215  or  257  Mev-fermi  and  b  =  0.488  or  OA59  fermi  for  singlet 
or  triplet  states  respectively,   and 

1 
ro  "  <  5S&JT  >  3       •  (2-l6) 

The  density,  p(r),  is  the  diagonal  element  of  the  total  density  matrix, 
e.g.,  H^r^r)  +  Hp(r,r)  . 

Because  of  the  magnitude  of  the  problem  of  computing  the  nonlocal 

208 
potential  for  Pb   ,  some  modification  of  the  order  of  integration  from 

that  of  BLR  was  necessary.  For  a  given  value  of  all  the  variables  of 

integration,  the  appropriate  terms  were  calculated  for  r'  =  r..  +  x  and 

r '  =  r,  -  x  .  Then  the  r'   and  r    integrations  were  performed,  the 

r'   integration  being  inside  the  r, p  integration.  The  x  integration 

was  then  done  for  all  values  of  r"   simultaneously;  e.g.,  for  each  point 


in  the  x  integral,  the  terms  were  computed  for  every  value  of  r-J  .  This 
sequence  was  repeated  for  each  of  the  50  r,  _  points.-  The  total  time  for 
this  phase  of  the  computation  was  TO  minutes.  The  meshes  were  (in  fermis): 
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r  50  points  0.2  (0.2)  10.0 

r^  125  points  -1.55  (0.025)  1-55 

x  43  points  0.0  (0.05)  2.1 

r  13  points  0.4  (O.l)  1.0  (0.3)  1.6  (0.5)  3-6 

rj_2  IT  points  (r±2   -  0.60)  (0.05)  (r12  +  0.20). 

An  intermediate  step  between  HI  and  HII  was  required  for  the  lead 
calculation.   The  nonlocal  potentials  were  generated  by  HI  and  stored  on 
magnetic  tape  as  four  matrices  (neutron  and  protons,  j  =  i   ±  ^)  of  dimen- 
sion 7  x  125  {I,   r')  for  each  of  the  50  values  of  r  (here  we  change  nota- 
tion from  r,   to  r  and  rJ   to  r'  ).   The  intermediate  code  reordered 
these  records  on  magnetic  tape  to  22  sets  of  V-.(r,r')   in  the  order  in 
which  HII  treated  each  state.   (Of  the  38  states  involved  in  this  calcu- 
lation, l6  differ  from  some  other  proton  or  neutron  state  only  in  the  prin- 
cipal quantum  number,  n,  and  thus  have  the  same  V  (r,r')  .)   This  inter- 

z  j 

mediate  operation  took  15  minutes. 

Two  calculations  were  performed  by  HII.   The  first  calculation  was 

of  the  potential  functions  F  and  G  (Eq.  (k.2k)   and  (4.25)  of  BLR): 

>. 
V„.(r,r')   1-  0  dE   „.(r')   dR    .  .(r)  -, 

F„(r)  =4nrTr'dr<     Z/        /  [r  ,.(r')R  M(r)  +  a2       f f  ^         1 

nty    '  J  D  9  .(r)     L  aCj        '   nij  dr'  dr  J 

+  Vc(r)      ,  (2.17) 


and 


V     (r,r*)  r  dIWr)  ^nM^'^   1 

Wr)  -  4na2r/r<dr'  J^-  [^(,.)  -gL_  -  R^(r)  S$—  ]  , 

(2.18) 


where 
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Wr)  ■  [Wr)]  +  a' 


dR  ,.(r) 

nlj 

dr 


]  . 


(2.19) 


and  V  (r)   is  the  coulomb  potential.   The  constant  a  was  chosen  to  he 
one  fermi  (the  order  of  the  range  of  the  nonlocal ity  of  V(r,r')  ),  as  in 
BLR.  Representative  potential  functions  F(r)  and  G(r)  and  radial  wave 
functions,  R(r)  ,  are  plotted  in  Fig.  2. 

A  simple  iterative  method  for  solving  the  radial  eigenvalue  equation 
derived  from  Eq.  (2.1)  is  described  by  BGW.   It  leads  to  an  equation  for  the 
(n+l)st  iterate  of  the  radial  wave  function  R  .  .(r)   in  terms  of  the  n-th 
iterate  values  of  the  F(r)  and  G(r)  given  by  Eq.  (2.17)  and  (2.l8): 

(EH  )  5—M  =  [Fn(r)  f  rtr)]  *— M  +  9Jll    %-&-     .      (2.20) 
v  i  o'   r         v/H/-'r        r     dr  v/ 


We  have  used  an  improved  approximation  to  the  rearrangement  potential, 

/  n  h 

V  [r),   which  is  suggested  by  the  analysis  of  Brueckner  and  Goldman,   who 
a 

determined  the  dependence  of  the  rearrangement  potential  on  the  single 

particle  momentum  (as  a  fraction  of  p_).   In  BLR,  Vr,(r)  was  approximated 

2 
as  a  constant  factor  times  [p(r)]   .  Our  new  approximation  is 


,N  or  P 


V')  ■  I26 "  »  [  k*  -  rr°m  ]  >  C  feor))  •         <*•*> 


_)ottom 
'top    Dottom 


"3 

p(r  =  1.07)  =  0.19^88  particles/fermi0  .  This  equation  interpolates  in 
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terms  of  the  energy  eigenvalues  between  the  rearrangement  energy  correspond- 
ing to  the  approximate  mean  momentum  of  the  deepest  state  and  the  energy 
appropriate  to  the  top  state  (e.g.,  between  26  and  12  Mev  respectively  at 
normal  density).   This  improved  treatment  of  the  rearrangement  energy  is 
the  only  essential  difference  between  our  calculation  and  that  of  BLR. 

The  solution  of  Eq.  (2.20)  is  discussed  in  detail  in  BLR.   The  pro- 
cedure starts  with  choosing  an  appropriate  trial  eigenvalue  and  doing  a 
Runga-Kutta  integration  out  from  the  origin  to  an  intermediate  radius, 
R.   ,  ,   and  in  from  a  very  large  radius  to  R   .  .  The  latter  integration 
starts  with  the  logarithmic  derivative  of  R  .  .(r)   set  equal  to  that  of 
the  appropriate  asymptotic  solution  of  the  Schroedinger  equation.   This 
integration  is  done  with  successively  better  estimates  of  the  eigenvalues 

until  the  logarithmic  derivatives  of  the  wave  functions  match  at  R, 

test 

The  wave  functions  are  then  normalized  to  unity.  The  entire  HII  calculation 
had  to  be  repeated  three  or  four  times  per  iteration  to  obtain  satisfactory 
convergence.  This  minor  iteration  procedure  took  about  25  minutes,  ten  of 
which  were  required  for  calculating  the  F  and  G  . 

The  total  energy  per  particle  quoted  in  the  next  section  (and  in  BLR) 
is  given  by 

E.    ,     =  E.    ,  /  number  of  particles  ,  (2.22) 

total  per    total  '  '  v    ' 


particle 


where 


Etotal  ■■  =     {Ei  "  Xdr  [»?«*!<*)  +  Vr»  +  4Vr>Gl<r>  ^  ]  }  , 

i  dr  ' 

Sl1  (2.23) 

particles  ' 
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a  result  which  is  easily  derived 

III.   RESULTS 
A. .  Comparison  with  previous  rearrangement  energy  approximation. 

In  order  to  check  our  revised  code  and  to  ascertain  the  effects  of 

the  new  treatment  of  the  rearrangement  energy,  we  calculated  the  properties 

1+0 

of  Ca   and  compared  our  results  with  the  original  code  used  by  BLR  at  Los 

Alamos,  both  with  and  without  the  new  energy  treatment.   The  agreement  between 
the  BLR  code  and  our  code  was  good:  -6.87  vs.  -6.55  MeV  mean  energy  per 
particle,  3*00  vs.  2.99  Fermi  rms  radii,  and  0.7  MeV  or  less  difference  in 
the  eigenvalues.  The  differences  are  entirely  attributable  to  a  few  minor 
coding  errors  in  the  original  program.  Table  II  compares  the  new  results 
with  those  reported  in  BLR.   The  net  effect  of  our  improved  rearrangement 
energy  approximation  is  slightly  better  agreement  with  experiment  for  almost 
every  property  tabulated:  separation  energies,  total  energy  per  particle, 
and  rms  radii.   In  addition,  the  spin-orbit  splittings  are  more  nearly  proportional 
to  the  (21  +   l)  separations  generally  expected.   However,  the  magnitude  of 
the  total  energy  per  particle  is  still  not  large  enough  (-6.55  MeV  vs.  the 
experimental  -8.55  MeV  ),   the  proton  rms  radius  is  too  small  (although  it  is 
increased  by  3$  to  a  new  value  which  is  83$  of  the  experimental  value  ),   and 
there  is  slightly  too  much  difference  between  the  separation  energy  of  the 
last  particle  and  the  total  energy  per  particle  (l.l  MeV  compared  to  the 
previous  1.2  MeV  and  the  experimental  0.2  MeV) .   Comparative  potential 
energies  and  eigenvalues  are  given  in  Table  III  for  every  state  of  Ca 
with  the  old  and  new  approximations.  The  range  of  eigenvalues  has  been 
reduced  from  -70. 1  through  -4.9  MeV  to  -48.7  through  -5.5  MeV.   This  re- 
duction in  spread  of  energies  indicates  that  the  previous  approximation 
reproduced  the  absolute  magnitudes  of  the  energy  spectrum  quite  poorly  except 
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near  the  top  levels;  the  otherwise  close  agreement  between  the  two  calcu- 
lations indicates  that  the  approximation  employed  in  BLR  was  adequate  for 
the  computation  of  the  average  properties  of  the  nuclei  (such  as  mean  ener- 
gies, rms  radii,  etc.)*  and  that  further  improvement  in  this  direction 
would  not  he  likely  to  change  such  properties  appreciably. 

B.  General  properties  of  Pb 

In  Table  IV  we  tabulate  the  principal  properties  of  Pb    as  calcu- 
lated by  the  theory  for  hard  core  strengths  equal  to  90$  and  100$  of  the 
normal  strength.  The  100$  core  data  is  the  result  of  a  single  full  iter- 
ation from  the  90$  data.   Experience  with  the  rapid  convergence  of  these 
computations  indicates  that  the  properties  tabulated  are  very  near  the 
values  we  would  obtain  with  further  iteration  (e.g.,  probably  within  0.1 
Mev  for  the  mean  energy  and  0.01  fermi  for  the  rms  radii).   Since  the  indi- 
vidual energy  level  predictions  (next  section)  are  subject  to  slight  fluctu- 
ations on  the  first  iterations,  they  are  not  quoted  for  the  full  core.   The 
90$  core  was  chosen  to  permit  comparison  with  the  calculations  in  BLR.   In 
those  calculations,  the  reduced  core  contributions  were  arbitrarily  employed 
as  a  means  of  improving  the  binding  energies.  As  we  see  in  Table  V,  too 
little  binding  was  obtained  for  the  smaller  nuclei  even  with  the  reduced 
core  strength.  However,  for  lead  with  the  90$  core  the  binding  energies  of 
the  last  particles  are  a  fraction  of  an  Mev  too  great  (-8.8  vs.  -Q.k   Mev 
for  the  top  neutron  and  -8.9  vs.  -8.0  Mev  for  the  proton),  and  the  magnitude 
of  the  total  energy  per  particle  (10.0  Mev)  is  2.1  Mev  greater  than  that 
calculated  from  the  masses.  The  energy  of  the  top  nucleon  differs  by  1.2 
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Mev  from  the  total  energy  per  particle,  compared  with  the  experimental 
value  of  0.5  Mev.   For  the  100$  core,  the  magnitude  of  the  total  energy 
per  particle  is  several  Mev  less  than  the  energy  with  the  90$  core,  and 
is  one  Mev  less  than  the  experimental  value. 

The  rms  proton  radii  are  16$  and  15$  too  small  (for  the  90$  and 
100$  cores  respectively).  Similar  errors  were  reported  for  Ca   and  Zr  . 
The  surface  depths  are  1.8  and  1.9  fermis  for  the  proton  distributions  and 
1.9  and  2.1  fermis  for  the  total  distributions.   (We  have  taken  the  surface 
depth  to  be  the  distance  over  which  the  density  falls  from  90$  to  10$  of  its 
maximum  value  in  the  vicinity  of  the  center  of  the  nucleus.)  The  computed 
depths  are  slightly  smaller  than  the  experimentally  deduced  (2.2  ±  0.3) 

fermis  for  the  charge  distribution  and  (2,k$       a'k)  fermis  for  the  nuc- 

7 
lear  distribution.   The  small  discrepancies  might  vanish  with  the  correction 

of  the  error  in  the  rms  radii. 

C.  Energy  spectrum. 

Table  VI  gives  the  energy  spectrum  for  the  reduced  (90$)  hard  core 

strength.  The  ordering  of  states  is  generally  in  accord  with  that  deduced 

o  onft 

from  experiment  for  the  shell  model.   Up  through  the  lgQ/P  state,  the  Pb 

90  / 
level  assignment  is  the  same  as  that  calculated  for  Zr   (and  differs  from 

kO  v 

the  Ca   order  in  the  Id  #  and  2s.  /_  states).  With  the  new  rearrangement 

energy  treatment ?   the  spread  in  energy  levels  and  the  coarse  level  spacing 
are  probably  the  most  accurate  calculated  to  date.  Thus  we  compare  our  spread 
in  eigenvalues  of  about  70  Mev  with  those  determined  in  the  shell -model  cal- 
culations with  central  potentials  and  spin-orbit  coupling  of  (for  example) 
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Malenka  (about  30  Mev)  and  of  Ross,  Mark  and  Lawson   (less  than  kO   Mev). 
In  general,  their  relative  spacing  of  low-lying  levels  is  in  good  agreement 
with  ours.  However,  both  authors  obtain  a  level  sequence  at  the  surface 
which  differs  from  ours:  for  instance,  for  neutrons,  Ross  et  al  have  3P-i  /P  > 

3p3/2  ,   2f5/2  >   1:Li3/2  ' '"  cornPared  to  our  3pi/2  >  lil3/2  '  2f5/2  ' 
3Po/2  f"t   and,  for  protons,  they  have  3s1/^   ,  2do/2  >   lnn/p  >"'   comPared 
to  our  lh...  /_  ,  3s.,  /p  ,  2d_/  ,  ...  .   In  both  cases,  the  spread  of  energies 
is  less  than  2  Mev.  The  above  differences  can  be  traced  to  the  spin-orbit 
potential,  which  is  imperfectly  known  and  which  is  treated  as  a  parameter 
in  the  shell-model  calculations  to  improve  agreement  with  experiment. 

The  spin -orb it  splittings  for  the  various  states  are  tabulated  in 
Table  VII.  They  are  of  the  right  order  of  magnitude  and  follow  in  a  reason- 
able manner  the  expected  {21   +  l)  graduation  in  magnitude.   In  Fig.  2(g)  and 
2(h)  we  have  indicated  the  dependence  of  the  local  equivalent  potential,  F(r), 
and  of  the  wave  functions  on  this  splitting.   In  particular,  we  note  an 
appreciable  spatial  splitting  of  levels  with  the  same  orbital  angular  momentum 
but  with  opposite  spin. 

D.  Neutron -proton  density  relations. 

The  neutron,  proton  and  total  density  distributions  are  indicated 
in  Fig.  3  for  the  two  core  strengths.  We  note  the  remarkably  uniform  total 
density,  and  the  moderate  non-uniformity  of  the  neutron  and  proton  contrib- 
utions. We  also  see  that  the  neutron  and  proton  wave  functions  (Fig.  2(d) 
and  2(f)  are  almost  identical  for  corresponding  states,  with  the  exception 
of  a  very  slight  shift  towards  the  center  of  the  nucleus  in  the  low  angular 
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momentum  states.   Thus,  much  of  the  difference  in  the  density  distributions 
is  due  to  the  "extra"  neutrons  in  the  outer  energy  shell  (which  are  dis- 
tributed throughout  the  nucleus  as  well  as  at  the  surface).  We  find  that 
the  neutron-proton  radii  differ  by  about  0.2  fermi,  extending  to  the  larger 
nuclei  the  tendency  noted  in  BLR  for  the  proton  and  neutron  distributions 
to  have  nearly  equal  radii.  The  origin  of  this  effect  lies  in  the  symmetry 
energy  and  in  the  insensitivity  of  the  wave  functions  to  differences  in 
potential.   The  absence  of  an  appreciable  neutron-proton  difference  for 

the  light  nuclei  (BLR)  and  the  slight  difference  noted  for  lead  are  corapat- 

11 
ible  with  experimental  results.    Quantitatively,  for  lead  we  conclude  from 

7  /        v 

pion  and  nucleon  scattering  calculations  that  R^  -  R  =  (0.2  ±  0.2)  fermi, 

where  R  is  the  half -density  radius,  in  agreement  with  our  calculation. 

This  figure  does  not  include  that  part  of  the  difference  which  results  from 

the  finite  extension  of  the  nuclear  potential  beyond  the  matter  distribution 

when  the  radii  are  determined  from  separate  nuclear  and  charge -dependent 

interactions .  We  discuss  this  difference  next. 

E.  Density -potential  relations. 

In  Fig.  h   we  have  plotted  the  potential  function  F(r)  for  the  two 
top  neutron  states  against  the  density  distribution.  The  top  proton  poten- 
tial is  not  shown  because  it  lies  inside  the  neutron  potentials,  a  conse- 
quence of  the  smaller  proton  distribution „  The  separation  between  total 

density  and  potential  (0.5  fermi)  is  slightly  less  than  that  of  Ca   and 

90 
Zr   (0.75  fermi);  the  difference  between  the  proton  half -density  point  and 

the  nuclear  potential  half -maximum  is  0.7  fermi.  These  results  agree  within 
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the  limits  of  experimental  error  with  the  differences  between  Rp  = 
(1.18  ±  0.02)  A1' ^  -  (7.00  ±  0.14)  fermis  from  electron  scattering  ' 


,1/3  _ 


and  from  M-  mesonic  atoms, ~^  and  R  =  (1.25  ±   0.05)  A  '  "  :  (7.^1  ±  0.30) 

14        IS 
fermis  from  low  and  high  energy  neutron  scattering.    Wilets   has  con- 
cluded from  neutron  and  proton  scattering  that  the  difference  between  the 
nuclear  potential  radius  and  the  matter  radius  is  independent  of  A  and 
is  (l.O  ±  0.3)  fermi.  This  difference  in  radii  is  largely  due  to  three 

effects  previously  discussed,   namely:  (a)  finite  range  of  interaction; 

17 
(b)  nonlinear  variation  of  potential  energy  with  density  (Wilets  effect )j 

and  (c)  nonlocality  of  the  effective  interaction, 


F.   Comparison  with  surface  predictions  of  other  theories . 

It  is  interesting  to  compare  the  character  of  the  nuclear  surface 
as  predicted  by  previous  semi-empirical  theories  with  our  results  (which 
are  essentially  from  "first  principles"  if  the  concept  of  a  two-body 
nuclear  potential  is  valid).  We  will  mention  only  two  previous  calculations 

to  indicate  the  degree  of  precision  obtainable .  One  is  the  pure  Hartree-Fock 

18 
calculation  by  Rotenberg   with  N  =  Z  =  92  -   It  yielded  surface  thicknesses 

of  2.7  and  3°I  fermis  for  Gaussian  and  Yukawa  wells  respectively,  and  pre- 
dicted a  marked  dip  in  the  proton  distribution  near  the  origin  (which  is 
absent  in  our  more  exact  calculation) .   The  calculated  separation  between 
the  rms  radii  of  the  particle  density  and  of  the  self-consistent  collective 
potential  in  this  model  was  less  than  0.2  fermi.  An. intermediate  step  between 
the  pure  Hartree-Fock  calculation  and  the  BGfW  theory  is  the  semi-empirical 
model  of  Berg  and  Wilets.1^'17'  This  model  yields  R^  -  Rp  =  0.2  fermi  (in 
agreement  with  our  result)  and  R(potential)  -  R(nucleon)  =  0.7  fermi  (com- 
pared to  our  0.5  fermi). 
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G.   Summary  of  re  stilts  for  the  four  nuclei  studied  to  date. 

The  following  is  a  summary  of  the  general  features  of  the  results 
for  full-shell  nuclei  (0  ,  Ca  ,  Zr   and  Pb   )  studied  in  this  paper 
and  in  BLR. 

1.  The  magnitudes  of  the  total  energy  per  particle  and  of  the 
separation  energies  are  smaller  than  their  experimental  counterparts. 

2.  The  difference  between  observed  and  calculated  energies  decreases 
with  increasing  nuclear  size. 

3.  The  energy  spectrum  is  in  general  agreement  with  experiment,  and 
the  computation  of  the  coarse  spacing,  with  the  new  rearrangement  energy 
approximation,  is  probably  the  most  accurate  to  date.  However,  the  detailed 
spacing  between  close  levels,  particularly  when  widely  different  angular 
momenta  are  involved,  may  not  be  correct  in  every  instance, 

h.      The  energy  spectrum  is  quite  sensitive  to  any  changes  in  the 
calculation  (as,  for  example,  the  changes  in  the  treatment  of  the  rearrange- 
ment energy  and  in  the  core  strength).  This  is  to  he  expected,  because  the 
single  particle  energies  are  to  be  compared  with  potential  wells  of  the 
order  of  70  Mev.   Thus  an  Mev  change  in  particle  energy  is  less  than  a  2$ 
change  in  potential  energy. 

5.  The  radii  of  the  nucleon  distributions  are  in  good  agreement 

l6 
with  experiment  for  0  ,  with  full  core,  but  are  about  15$  too  small  for 

the  other  nuclei  studied. 

6.  These  radii  are  relatively  insensitive  to  changes  in  the  calcu- 
lation, a  "stiffness"  which  has  been  observed  in  the  calculations  of  BLR 
and  of  this  paper. 
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Trie   theory  predicts  t   dets       he  dist: 

but  ion,  and  the  :alcuiat.onf  h&v      hvoug:  rer  rat 

;ie~itron  ard  proton  dens:  :ier  ir  the  lighten  :v;.c.-,:  with        lor  va 

ir.  Fb   .To  date  it  has  not  been  possihl .  to  verify  the  de  ;      inte 

distributions  of  these  nuclei  experimentally,  although  tv  ;  ar       of 

12 
and  Hill   indicates  that  the  charge  distribution  for  Lead  is  protably 

sonably  uniform  (and  especially  that  there  is  no  dip  in  the  center  as  dr   ^ed 

for  gold),   in  agreement  with  our  results. 

8.  The  calculated  surface  properties  are  compatible  with  present 

experimental  evidence.   In  particular,  the  surface  depth,  neutron-proton 

radius  differences,  and  the  matter-potential  relations  at  the  surface  are 

QTiAntHntlvely  predicted. 

IV.   CONCLUSIONS 

The  surface  depth  of  the  nucleus  is  now  known  experimentally  to  v/ithin 

„  6 
about  10%.   Our  results  are  compatible  with  experiment  and  form  a  theoret- 
ical explanation  of  its  shape  from  first  principles.  Indeed,  there  is  a  aeed 
for  further  refinement  of  the  experiment  to  verify  the  internal  structure 
of  each  nucleus  and  to  ascertain  the  surface  shape  consistent  with  it.   There 
is  also  a  need  for  further'  refinement  of  the  BGW  theory  to  obtain  better  rms 
radii,  with  the  result  that  the  surface  depths  predicted  might  be  more 
accurate.   In  addition,  our  theoretical  knowledge  of-  the  neutron  and  proton 
density  ratios  and  of  the  potential -density  relation  at  the  surface  is 
compatible  with,  and  at  present  more  definitive  than,  experiment.  A  feature 
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of  the  surface  which  this  theory  does  not  describe  is  possible  existence 
(discussed  by  Wilkinson)   of  nucleon  clusters,  possibly  "alpha"  particles, 
in  the  nuclear  surface.  Superfluidity  in  the  low  density  region,  if 
present,  is  also  not  treated,  but  it  is  believed  to  have  negligible  effect 
on  a  gross  property  such  as  surface  depth. 

For  the  remaining  properties  (binding  energy,  mean  proton  and  neutron 
radii,  separation  energies,  and  spin-orbit  splittings),  the  theory  is  in 
semiquantitative  agreement  with  experiment,  the  maximum  errors  being  of  the 
order  of  15$.  The  sources  of  these  errors  can  be  grouped  into  three  cate- 
gories:  l)  the  numerical  procedures,  2)  the  input  (i.e.,  the  phenomenol- 
ogical  potentials),  and  3)  the  theory  itself  (both  the  Brueckner  theory  of 
infinite  nuclear  matter  and  the  BGW  theory  of  finite  nuclei).   The  first  of 
these  (the  numerical  procedures)  is  rejected  as  a  source  of  major  error  on 
the  basis  of  the  thorough  tests  by  BLR  of  the  meshes  employed  and  the  im- 
provement of  the  results  with  nuclear  size  in  spite  of  the  fact  that  any 
errors  from  the  numerical  procedures  probably  increased  also. 

However,  some  of  the  error  may  arise  in  the  choice  of  the  phenomenol- 

20 
ogical  two-body  nuclear  potential.  Recent  calculations   of  the  properties 

of  nuclear  matter  show  that  different  phenomenological  potentials  which 
apparently  give  "equally  good"  fit  to  scattering  data  do  not  necessarily 
lead  to  identical  nuclear  properties  for  the  many -body  system .   It  is  possi- 
ble that  a  better  potential  would  resolve  some  of  the  discrepancies  between 

our  calculations  and  experiment.   It  should  be  noted  that  of  the  seven 

20 
potentials  employed  in  the  calculations  of  reference,   the  potential  of 

Table  I  gives  the  best  agreement  between  the  calculated  and  semi-empirical 
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properties  of  infinite  nuclear  matter.  This,  however,  does  not  mean  that 
this  potential  is  the  "correct"  one,  and  more  work  in  phenomenological 
potentials  is  indicated.  Further,  in  the  more  accurate  calculations  of 
Brueckner  and  Gammel  "  this  potential  yielded  for  nuclear  matter  a  slightly- 
smaller  binding  energy  (-15.2  Mev)  than  the  semi-empirical  value  (best  value 

21 
-15. 8  Mev,  but  values  from  -15 • 5  to  -17.0  are  also  quoted)  '  and  an  equili- 
brium spacing  that  was  %   too  small  (1.02  vs  1.07  F) .   These  effects  un- 
doubtedly influence  the  computations  of  BLR  and  of  this  paper.   In  addition, 
there  is  some  question  whether  the  hard  core  should  be  nearer  0.4  F  (as  in 

the  Gammel-Thaler  potential  we  use)  or  0.5  F  (as  suggested  by  more  recent 

22 
determinations  of  phenomenological  potentials).  '   A  potential  with  a  larger 

core  might  give  lower  density  saturation  and  larger  nuclear  radii. 

The  improvement  with  increasing  mass  number  of  the  computed  binding 
energy  strongly  suggests  that  the  principal  source  of  error  is  in  the  treat- 
ment of  the  "surface"  energy,  which  is  considerably  too  large.   It  should 
be  emphasized  that  the  "surface"  energy,  in  our  calculations,  does  not 
arise  solely  from  the  classical  effect  related  to  the  density  variation  in 
the  surface.   The  rearrangement  energy,  which  is  essential  in  the  finite 
system  in  the  determination  of  the  wave  function  and  density,  and  hence 
indirectly  in  the  determination  of  the  total  energy,  does  not  appear  in  the 
uniform  system.  Thus  its  effect  in  the  finite  nucleus  is  in  fact  a  "surface" 
effect.  The  methods  of  BLR  and  of  this  paper  are  at  best  a  treatment  of  the 
rearrangement  problem  based  on  plausibility;  they  are  not  rigorously  proved. 
Further  investigations  of  this  many -body  problem  peculiar  to  the  finite 
system  are  clearly  needed. 
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In  conclusion,  we  have  ascertained  that  the  BGW  theory  of  finite 
nuclei  is  in  semiquantitative  agreement  with  experiment,  the  agreement 
improving  with  nuclear  size.  Further,  we  have  seen  that  our  state- 
dependent  approximation  to  the  rearrangement  energy  correction  gives 
appreciably  "better  results  than  those  obtained  in  the  previous  calculations, 
Finally,  it  appears  probable  that  much  of  the  residual  error  in  the  results 
can  be  removed  by  improvements  in  the  phenomenological  two-body  potential 
upon  which  the  calculations  are  based,  and  by  improvement  of  the  "surface" 
energy. 
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Table  II.   Properties  of  Ca   calculated  with  the  new  rearrangement  energy 
approximation  (this  paper)  compared  to  the  previous  calculations  of  BLR 
and  to  experiment.  Energies  are  in  Mev,  distances  in  fermis. 
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Table  IV.  Properties  of  Pb    calculated  for  core  repulsion  strengths 
90$  and  100$  of  normal  values.  Energies  are  in  Mev  and  distances  in 
fermis. 


Calculated 

Experimental 

90$  core 

100$  core 

Separation  energy  or 

tbp  eigenvalue 

neutron 

-8.8 

-7.38 

proton 

-8.9 

-8.o4 

difference 

+0.1 

+0.66 

Total  energy 

per  particle 

-10.00 

-6.86 

-7.87 

Total  rms  radius 

4.67 

4.75 

neutron  radius 

4.74 

4.84 

proton  radius 

4.56 

4.62 

5.42  ±  0.11 

Surface  depth 
total 

1.9 

2.1 

2  45  +  °^5 
d,*p  -  0.15 

neutron 

1.9 

2.3 

proton 

1.8 

1.9 

2.2  ±  0.3 
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Table  VI.  Calculated  potential  energies  and  eigenvalues  for  Fb    for  core 
strength  90$  of  the  normal  value.  All  energies  are  in  Mev. 


Potential 

Energy- 

. 

Eigenvalue 

State 

Neutron 

Proton 

Neutron       Proton 

lsl/2 

-70.3 

-58.  4 

-65.9        -54.1 

lp3/2 

-68.6 

-56.7 

-59.7        -48.0 

lpl/2 

-67.9 

-56.1 

-58.4        -47.0 

ld5/2 

-65.9 

-5^.1 

-51.7        -40.1 

ld3/2 

-65.2 

-53.3 

-49.7        -38.3 

2Bl/2 

-64.1 

-51.5 

-47.5        -35.2 

lf7/2 

-62.6 

-50.8 

-42.5        -30.8 

lf5/2 

-62.O 

-49.9 

-39-5        -28.1 

^3/2 

-59.  ^ 

-47.0 

-36.8       -24.4 

^1/2 

-59-7 

-47.1 

-34.7       -22.7 

lg9/2 

-59.0 

-47-0 

-32.2       -20.3 

lg7/2 

-58.3 

-46.0 

-28.0       -16.5 

2d5/2 

-53.3  , 

-41.2 

-25.2       -12.7 

2d3/2 

-55.5 

-42.6 

-22.6       -10.4 

^1/2 

-52.4 

-39.8 

-22.5       -  9.7 

lhll/2 

-54.8 

-42.9 

-21.1        -  8.9 

lh9/2 

-54.0 

-15.6  • 

2f7/2 

-45-5 

-13..  5 

3p3/2 

-41.9 

-10.9 

2f5/2    ' 

-49.9 

-10.3 

ni3/2 

-50.2 

-  9.2 

3pl/2 

-45.0 

-  8.8 
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Table  VII.  Spin-orbit  splitting  for  Pb    in  Mev.  The  core  strength 
was  90$  of  its  normal  value. 


neutron 


lpl/2  ' 

"  lp3/2 

1.3 

^1/2  ' 

"  2p3/2 

2.1 

3pi/2  ■ 

■  3p3/2 

2.1 

ld3/2  ■ 

■  ld5/2 

2.0 

2d3/2  • 

■  2d5/2 

2.6 

lf5/2  " 

■  lfT/2 

3.0 

2f5/2  " 

•  2fT/2 

3.2 

lgT/2  * 

'  lg9/2 

4.2 

1*W„  ■ 

■  lh, ,  /o 

5.5 

proton 


1.0 


1.7 


1.8 
2.3 
2.7 


3.8 
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FIGURE  CAPTIONS 

Fig.  1.  Relationships  "between  variables  in  the  theory  of  finite  nuclei. 

Fig.  2.  Representative  potential  and  wave  functions  for  Pb      (a)  Non- 
local potential,  VrTrr" V(r,r ' )  for  r  =  1.00  fermi,  illustrating 
variation  with  strength  of  hard  core  potential  (90$  and  100$  of 
normal)  and  differences  between  neutron  and  proton  potentials; 
(b)  Potential  function  F(r)  for  s  states,  indicating  the  variation 
with  principal  quantum  number  and  differences  between  neutron  and 
proton  functions;  (c)  Potential  function  G(r)  for  s  state  neutrons, 
indicating  dependence  on  principal  quantum  number;  (d)  Radial  wave 
functions,  R(r),  for  the  s  state  protons  and  neutrons;  (e)  Poten- 
tial function  F(r)  for  neutrons  and  protons  for  two  representative 
states;  (f)  Radial  wave  functions,  R(r),  for  neutrons  and  protons 
for  selected  states  illustrating  the  variation  with  orbital  quan- 
tum number;  (g)  Potential  function  F(r)  for  both  core  strengths 
for  selected  states  illustrating  the  spin-orbit  splitting;  (h)  Radial 
wave  functions  corresponding  to  the  potential  functions  of  2(g). 
Unless  otherwise  indicated,  all  data  are  for  core  strength  90$  of 
normal . 

Fig.  3.   Proton,  neutron  and  total  densities  for  repulsive  core  strengths 
equal  to  90$  and  100$  of  normal  values. 

Fig.  k.  F(r)  for  the  highest  two  neutron  states  of  Pb  and  the  total 
density  as  a  function  of  radius.  The  core  strength  was  90$  of 
normal . 
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